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PREFACE 


The material of this hook is the outgrowth of a course of lectures 
which I have given from time to time at Harvard University on the 
subject of Dirichlet series and Laplace integrals. It is designed for 
students who haVe such a knowledge of analysis as might be obtained 
by reading the more fundamental parts of the familiar text of E. C. 
Titchmarsh on the theory of functions. I have taken pains to include 
proofs of results which such a student might not know even though 
they might be available elsewhere. For example, the first chapter is 
devoted largely to the study of the Riemann-Stieltjes integral. Al¬ 
though this material is in constant use by analysts it seems not to have 
been collected in convenient form. There are only a few instances 
where I have had to depart from this aim of having the book complete 
in itself. If he desires, the student may omit such parts without losing 
the fundamental ideas. 

I wish to express here my gratitude to Professor G. D. Birkhoff for 
suggesting the writing of this book. I also wish to acknowledge my 
indebtedness to Professor G. H. Hardy. For it was his course of lec¬ 
tures delivered in Princeton University in 1928 that first aroused my 
interest in the type of analysis here presented. My thanks are also 
due to Professor Marston Morse and his committee for requesting the 
inclusion of the book in this series. 

I gratefully acknowledge the aid provided by the Milton Fund of 
Harvard University for the preparation of manuscripts. Finally, I wish 
to extend my thanks to the John Simon Guggenheim Memorial Foun¬ 
dation. It was during the year in which I held a Guggenheim Fellow¬ 
ship that I worked out much of the material appearing in the last 
chapter. 


D. Y. W. 
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CHAPTER I 


THE STIELTJES INTEGRAL 
1. Introduction 

In this chapter we shall collect certain results of a general nature 
which we shall need later for the study of the Laplace transform. We 
shall give proofs of the more fundamental results, but for the proofs of 
a few theorems, rarely used in the text, we shall merely refer the reader 
to a source. We begin with a definition of a Stieltjes integral. 

The importance of the Stieltjes integral for our purposes is that it 
includes finite or infinite series as well as the Lebesgue integral. For 
example, the Laplace integral in classical form is 

( 1 ) /(«) = fe- st <p(t)dl 

Jo 

A Dirichlet series has the form 

(2) f(s) - X) a n e~ K *. 

n—1 

The analogy between the two is apparent. The discrete set of exponents 
A n in the series becomes the continuous variable t of the integral; the 
sequence of coefficients a n corresponds to the function (pit). As we shall 
see, both series and integral are included in the Laplace-Stieltjes integral 

(3) fis) = e*da®. 

Jo 

If a{t) is absolutely continuous, this becomes the Laplace integral (1); 
if a(t) is a-step-function, it becomes a Dirichlet series (2). If a(t) is 
an increasing continuous.function which is not absolutely continuous, 
the integral (3) defines a class of funetions/($) which cannot be expressed 
either in the form (1) or (2). 

2. Stieltjes Integrals 

We now define the Stieltjes integral.* Let a(x) and f(x) be real 
functions of the real variable x defined for a ^ x S b. Denote by A 
a subdivision of the interval (a, b) by the points x 0 , Xi , • • * , x n , where 

a = zo < Xi < •. - < x n = b. 

* For a list of references to works on the Stieltjes integral see T. H. 
brandt [1938]. 
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By the norm 5 of A we mean the largest of the numbers 

•Ti-fl •£* (f 0; 1? * * * > W 1) 

Definition 2. J/ the limit 

n—1 

lim — «(*<)], 

5—0 i—0 


where 


Xi S £* ^ Zz+i (* = 6, 1, • • • , n - 1), 

exists independently of the manner of subdivision and of the choice of the 
numbers £*, then the limit is called the Stieltjes integral of f(x) with respect 
to a(x) from atob and is denoted by 


(1) 


[ f(x)da(x) 

J a 


The definition is easily extended to include complex functions. Thus, 
if 

f{x) = Mx) + if.i{x) 
a(x) = ai(z) + ia 2 (x), 


where fi(x), fz(x) i ai(x), a 2 (x) are real, we define the integral (1) by the 
equation 

j*b *b pb 

/ fix) da[x ) = / fi(x) dai(x) - / f 2 (x) doc 2 (x) 

J a ** a "cl 

+ * [ f 2 (x)dai(x) + i [ fi{x)da 2 {x), 

J a J a 


provided all of the integrals on the right exist. 

The integral (1) reduces to the Riemann integral if a (rc) = x. For 
this reason it is sometimes called the Riemann-Stieltjes integral in 
contradistinction to the Lebesgue-Stieltj es integral which we shall 
mention later. 

Introduce the following notation:* 

M k — u.b. f{x) 

m k — Lb. f{x) 

ZkS*£Xk +1 

(2) = £ M k \ 

h** 0 
n—1 

«a = S m k [ 

* We abbreviate least upper bound by u.b. and greatest lower bound by l.b. 



§2] 


STIELTJES INTEGRALS 


Theorem 2. If fix) and a(x) are real bounded functions m a ^ x ^ b 
and a{x) is in addition non-decreasing, then a necessary and sufficient 
condition that (1) should exist is that 

(3) lim GS a - s A ) = 0, 

5-0 

independently of the manner of subdivision. 

The condition is necessary. For suppose (1) exists and has the value 
I. Let e be an arbitrary positive number. Then it is possible to de¬ 
termine n and the & so that 

0 g M k - /(&) <6 (k = 0, 1, 2, . -. , n - 1). 


Hence 

2/(&)[«(®Jb+l) “ «(x*)] ^ S A 

fc-o 

^ 12 f(^k)W(x k +i) — a{x k )] + e[a(b) — a(a)], 

A* 0 

so that 

I g lim Sa £ Em S A g I + e[a(b) - a(a)], 

5—0 6—0 

lim £a = I, 

5 - 0 

In a similar way 

lim Sa “ I, 

6- 0 

so that (3) is necessary. 

Conversely, let the condition (3) be satisfied. Set 

n—1 

XL = £/(&)[«(**+1) ” «(£*)]• 

Then 


5a ^ C7a ^ $A 

To show that cta approaches a limit we need only show, by virtue of (3), 
that $a approaches a limit. Given e > 0, we wish to show that there 
corresponds a number 5 0 such that if S& ± and Sa 2 are any two sums (2) 
for which the norms <5i and <$ 2 are both less than 5 0 then 
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Let A 3 be a subdivision of (a, b ) by all the points x, involved in the 
subdivision Ai and A». Then 

^ Sl 3 = ‘5a, 

Sa 2 Sy s = Sy, . 

By (3) we can determine 5o so that 

Sa - s A < (S< So). 

Hence for 8 X and 5 2 less than <5 0 

0 ^ — Sa 3 < ^ 

0 ^ Sa 2 - Sa 3 < \ 

| Sax ~ ( < €. 

This completes the proof of the theorem. 

3. Functions of Bounded Variation 

Let us consider certain properties of non-decreasing functions and of 
functions of bounded variation. 

Definition 3a. Let a(x) be non-decreasing in a ^ x g b. A point 
Xi of this interval is a point of invariability of a(x) if there exists a two- 
sided ( one-sided if x is a or b) neighborhood of x x in ivhich a(x) is constant. 

Definition 3b. A point of increase of a non-decreasing function is 
one which is not a point of invariability. 

Theorem 3a. If a non-decreasing function has a finite number of 
points of increase it is discontinuous at these points and constant between 
them . It is then a step-function. 

The proof is simple and is omitted. 

We shall have frequent use for functions of bounded variation. A 
complex function is of bounded variation if and onty if its real and 
imaginary parts are of bounded variation. If a(x) is of bounded varia¬ 
tion in a ^ x ^ b we denote the total variation of a(x) in the interval 
a g x ^ I where t ^ b, by V a (t) or by V[a]a . The following familiar 
results* frequently will be useful. 

Theorem 36. If a(x) is a real function of bounded variation in (a, b), 
then there exist two functions a x (x), a^{x) which are non-negative , non- 

* Compare E. C. Titchmarsh [1932] p. 355. 
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decreasing and bounded in (a, 6), which vanish at x = a, have the same 
points of continuity and discontinuity as a(x), and are such that 

a(x ) — a (a) = adz) — a>(x) 

V a (x) = ai(x) + a 2 (x) (a S x Sb). 

Theorem 3c. If ai(x) and a 2 {x) are monotonic and bounded in ( a, b), 
and if a(x) = ai(x) + a 2 (x ), then 

V a {x) S | ai(z) — «i(a) | + | a 2 (x ) — a 2 (a) (a g 5). 


4. Existence of Stieitjes Integrals 

We now consider an important case in which the Stieitjes integral 
exists. 

Theorem 4a. If f(x) is continuous and a(x) is of bounded variation 
in ( a, b), then/ the Stieitjes integral of f(x) with respect to a(x) from a to b 
exists. 

It is clearly no restriction to assume that f(x) and a(x) are real. By 
Theorem 3 b we may also assume that a(x) is non-decreasing and 
bounded. We may now apply Theorem 2. Since f(z) is uniformly 
continuous in a ^ x ^ b, to an arbitararv positive e there corresponds 
a do such that 

Mk — m k < e (k = 0; 1, • • - , n — 1) 

if the norm 8 is less than 8 0 . Hence 


0 Sj Sa — $a = e[a(6) ~ ce(a)] 


for such a subdivision. It thus becomes clear that the condition §2 (3) 
is satisfied, so that our result is established. 

Theorem 46. If f(x) is of bounded variation and a(x) is continuous 
in (a, b), then the Stieitjes integral of f(x) with respect to a(x) from a to 
b exists and 


( 1 ) 


f f(x) da(x) = f(b)oc(b) — f(a)a(a) — [ a(x)df(x). 

J a J a 


To prove this choose an arbitrary subdivision A of (a, 6) and form the 
sum 


CA 


n—1 


— a(x k )] 


By use of partial summation we have 


— 2 #fe)[/fe) ~ /fe-l)] — «(&)[/(?o) —/(&)] 

Jfc-1 


fe ^ ^ X k+ i). 


- a(b)[f{b) 4 - f(b)a(b) - f(a)a(a). 
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As the maximum of the differences x k +i — x k (k = 0, 1, • • • , n — 1) 
approaches zero so too will the maximum of the differences fo — a, 
£i - &,•••, fn_i - |„_2, b - $„_j . Hence by Theorem 4a a a will 
approach 

- f 6 «(*) d/(x) + f(b)a(b) - /(<*)«(<*) 

J a 

as the norm of A approaches zero. This proves the theorem. 

Equation (1) is called the formula for integration by parts for the 
Stieltjes integral. 


5. Properties of Stieltjes Integrals 

We now collect certain useful properties of the Stieltjes integral The 
functions fix) and a(x) in the following theorems are complex unless 
otherwise stated. It is obvious that 

/ da(x) = a{b) — a(a), 

J a 


and that 


[ fix) daix ) 

J a 



if a(x) is constant. 

Theorem 5a. If f x (x) and f%{x) are continuous , if a x (x) and a 2 (x ) are 
of bounded variation in a S x % b, and if k x , k 2 , h , k are any constants, 
then 


( 1 ) 


[ Ihfiix) + fc 2 / 2 (x)]d[Ziai(s) + Z 2 a 2 (x)] 

J a 


2 2 .5 

= Y, Y h If fi(x) da,-(x) 
*-i j= i J a 


Theorem 5b. If fix) is continuous and a{x) is of bounded variation 
in a S x ^ b, then for any c in a < x < b 

(2) [ fix) daix) = [ fix) daix) + f f(x) daix) 

Ja Ja Jc 

(3) I [ f(x) daix ) ■ g f *1 fix) | dV a (x) £ Max | fix) | V a (b) 

I J a j a rr<'T< h 
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To prove (3) one needs the more obvious property that if f(x) and 
g{x) are real and continuous with f(x) g g(x), and if a(x) is non-deereas¬ 
ing, then 


[ f(x)da(x ) g f g(x) da(x). 

•>a J a 


The first inequality (3) i^ sometimes written in the form 


f f(x) da(x) g f \J(x) I I da{x) \ 

J a J a 


In connection with (2) we observe that the existence of the two 
integrals on the right does not imply the existence of the one on the left. 
For example, if 

f(x ) = 1 (0 g x ^ 1) a(x) = 1 (0 ^ x < 1) 


= 0 (1 < x ^ 2) = 0 (1 ^ x ^ 2), 


we have 


but 


+ 


J /(x) da(x) = f(x) da(x) = 0; 


[ f(x)da(x) 
Jo 


cannot exist since f(x) and a(x) have a common point of discontinuity 
at x == 1. The defining limit may be made to have several different 
values by different choices of the points &. 

Theorem 5c. If f(x) is continuous and a(x) is of bounded variation 
in a g x g ■ b , then 


(4) F{x) = P f(t) da(t) 

J a 

is also of bounded variation in a rg x g 6 and 
V F {x) g r 1/(0 I | da(t) ! 


(o g X g b) 


Moreover 

(5) F’Cx-l-) — F{x) = f(x)[a(x+) — a(a:)] (a g x < b) 

(6) F(x) - F(x ~) = /(*)[«(*) - «(*-)] (a<xg b). 
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In the definition (4) of F(x) it is of course assumed that 


F(a) = 


It must not be supposed, however, that F(a+) is also zero as in the case 
of the Lebesgue integral. The example/(0 = 1 as well as equation (5) 
shows that this is not always the case. We shall use the following 
notation: 


F(b)-F(a+) = f f(x)da(x) 


F(fi~) - f f(x)da(x ). 

J a 

Theorem bet. If the functions 

fnix) (« = 0,1,2,...) 


are continuous , a(x) of bounded variation in a S x g b, and if the series 


S fn(x) 

n=0 

converges uniformly to f(x) on that interval , then 

[ f(x) da(x) = jb [ Mx)da(x). 

Ja n—0 *a 

The proof is similar to that of the corresponding theorem for Riemann 
integrals. 


6. The Stieltjes Integral as a Series or a Lebesgue Integral 

We consider in this section certain useful special cases of the Stieltjes 
integral. It is clear from the definition of the integral that if a(x) is a 
function with a continuous first derivative and f(x) is continuous in 
a ^ x S b, then 

*b -5 

= / f(x)a f (x)dx. 


On the other hand, if a(x) is a step-function 

a(x) =0 (a ^ x S Xq) 

= a 0 + a x 4- • * • + aw (se*_i < x < x k ; k = 1, % • • • , n) 

gl{x) = ao + + • * • + a n (x n ^ x ^ 6) 

a ^ 2 0 < < x 2 < • • • < x n S b, 
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then 


(1) 


[ f(x) doc(x) = L a k f(x k ). 

J a fc= 0 


Note that we have not defined a(x) at those points'^ which cannot coin¬ 
cide with a or b. The definition of a (a;) at such points may be made 
in an arbitrary fashion without affecting (1). 

It was stated earlier that; the integral of a continuous function with 
respect to an absolutely continuous function is a Lebesgue integral. 
Let. us prove this result. 

■ Theorem 6a. If f(x) is continuous and <p(x) belongs * to L in 


a S % S b, and if 



then 

(i) 


/• b pb r>b 

/ f(x) da(x) — / f(x)(p{x)dx= l f{x)a\x)dx . 

Ja •'a " a 


Here the Riemann-Stieltjes integral (1) clearly exists since a(x) is of 
bounded variation on (a, b ). The integral on the right of (1) exists as 
a Lebesgue integral. For an arbitrary subdivision A of norm 8 we have 


71 r x k+l 

<ta = 23 f&k) / (p{t) dt 

k —0 J xk 

fb n—1 pxk+i 

<TA - / dl=J2 [/( x k ) - f(t)]ip(t) dt 

Ja k=Q 

I r b v 1 ' 1 r x k+l 

ca - / f(t)<p(t)dt ^ 2-j max | f(x k ) — /(f) | / | <p(t) \ dt 

I k= 0 X]cs*t^ x k+l ** x k 

^ f | (p(t ) | dt, 

Ja 


where M A is the largest of the numbers 

max \f(x t ) - f(t) | (k — 0,1, • ■ • , n — 1). 

x k^t^x k+ i 


* A function <p(z) belongs to L p (p > 0) in a ^ x ^ b if measurable there and if 



* dx < oo. 


Without explicit statement we assume that all functions employed are measurable . 
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By the uniform continuity of fix) on a ^ x ^ b it follows that M& tends 
to zero with 8. Since <r A tends to the left-hand side of (1) as 5 approaches 
zero, our theorem is proved. 

An important result of a similar nature follows. 

Theorem 6b. If f (x) and cp(x) ure continuous and a(x) is of bounded 
variation in a ^ x ^ b, and if 

@(x) = J <p(t) da(i) (o g x £b;a g c £b), 


then 

f{x) d0(x ) = [ f(x)tp(x) da(x) 

Ja 

. It is clear that both integrals exist by Theorem 4 a and Theorem 5c. 
Then if 

*-l rxk+l 

<T1 = Yj fM / <p{i) da[t), 

*- 0 Jx t 

we have as in the previous proof 

[ da(t) \ g M& f | <p(t) | | da{t) |, 

Jfl I J a 

from which the conclusion is evident. 

7. Further Properties of Stieltjes Integrals 

Let us investigate to what extent the definition of fix) or of a(x) can 
be changed without affecting the value -of 

(1) f fix) da 0) 

J a 

Theorem 7 a. If fix) is continuous and a(x) is of bounded variation 
in a g x ^ b, and if a{x) takes on a constant value c at a set of points E 
which is dense in (a, b) and which includes the points a and b, then 

f f(x) da(x) = 0. 

Ja 

This follows at once from the definition of the integral. The limit 
of Definition 2 exists independently of the manner of subdivision. 
Hence we may choose the Xk in E, so that the limit is surely zero. 

As a result of this theorem we see that the value of (1) is unchanged 
if the definition of a(x) is altered at a countable set of points of the 
interval a < x < b provided a{x) remains of bounded variation. 
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Theorem 7b. If ai(x) and a 2 (x) are of bounded variation in a S x ^ b 
and differ t by a constant c in the set E of Theorem la, and if f(x) is con¬ 
tinuous in a S x ^b, then 

l*b /»& 

/ f(x) dai(x) = < f(x)da 2 (x). 

The proof is obvious. 

Theorem 7c. If a{x) is non-decreasing with at least n + 1 points of 
increase , if f(x) is continuous and non-negative with at most n zeros in 
a S x ^ b, then 

f f(x) da(x ) > 0. 

J a 

There is at least one point of increase Xq of a(x) at which f(x) is not 
zero. Suppose a < x 0 <b. Then for all positive numbers 5 sufficiently 
small 

a(£o + 5) — a(ar 0 — 8) > 0 (a < x 0 — 5 < x 0 + 5 < b). 
Hence 

nb pXQ-Vh 

/ f(x)da(x) ^ / f(x)da(x) 

Ja Jxq~S 

^ ' min fix) [a(xo + 5) — a(xo — 5)]. 

so— 

By the continuity of f(x) the right-hand side of this inequality can cer¬ 
tainly be made positive by choice of 5. An obvious modification of 
the argument gives the result when x 0 is a or 6. 

The application of this theorem usually made is to the case in which 
a(x) has infinitely many points of increases and f(x) has but a finite 
number of zeros. 


8. Normalization 

We now introduce the notion of a normalized function of bounded 
variation. 

Definition 8. If a{x) is of bounded variation in a ^ x ^ b, it is 
said to be normalized there if 

a(a) = 0 

a(x+) + a{x~) 


a(x) = 


2 


(a < x < b). 
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We observe that normalization of a function a(x) does not change the 
value of the integral of a continuous function with respect to a(x). 
More precisely, we have: 

Theorem 8a, If fix) is continuous and u(x) is of bounded variation 
in a S x ^ 6, then there exists q, normalized function a*(x) of bounded 
variation in a ^ x £ b such that 

[ f(x) da(x) = [ /( x) da*(x). 

Ja J a 

In fact we may define a*{x) as follows: 
a* (a) = 0 

«*(*) = a(a:+) + “(*-) _ «(o) (a < x < b) 

z 

a*(b) = a(b) — a(a). 

Then it is clear that a*(x) is normalized and by Theorem 7 a that 
[ f(x)d[a(x) - a{a) - a*(x)] = 0, 

Ja 

from which our result follows. 

Theorem 86. If f(x) is continuous and a(x) is a normalized function 
of bounded variation in a ^ x S b, then the function 

F(x) = [ f(t) da(t) (a ^ x <Z b) 

J a 

is also normalized. 

For, by subtracting equation §5 (6) from §5 (5) we have 

— a(x)J. 

Theorem 8c. If a(x) is a normalized function of bounded variation in 
a if x if R for every R > a, and if 

lim a{x) = A. (x e E), 

Z-+00 

x becoming infinite through the set E of points of continuity of a(x), then 

lim a(x) = A. 

For if e > 0, we can find an x 0 such that 
| a(x) - A \ < e 


F(x+)+F(x~) 


- F(x) - f(x) 


a\ 


(#+) + ol(x — ) 


(x e E, x > xo), 
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from which it is clear that for any x > x 0 

(1) | «(*+) -A\£t 

(2) I a(*-) - A I g e 

(3) | a(x) — A | ^ e. 

Inequality (3) follows from (1) and (2) since a(x) is normalized. This 
establishes our result. 


9. Improper Stieltjes Integrals 

Let f(x) be continuous in a ^ x < <*> and let a(x) be of bounded 
variation and normalized in a g x ^ R for every R > 0. Then we 
define the improper integral of f(x) with respect to a(x) on the infinite 
interval (a, °c) by the equation 

/.oo /.ff 

(1) / f(x)da(x) = lim / f(x)da(x). 


When the limit (1) exists, the integral (1) converges ; otherwise it 
diverges. In a similar way we define improper integrals over (— oo } a) 
and (— co, «) by the equations 


f f(x)da(x) — lim f f(x)da(x) 

J—qo *-oo R 

f f(x)da(x)- f f(x) da(x) + f f(x)da(x). 

J—OO •»£} J—oo 


Thus an integral with an infinite limit of integration is to be regarded 
as a “Cauchy-value,” as defined above. 

In particular if a(x) is a step-function, (1) may become an infinite 
series 


(2) / fix) da(x) = X akf(x k ). ' 

*a k= 0 

Note that the meaning of the integral (1) has been chosen in such a way 
that the series and integral converge or diverge together. 

We say that (1) converges absolutely if and only if 

I” \f(x)\dV a (x) < co. 

Ja 

Again the series (2) converges absolutely if and only if the integral (2) 
does. 

Theorem 9. If fix) is continuous in a ^ x < oo , if ol(x) is of bounded 
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variation in a ^ x < R for every R > a, and if a*(x) is the normalized 
function of a(x), then 

(3) [ f(x)da(x) = [ fix) da* (z) 

Ja Ja 


provided the first integral converges . 

First let R belong to E, the set of points of continuity of a(x) (and 
of a*(x)). Then by Theorem 8 a 


(4) 


[ f(x) da(z) = [ f(z)da*(x). 

Ja Ja 


By Theorem 86 the integral on the-right of (4) considered as a function 
of R is normalized. But 

lim f f(x) da*(x) = f fix) da(x) 

R—*<x Ja Ja 

R « E 

by (4). Hence by Theorem 8c 

lim f f(x) da*(x) = f f(x)da(x), 


and the result is established. 

Note that the convergence of the second integral of (3) does not imply 
that of the first, as one may easily see by taking f(x) = 1, and 

aix) — 0 X 7 ^ 1 , 2, 3, • • • 

a{x) = 1 X = 1 , 2, 3, • • • . 


10. Laws of the Mean 


We discuss here the laws of the mean for Stieltjes integrals. 
Theorem 10a. If a(x) is non-decreasing {or non-increasing) and fix) 
is a real continuous function in a ^ x ^ 6, then 


( 1 ) 


f 


f(x) da{x) - /(£)[<*(£>) - <*(a)] 


(a ^ ^ b). 


The proof is similar to r the classic proof of the first law of the mean 
for Riemann integrals. If 

a(x) = f <pit)dt 


( 2 ) 

(3) 


<pix) e L 


(a ^ x ^ 6), 
(a S x S 6). 
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l*b pb 

/ f(x)<p(x) dx = /(I) / <p(x ) dx. 

J a 

Theorem 106. If a(x) is real and continuous andf(x ) zs non-decreasing 
(or non-increasing) in a ^ x ^ b, then 

(4) [ f(x) da(x ) = /(a) [ da(x ) + /(&) [ dot(x) (a £ $ £ b). 

Ja Ja Jc 


[ /(x) da{x ) = /(&)<*(&) - /(a)a(a) - [ a(x) df(x) 

Ja Ja 

= f(b)a(b) — /(a)a(a) - a(£) f df(x), 

Ja 

by Theorem 10a. This is precisely equation (4). 

In particular if ar(:r) is defined by (2) and (3), equation (4) becomes* 

J f(x)<p(x)dx =/(a) J <p(x)dx + f(b) J cp(x) dx (a S { ^ b). 

which is the Weierstrass form of Bonnet’s second law of the mean 
Corollary 106. If a(x) is real and continuous and f(x) is non- 
tive non-decreasing in a S x ^ 6, then 

j r f(x) da(x) = /(6) J da(x) (a S Z \ 


if f(x) is non-negative non-increasing in a S % ^ 6, then 


f f(x) da(x) = f(a) [ <p(x) < 

Ja Ja 


(a $ J ^ 6). 


: Note that in this case we cannot appeal to Theorem 6a to show that 


f f(x) da(x ) = f f(x)<p(x) dx 
Ja Ja 


since f(x) is not continuous. That the result is true one sees easily by using 
Theorem 1 5d to change the order of integration in 


f dm r 

J a Ja 


<fi{u) du. 
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Another closely related result* is contained in: 

Theorem 10c. If f(x) is non-negative, non-decreasing and continuous, 
and if a[x) is real and of bounded variation in a ?£ x S b, then 

[ f(x) da(x) = .Af{b), 

Ja 


where 

(5) 


a^x^b 

To prove this set 


Lb. [ da(t ) S A g u.b. f da(t). 

a<x<b Jx a<x<,b Jx 


P(x) — a(b) — a(x) 


(a ^ x g b) 


u.b. P(x) = U, l.b. fi(x) = L. 

a<x<b a£x£b 


Then 


I = f f{x) da(x) = - [ f(x) d/3(x) 

Ja Ja 

= f(a)/3(a) + [ /3(x)df(x). 

Ja 

Since /(a) is not negative and f(x) is non-deereasing, 

i ^ mu + m - mu - um 

I ^ f(a)L + m - f(a)]L = 1/(6). 

Hence 

I = Af(b), 

where A is between U and L and hence satisfies (5). This completes 
the proof of the theorem. 

Corollary 10c. If f{x) is non-negative, non-increasing, and con¬ 
tinuous, then 

[ f(x) da(x) = f(a)B, 

Ja 

where 

Lb. f da(t) ^ B <; u.b. f da(t). 

Ja a^x<Lb Ja 

It is easy to extend the theorem to include improper integrals. For 
example, if f{x) is non-negative, non-decreasing, continuous, and 

* See R. P. Boas [1937a] p. 8, or R. P. Boas and D. V. Widder [1939] p. 6. 
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bounded in a ^ x < »; if a(x) is a real function of bounded variation 
in a + e g x ^ e -1 for every sufficiently small positive e and of such a 
nature that 


and a( <x ) exist, then 


[ fix) doc(x ) 

Ja+ 

[ f(x)da{x) =/(oo).4, 


l.b. f da(t ) ^ A ^ u.b. f da(t). 

t<a:<oo x a <x<oo ^ x 


11- Change of Variable 

We discuss here the formula for the change of variable of aStieltjes 
integral. 

Theorem ll'a. If f(x) is continuous , <x(x) is of bounded variation , and 
jS(x) is continuous increasing with no points of invariability in a S x ^ b, 
then 

(1) [ f(x) da(x ) = [ f(fi(x)) da(fi(x)), 

Ja J c 

where 

a — /3(c) 6 = /3(d). 


The proof follows at once from the definition of the integral. Clearly 
both integrals (1) exist by Theorem 4a. But 

]C/fe)[a(zi+i) — a{Xi) J = S/(dU;))[a(/ 3 (k+1)) — « 03 (&))L 

1=0 t =0 

where 

= P(U) (i = 0, 1, * • ■ , n - 1). 


Since /3(£) is increasing the sequences and {U\o are increasing 

together; and, by the continuity of /3 (t), norms of the corresponding sub¬ 
divisions approach zero together. Hence equation (1) must hold. 

Theorem 116. If f(x ) is continuous, a(x) is continuous increasing 
with no points of invariability , and if y(x) is the inverse of a(x), then 

r b paCb) 

(2) / f(x) da(x ) = / f(y(z)) dx. 

Ja J a(a) 



20 


THE STIELTJES INTEGRAL 


[Ch. I 


This follows from Theorem 11a by setting j3(x) of that theorem equal 
to y(x) of Theorem 116. 

It may happen that the integral on the right-hand side of (2) exists 
as a Lebesgue integral even though f{x) is not continuous. In this case 
its value is taken as the definition of the left-hand side. The integral 
on the left is then called a Lebesgue-Stieltjes integral. In fact it is 
possible to relax further the conditions imposed on a(x), in which case 
some care in the definition of the inverse 7(2) must be exercised. Since 
we shall have no need for this degree of generality we omit the details. 

As an example in which (2) exists as a Lebesgue-Stieltjes integral but 
not in the Riemann-Stieltjes sense, define a(x) as e and f(x) as zero or 
unity according as x is rational or irrational. 

12. Variation of the Indefinite Integral 

We next consider the variation of an indefinite Stieltjes integral 

(1) &x)= I"fflda® 

J a 

If a(x) is of bounded variation and f(x) is continuous in a g x g b, it 
is evident that fi(x) is also of bounded variation there and that its total 
variation does not exceed 

(2) f |/(0 I! da(t) | 

J a 

This follows from Theorem 5c. We wish to show in fact that it is pre¬ 
cisely equal to this integral. 

Theorem 12. Let a(x) and f(x) be respectively of bounded variation 
and continuous in a ^ x S b. Then the variation of 0(x) t defined by 
(1), « (2). 

Let u(x) be the variation of a(t) in the interval a ^ t ^ x. Denote 
the integral (2) by J; then 

J - [ |/(0 I du(t) 

•'o 

For a given subdivision A of norm 5, 

a — Xq < Xi ’< x 2 < • • • < x n = b, 
set 

w-l j rXk+i 

S s = Z / fit) da(t) 

jfc*=0 j Jxk 


Then 
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We wish to show that by choice of A the sum Ss may be brought arbi¬ 
trarily near to J. 

Let € be an arbitrary positive number. Choose 5 0 and a subdivision 
A of norm 8 less than So such that 

n—1 

(3) 0 ^ u(b) — y | «(ihi) ~ “(zi) I < « 

fc -0 

and 

(4) 1/(0 - /(*") I < 6 (|t'-r|<6 0 ;ag< , g r ^ 6). 


This is possible by the definition of u(b ) and by the uniform continuity 
of /(a;). 

By the first law of the mean 

f r x k+l 

j = y i/(&) i / d«(o (*t ^ ^ ^ «t+i). 

fc =0 Jxi; 


Hence 


r r x k+i I r 

J - s s = Y, I/(ft) 11 / ^(0 - / 

Ar==0 I •'x 


da(«) 


n-l | /.Tfc+i /•**+! 

+ Z mda(t) - f(t) dad) 

&=0 I Jxjb I 

The first of these sums does not exceed 


max |/(0 \\u(b) - Y I «fe+i) — «(%) I > ^ max |/(0 | e 


a^t^b L k =0 

by (3). The second is not greater than 

r*k+i 


a<^t<Lb 


n-l pxk+i 

S {/(ft) -m\da(t) 

k=0 Jxk 




by (4). This establishes our theorem.* 

Corollary 12. Let a(x) and fix) be respectively of bounded variation 
and continuous in (— °o, 00 ) and let 


(5) 


[\m\\da(t) 


< 00 . 


*The essentials of this proof were concocted orally by J. D. Tamarkin and 
S. E. Warschawski during the course of one of their nocturnal promenades. It 
could of course be obtained from the more familiar corresponding theorem for 
Lebesgue integrals. 
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Then the variation of 

0(z) = j fit) da(t) 
in (•—«!, 3 c) is the integral (5). 


13. Stieltjes Integrals as Infinite Series; Second Method 

We saw in section 9 that an improper Stieltjes integral becomes an 
infinite series if the function a(t) is chosen as a step-function with in¬ 
finitely many jumps. Here we shall show that the same result may be 
achieved for a finite interval and a continuous a(t) by choice of the 
function integrated. 

Theorem 13a. Let f(x) be defined by the equations 

fO x < Ci 

f{x) = \ (a g Cl g b), 

(ttl Cl ^ X 

and let a(x ) be non-decreasing in (a, b) and continuous at x = C \. Then 
[ fix) daix) =• Mi[a(5) - a(ci)]. 

Ja, 


This result is obtained by integration by parts or directly from the 
definition of the integral. 

Theorem 136. If ci, c%, • • • , c m are distinct points of (a ^ x g b), 
if a(x) is non-decreasing in (a, b) and continuous at these points , and if* 

fix) = X) Uk (— co < x < oo), 

then 

J i*b m 

fix) da(x) = y [<x(b) - a(c k )]u k . 

a Jt-1 


This follows from Theorem 13a, for the present function f(x) is the 
sum of m functions of the type integrated in that theorem. 

Theorem 13c. If ci , c 2 , * * * are points of (a, 6), if the se?'ies 


converges absolutely , if 


oo 


2 Z u k 

k=l 


a*) = y u k 


(~ OC < X < oo) } 


*In this notation it is to be understood that f(x) is zero if no c* lies between 
a and x. 
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and if a(x) is non-decreasing in (a, b ) and continuous at the 'points 
ci, c 2 , • • • , then 

pb oo 

/ f(x)da(x) = 2D [<*(&) - a.(ck)]u k . 

Ja /:=1 

Let € be an arbitrary positive number. Determine'm so that 

it i u k | < 6 . 

i 

Write 


k—m-rl 


fix) = 2D' Uk + 2D" Uk = fi(x) + ffx), 

where in the first sum k runs through the integers 1, 2, * • • , m; through 
all larger integers in the second. 

Introduce a subdivision A of (a, b ) of norm 5. Set 

n—1 7i—l 

Vn = 2/i(&)[a(afcfi) “ a ( x 0] + HM%k)laL(x k+ i) — a(z A )] 


k=0 
f , " 

— On “T <?n , 


k=0 


where 

Clearly 


x k S h S Xk+i ■ 


I I < « 

I o'n | g t[a(b) - a(o)]. 
We may choose 5 so small that 


v'n — Uk[ot(b) — afob)] 
i 


< € 


by Theorem 136. Also 


2 u k [a(b) — a(c k )] 

k—m+l 


^ e[o:( 6 ) — a(a)]. 


Hence 


2D u k [a(b) — a{Ck)] — <r n 


< e[l + 2 a(b) — 2a(a)], 


if 5 is sufficiently small. This shows that 

lim c 
5—►O 

and the proof is complete, 


lim a n = 2D «*[a(6) — a(c*)], 

5-*0 
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14. Further Conditions of Integrability 

The results of the previous section enable us to discuss the integrability 
of one function of bounded variation with respect to another. Pre¬ 
liminary to this discussion we introduce two lemmas. 

Lemma 14a. Let f(x) be of bounded, variation in an interval a ^ x g b; 
let f{x) be defined outside the interval in any way so that}(a — ) and f(b+) 
exist; and let the points of discontinuity of fix) in a ^ x ^ b be Ci, c 2 , • • * . 
Then the f unctions 

<p{x) = Y [/(c*) -/(ft-)] (-» < x < 00 ) 

i(x) = Y [/(ft+) - /(ft)] (- 00 < x < oc) 

Cjc<X 

are continuous in (— <*, oo) except at the points C \, c 2 , • * * , where 

(1) <p(Ck) - <p(eu-) = f(Ck) - f(Ck-) 

(2) ip(ck+) — <p(Ck. ) = 0 = ^(ft) — i(c k —) 

(3) <Kft+) - i(Ck) = /(ft+) - /(ft). 

The proof will be sufficiently clear if we prove (1). Since f(x) is of 
bounded variation the series 

Y I/(ft) - /(ft-) I 

fc* 1 

converges. Corresponding to a given positive e we determine m so that 

Y I/(ft)-/(ft-) | < e. 

fc=m+l 

If a* 0 is not one of the we can find a positive <5 so small that the points 
Ci, C 2 , • • • , c m are not in the interval (xn — 5, xq + 8 ). For h in abso¬ 
lute value less than this 5 we have 

\<p(Xa + h) — <p(zo) | ^ S |/(Cfc) — f(Ck~) | < €. 

xo-~5<cfc^*o+5 

This proves that <p(x) is continuous except perhaps at points c k . 

For a point c 2 we have 

vb) = /(ft) - /(ft-) + S' [/(ft) - /(ft-)l (ft *) 

= X/[/(ft) — /(ft—)], (x > ft) 

Ck^X 

where the primed summation is taken over all the c h indicated except c 3 -. 
The function defined by the primed summation is continuous at a; = c 3 * 
by the first part of our proof. Hence (1) is established. 
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Lemma 146. Under the conditions of Lemma I4a the function 
g(x) = f(x) - cp(x) - \p(x) 
is continuous in a ^ x ^ 6. 

The proof follows in an obvious way from equations ( 1 ), ( 2 ) and (3). 

Theorem 14. If fix) and a(x) are of bounded variation in a S x ^ 6 
and have no common points of discontinuity , then each is integrable with 
respect to the other from a to b. 

We may assume that a(x) is non-decreasing. Then since g(x) is con¬ 
tinuous it is integrable with respect to a(x). The same is true of <p(x) 
by Theorem 13c and of \p(x) by an obvious modification of that theorem. 
It is consequently true of f(x) and our result is established. 

15. Iterated Integrals 

In this section we state without proof several theorems regarding the 
change in the order of iterated integrals. 

Theorem 15a. If f(x, y) is continuous in the rectangle a S x ^ 6, 
c ^ y S d and if a(x) and (3(y) are of bounded variation in the intervals 
a ^ x S 6, c S y ^ d, respectively , then 

[ da(x ) [ f(x, y) dp(y) = [ dp{y) [ f(x,y)da{x). 

Theorem 156. If f(x) is continuous in a g x S b, if /3(y) is of bounded 
variation in c S y S d, and if a(x, y) is a continuous function of y in 
c S y ^ d for each x in a ^ x ^ 6 and of uniformly bounded variation 
in x for all values of y in c S y S d, then 

f(x)d x f a(x,y)dp(y)= [ d/3(y) [ f(x) d x a(x, y). 

J c J c Ja 

A proof of this will be found in H. E. Bray [1919]. Compare also 
N. Wiener [1933] p. 26. 

Theorem 15c. Letf(x, y) be continuous for all x and y; let a(x) and 
P(y) be functions of bounded variation in every finite interval; let the integrals 

f(x, y) d/3{y), f f(x, y ) da(x) 

J—oo 

be continuous functions of x and of y respectively for all values of these 
variables; and let at least one of the iterated integrals 

f | da(x) | f \f(x, y) | \dP(y) | 

« »'—oo 

d $(y) I f I f(x, y) | | daix) | 
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be finite. Then 

(1) f da(x ) [ f(x, y ) d8(y) - f dfi(y) f f(x, y) da(x). 

v —oo 00 J— 30 v— SO 

By an integral of the form 

[ i fix, y ) i I da(x) \ 


we mean 

f I/(z, J/)! dVi(x ) - [ \f{x. 2 /) I 

JO J-ao 

where Fi(ai) is the variation of a(t ) in 0 ^ t g 2 and F 2 (X) is the varia¬ 
tion of a(t) in x ^ t ^ 0. 

This theorem is a special case of the following more general one in 
which the integrals involved are Lebesgue-Stieltje's integrals. We shall 
refer to it as the Fubini theorem. 

Theorem 15d Let a(x) and f3(y ) be functions of bounded variation in 
every finite interval and let f(x, y) be such that at least one of the iterated 
integrals 

f |<Za(x)| [ \f(x, y) 11 dfi(y) \, 

J—co J 00 

[ I dp(y) I [ I/(^ y) I \da(x) I 

J ~oo J—oc 

is finite. Then ( 1 ) holds. 

For a proof of this theorem see S. Saks [1933], pp. 76-81. In the 
application we shall have to make of this theorem, each of the simple 
integrals involved in ( 1 ) will exist as Riemann-Stieltjes integrals at 
least for all but a countable number of values of the parameter. 

16. The Selection Principle 

In this section we discuss the selection principle or diagonal process 
as applied to an important result of E. Helly [1921] concerning bounded 
sequences of functions of bounded variation.* 

16.1. We begin by considering bounded sequences of constants. 

Theorem 16.1. Let the complex constants a m , n and the positive number 
A be such that 

I Gm,n | < A (m, n = 0, 1, 2, - * • ). 


Compare also A. Wintner [1939] p. SI. 
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Then there exists a set of positive integers 
?i Q < n-i < n 2 < 

and-a set of numbers Go, Gi, * • • such that 

lim Gjjx.n; ==: Om 0 lj 2 ? • * •)• 

%-*• 00 

Since the sequence {ao,»}«=o is bounded, there is at least one limit 
point, which we may denote by a 0 . Hence we may find integers 

(1) <n[ <n\ 

such that 


lim G 0 ) n- = Oq. 


Likewise the set {Gi, n j}”=o has a limit point a x , so that we may find 
integers 


fij < nj < nl < - - 


all included in (1) such that 


lim a ltn \ = ai. 


Proceeding in this way we obtain for any integer m a set of integers 


no < n? < n™ < 


all included in the set 


rrt —1 m —1 ^ m —1 ^ 

n 0 < ni < n 2 < • 


and a number a m such that 


lim On.,*? = Cm - 


If now we set 

ni = n\ 0 * = 0 , 1 , 2 , •. * ) 

it is clear that the sequence is increasing and that 

lim a m , ni = a m (m = 0, 1, 2, -. 

i“+ 0 © 

16.2. We turn next to sequences of monotonic functions. 

Theorem 16.2. Let the real non-decreasing functions a n (x) and the 
positive constant A he such that 


a n (x) | < A 


{n — 0, 1, 2, ♦ • • ; a ^ x g 6). 
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Then there exists a set of integers 

n-o < ft x < n-2 < • • - 

and a non-decreasing hounded function a(x) such that 

lim a ni (x) = a(x) (a ^ x ^ b). 

1-+00 

Arrange all the rational numbers of (a, 6) in a sequence . Then 
apply Theorem 16.1 to the set of numbers 


a m , n = a n {x m ) (n, m = 0, 1, 2, • • • ). 


We thus obtain a function a(x) defined at the rational points and a 
sequence of integers 

(1) n° 0 < nl < nl < ... 

such that 


lim a n Q .(x m ) = a{x m ) (m = 0, 1, 2, 


Now set 


lim an 0 { {x) — a(x ) 

i-»oo 


lim 0 ^( 2 ) = ol{x). 

i-*oa 


Then clearly 

a(x m ) = a(x m ) = a(x m ) (m = 0, 1 , 2, • ■ • ). 

Moreover, from their very definitions it is evident that a{x) and a(x) 
are non-decreasing functions. Their common points of continuity are 
consequently dense in (a, 6). Let y be such a point. Then 

a(y) = a(y) 

since one can find a sequence of rational numbers {x mi }7=o for which 

y = lim x mi , 

t—►«: 

and since a(x) = a(z) for each of these rational numbers. We define 
a(y) as 

<x(y) = *(y) = £i(y). 

Thus a (:r) has been defined at all but a countable set of points 
|“7n}m=o j the points of discontinuity of a(x) or a(x ). Apply Theorem 
16.1 to the set of numbers 

otnfen) (i } m =* 0 , 1 , 2 , . • * ). 
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We obtain a set of integers 

no < 7ii < < * - • 

all included in the sequence (1) and a sequence {am)™ such that 

lim Gin^Zm) ~ ci m (m = 0, 1, 2, * • *)• 

i—*QC 

Complete the definition of a(x) by the equations 

a(z m ) = a m (wi = 0, 1, 2, . .. ). 

We then see that 

lim a n{ (x) = a(x) (a ^ x S b), 

i —*oc 

that a(x) is non-decreasing in (a, b), and that 

I a(x) | ^ A. 

This completes the proof of the theorem. 

1,6.3. The. results of the previous section are easily extended to se¬ 
quences of functions of bounded variation as follows. 

Theorem 16.3. Let the sequence of functions {ante)}? be of uni¬ 
formly bounded variation in a S x ^ b and such that 

| o£»(o) | < A (n*0, 1,2,...) 

for some constant A. Then there exists a set of integers 

no < ni < U2 < * • • 

and a function a(x) of bounded variation in a S x S b such that 

lim a n{ (x) = a(x) (a ^ x ^ b). 

i—+ oo 

It will be sufficient to prove the result for real functions. For, if 
(3 n (x) and y n {x) are the real and imaginary parts of a n (x) respectively, 
the sequences {p n (x)}o and tente)}* both satisfy the hypothesis of the 
theorem. For a suitable sequence of integers Lo and a function 
(3(x) of bounded variation w r e should have 

lim p n %(x) = I3(x) (a S x S b). 

t—*■« 

From the sequence {nJ}JL 0 we could then pick another {nJjJLo, and we 
could determine a function y(x) of bounded variation in (a, 6) such that 


lim y n \ (a?) = y(z). 


(a S x g b). 
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The complex function a(x) whose real and imaginary parts are fi(x) and 
y(x) respectively would then be the function of bounded variation 
sought, {njjo the sequence sought. 

To prove the theorem in the real case we write a n (x) as the difference 
of two non-decreasing functions, 

Unfa) = 7]n(x) ~ fn(z) + «»(«) 

V[a n ] x a = rjn(x) + Ux). 

By hypothesis there exists a constant M such that 

0 ^ V[a n t <M (n = 0, 1, 2, • • • ), 

so that the sequences {rj n (x) 1? and satisfy the conditions of 

Theorem 16.2. Moreover, the sequence {oL n (a)}o is bounded by hy¬ 
pothesis. Hence by three applications of the selection principle we 
obtain the desired result. 

Corollary 16.3. The theorem holds if the interval a S x ^ b is re¬ 
placed by a ^ x < oo throughout. 

For, let M be a uniform upper bound for the total variation of the 
sequence {a n (3))o on a ^ x < oo. By the theorem there exists a se¬ 
quence of integers 

(1) n] < n\ < n\ < ... 

and a function a(x) of total variation not greater than M such that 

(2) lim a n l(x) = a(x) (a g x ^ a + 1). 

i-»oo 

Moreover, it is possible by a second application of the theorem to pick 
from the sequence (1) a subsequence 

nl < nt < nt < ■■■ 

and to determine a function jS(x) of variation not exceeding M in 
a ^ x jS a + 2 such that 

lim a„?(x) = j3(x) (a S i ^ a + 2), 

i — 

But by (2), p(x) = a(x) in a ^ x g a + 1, so that p(x) may be regarded 
as extending the domain of definition of a (a;). Thus by use of suc¬ 
cessive subsequences we successively increase the domain of definition 
of a(x). Finally, by use of the diagonal process we obtain a subse¬ 
quence of the integers 


no < rii < n 2 < • - • 
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such that 


lim a ni (x) = a (*) 


(a ^ x < oo). 


It is clear from the way in which a(x) was defined that its variation in 
a g x < oo does not exceed M. This completes the proof of the 
corollar\\ 

16.4. Another result, which we shall need, was proved independently 
by E. 'Helly [1921] and H. E. Bray [1919]; compare also G. C. Evans 
[1927] p. 15. 

Theorem 16.4. Let the sequence of functions {a n (x) }o he of uniformly 
hounded variation in a ^ x ^ b. let 

lim a n (x) = a(x) (a g x S 6), 


and let f{x) he continuous in a g x £ b. Then 


lim f f(x) da n (x) = [ fix) daix). 

n—♦■oo Ja 


The hypothesis implies that ot(x) is of bounded variation. Hence 
there exists a number T which is not less than the variation of any of 
the functions a n (x) or a(x). Let e be an arbitrary positive number. 
Choose a subdivision of (a, b) of norm so small that the oscillation of 
f(x) is less than e in any of the sub-intervals. If the points of sub¬ 
division are 

(1) a ~ x Q < Xi < • ■ ♦ < x m = b. 

we have 

H n — f fix) da n ix) - [ fix) daix) 

J a Ja, 

fXi +1 m-~l fXi + i 

= H / [/(*) — /fe)] daj,x) - 22 / [/(x) — /(x { )] daix) 

t =0 J »—0 

m—1 fZi+l 

+ H f(&) / d[a n {x) — a(x)]. 

i=0 *Xi 

Hence 

| Hn | ^ eT + eT + max |/(x) | H / d[a n (x) — a(x)] . 

a^z^b i= 0 j Jxi 

By letting n become infinite we obtain 

HS 121,1 ^ 


from which the result is immediately obvious. 



32 


THE STIELTJES INTEGRAL 


[Ch. I 


Corollary 16.4. Under the conditions of the theorem 


/ \da{x) \ g lim / j das„(a:) |. 

J a- n —*qo Jo. 

For if A is an arbitrary subdivision (1) of (a, b) : then 

m —1 i /*2 Ti + i 1 m—1 + i 

E j / da*(z)! S E / I danOr) | 

t=0 j | t=0 

= f | da n (x) |. 

J a 

Allowing n to become infinite we obtain 

m—1 

E j a(x,- + i) — a(x { ) | ^ lim / |da„(x) |. 

t=0 7i—»oo *>a 


But by a suitable choice of A the left-hand side of this inequality may 
be brought arbitrarily near to the variation of a(z) in (a, b). This 
establishes the corollary. 

16.5. It should be observed that the results of the previous section 
do not hold for an infinite interval. In fact Theorem 16.4 fails if the 
hypothesis holds in a ^ x < b and the integral is replaced by a Cauchy- 
value 

[ f(x) da n (x). 

Ja 

For, take a = 0, b = 1, f(z) = 1, and define a n (x) as follows 

i-i) 

nf 

= nx — n + 1 ^1 — ^ ^ x < 1^. 

Then the sequence {o; n (a:)}r is of uniformly bounded variation in (0, 1) 
and 


*n(z) = 0 


0 S 


But 


lim a n (x) = a(x) = 0 

71—*00 

lim / doi n {x) = lim <* n (l—) = 1 

n—*oc *'0 n—*oo 

f daix) — a(l —) = 0. 

Jo 


(0 ^x < 1 ). 





§17] 


WEAK COMPACTNESS 


33 


By use of an exponential change of variable this example also shows 
that the Helly-Bray theorem, Theorem 16.4, does not hold on an infinite 
interval. 


17. Weak Compactness 

In later work we shall have occasion to use several theorems concerning 
weak compactness of a set of functions. We state them here for con¬ 
venience of reference and refer the student to a proof.* 

Theorem 17a. If for some real number p greater than unity each func¬ 
tion of the sequence {a n (^)}o° belongs to the class L p in (a, b), and if there 
exists a constant M p such that 

[ \a n {t)\ v dt < M p (n = 0,1,2, 

Ja 

then it is possible to find a function a(x) of L v in (a, b) and a sequence of 
integers 


n 0 < Tii < ih < 


such that 

J pb pb 

a ni(t)fi(t) dt = / a(t)fi(t) dt 

a J a 

for every function (3(x ) of L p/Cp ~ 1) in (a, 6). Moreover , 
^ j | a(0 \ P dtj ^ lim | a n .(t) \ v dt 


Up 


Theorem 176. If the functions of the sequence \a n {x)are uniformly 
bounded in a ^ x S b, then there exists a function a(x) bounded there and 
a sequence of integers 


n 0 < fti < ft 2 < * * • 


such that 


lim [ a ni (t)/3(t ) 

i—*oo * a 



for every function fi(x) of L in (a, 6). Moreover, 

true max | a(x) | S Hm true max | a ni (x) 

<J = I =^ i-*oo a<x<Zb 

* See, for example S. Banach [1932] p. 130. 
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In the latter theorem the symbol 

true max | #( 2 ) | 

means the greatest lower bound of numbers w for which 

| Ci(x) I ^ w 

almost everywhere in (a, b). 

It is easily seen by an exponential change of variable that these theo¬ 
rems hold equally well on an infinite interval. 
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THE LAPLACE TRANSFORM 
1. Region of Convergence 

Let a(t) be a complex function of the real variable t defined on the 
interval 0 g t < as. Denote its real and imaginary parts by a f (t) and 
a"(t) respectively, 


a{t) = a'(t) + ia”(t). 

Let a(t) be of bounded variation in the interval 0 g t S R for every 
positive R. Clearly this will be the case if and only if a'(t) and a!'{t) 
have the same property. 

Let s be a complex variable with real and imaginary parts a and r 
respectively, 

s = a + ir* 


It follows from Theorem 4 a of Chapter I that the integral 

[* e~ il da{f) 

Jq 

exists for each positive R and for every complex s. It has the value 

[ f at cos rt da f (t) — [ e~ at sin rtda"(t) 

Jq Jo 

+ i [ e~ at sin rtda'it) + i [ e~ ai cos Tida' r (t). 
Jo Jo 

We now define tlie improper integral 


( 1 ) 


f e~ s ‘ da(t) = lim f e~“ da(t). 
Jq R—*ao Jq 


If this limit exists for a given value of s we say the integral (1) con¬ 
verges for that value of s. Or, we say that the right-hand side of (1) 
is the Cauchy value of the integral at its upper limit.. If the limit (1) 
does not exist, the integral diverges. 

It is sometimes useful to consider the Cauchy value of the integral 
at its lower limit also. If a(t) is of bounded variation in the interval 

35 
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e S t t* R for every positive e and every positive R, then we use the 
notation 


( 2 ) 


[ e “da(t ) = lim [ e 

JQ-f- e-*0 J( 


t da(j) 


when this limit exists. For example, if a(0) = 0, a(t) = t sin (1/0 
(t > 0), then a(t) is not of bounded variation in any interval including 
the origin. Yet the integral (2) exists for a > 0, and 

f e~ st da(f) = s [ e~ st t sin (1/0 dt (<r > 0). 

Jo+ Jo 


We shall understand throughout when the integral (1) is written that 
a(t) is of bounded variation in (0, R) for every positive R ; when (2) is 
written that a{t) is of bounded variation in (e, R) for all positive numbers 
€ and R . We now prove* 

Theorem 1. If 


(3) 


u.b. 

0^u<co 


/' 

Jo 


0-sot 


da(t) 


M < co 


then (1) converges for every s for which a > cr 0 , and 


(4) f e- 1 da(t) = (s - so) f e- (1 - 0,< /3(i) dt, 

Jo Jo 

where 

(5) fi(u) = f U e~ sot da(t) (u ^ 0) 

Jo 


the integral on the right-hand side of (4) converging absolutely. 
For, if fi(u) is defined by (5) we have 

[* e~ s ‘da(t) = [V (5_ ‘ o)1 d/3« 

Jo Jo 

by Theorem 66 of Chapter I. Integration by parts gives 

f e~“da(t) = + (s - s 0 ) f e~^ u fi(t) dt. 

Jo Jo 

By (3) 


lim e~ u ~ ao)R p(R) = 0 

fl—c; 

* See D. V. Widder [1929] 
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for <7 > (To • The same hypothesis shows that 



dt 


converges absolutely. In fact 

i r°° ■ r 50 M 

I / l < M e~^ o) ‘dt = (<r > <r 0 ). 

! Jd i Jo O’ — CTO 

Hence the theorem is established. 

Cohollahy la. If the integral (1) converges for s = cr 0 + it con¬ 
verges for all s = cr + ir/or which a > <r 0 . 

For, the convergence of (1) at $ = s 0 implies (3). 

Corollary 16. The region of convergence of (1) is a half-plane. 

For, Theorem 1 shows that the divergence of (1) at a point $ = $o 
implies its divergence at all points s for which a < cr 0 . Hence three 
possibilities arise: 

(а) the integral converges for no point; 

(б) it converges for every point; 

(c) it converges for cr > <r c and diverges for a < <r c . 

In case (c) we define the number cr c as the abscissa of convergence, the 
line a = <r c as the axis of convergence. In case (a) we write cr c === + ; 

in case (6), a e = — oc. The following examples show* that all three 
cases may actually arise: 


(a) 

% 

8_ 

Oc = 

oo) 


Jo 



(6) 

f e~ st e' ei dt 

Oc = “ 

oo) 


Jo 



(c) 

[ e~ st dt 

Jo 

Oc = 

0). 


When the integral (1) converges it defines a function of s which we 
denote by/($). This function is called the Laplace-Stieltjes transform 
of a(t). If 

f(s) = [ e~ st <p(t) dt 
Jo 


we refer to f(s) as the Laplace transform of <p(t). In either case f(s) is 
called the generating function. The function <p(t) is usually* referred to 

* This is the terminology adopted by most authors. But S. Pincherle [1905] 
reverses the names of these functions. The complex inversion formula for the 
Laplace transform reveals a certain reciprocity between the two functions which 
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as the determining function, but we shall sometimes use this name for 
a(t) also. 


2. Abscissa of Convergence 

In this section we shall derive a formula for the abscissa of con¬ 
vergence of a Laplace integral in terms of its determining function. 
This formula is the analogue of the familiar one in the theory of power 
series 

- = lim Vlin. 

P 71—*00 

Here p is the radius of convergence of the power series 

t am*. 

71=0 

2.1. We first establish certain relations between the order properties 
of the determining function and the convergence properties of the corre¬ 
sponding Laplace integral. 

Theorem 2.1. If 

a(t) = 0(e 7 *) (t—> oo) 

for some real number 7 , then the integral 

(1) f e~ st da(t) 

Jo 

converges for a > 7. 

The hypothesis implies the existence of a constant M such that 

\a{t)\SMe yt ' (OgJC.oo), 

since we are assuming that a(t) is of bounded variation in every finite 
interval. Hence* 

f e~“a(t) dt« M f° e~^~ y)t dt = —- (<7 > 7 ), 

Jo Jq <r “ 7 


makes the confusion of terms understandable. The terminology adopted here 
seems the more natural, since (1) reduces to a power series if a(t) is a suitable 
step-function. In that case the sum of the series is always referred to as the 
generating function of the coefficients of the series. 

* The symbol 4C means that the integral on the left is dominated by the one 
on the right, or that the integrand of the first is in absolute value not greater 
than that of the second over the whole range of integration. 
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so that the integral on the left-hand side of the inequality converges 
absolutely for a > y. Moreover 

[* e~“ da(t) = a(R)e~ sS - a(0) + s [ e~ st a(t) dt 
Jo Jo 

' a(R)e~ sB = o(l) (R -»■ oo ; a > T ), 

so that the integral (1) is seen to converge when a > y. In fact 

[ e~’‘da(f) = s f e s ‘a(t)dt — a( 0) (a > y). 

JQ JQ 

This establishes our result. 

Corollary 2.1. If a{ oc) exists and if 

a(0 - a( oo) « 0(e yt ) (t-+ oo) 

/or some reaZ number 7 , then the integral (1) converges for a > y. 

This follows at once since 


f e si d[a(t) — «(°°)] = f e st da(i). 

Jo Jo 

If 7 < 0 and a(oo) ^ 0 this corollar\ r yields a larger region of con¬ 
vergence than the theorem, for a(t) itself is no better than 0(1) and by 
Theorem 2.1 <x c ^ 0. By Corollary 2.1 a c S y. 

Note that the exact converse of Theorem 2.1 is not true, as example 
(c) of §1 shows. That integral converges for a > 0, but a(t) — t is not 
bounded. 

2.2. We now proceed from the convergence properties of the integral 
to the order properties of a(t). 

Theorem 2.2a. If the integral 

(1) [ e st da(t) 

Jo 

converges for s = s 0 = 7 + i& withy > 0, then 

a(t) = o{e yt ) {t —> oo). 

For, by Theorem of Chapter I 

a(t) - a(0) = f e S0U d/3(u ), 

Jo 

where 

fi(t) = f e~ S0U da{u) 

Jo 


( 2 ) 


(0 < t < CO). 
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Integration by parts gives 

a{t) - a( 0 ) = me* ot - f* e‘° u fi(u) du. 

Jq 

By hypothesis /3(oo) exists, so that 

lim [a(0 — a(0)]e~ s °* = j8(«0 — lim s 0 e~ s °* f e 80U /3(u)du 
t —*00 t -+CO J 0 

— lim So6~ s ° f [ e 8 ° u [/3(°o ) — /3(w)]dw. 

2 —*00 Jo 

It is easily seen that this last limit is zero if the real part of so is positive, 
whence 

a(t) — a(0) = o(e yt ) (t —> °o) 

a(t) = o(e yt ) (t —> oo). 

Theorem 2.26. 7/ the integral (1) converges for s = s Q = y + id with 

7 < 0, then a(o c) exists and 

a{t) — a(<x>) = o(e 7 ‘) (7 —> co). 

Since y is negative the integral ( 1 ) converges for s = 0 , so that the 
existence of a («) is assured. But 

o:( oo ) — a(t) = e s ° u dftiu), 


where /3(£) is defined by ( 2 ). Integration by parts gives 

a(°°) — a(f) = —e SQt p{t) — $ 0 J e 8QU fi{u) du 


lim [a( °o) — a(t)]e SQt 

j!—* oo 


= ~/3(oo) — lim s 0 e 8Qt 

t —*00 





= lim So e f e 5 ° M [/3(°o) — 0(u)]du 

2 —*oo Jt 


= 0 . 


This proves the theorem. 

It is to be noticed that both theorems are false when 7 = 0 . For if 
a(0) = 0, a(t) — 1 (t > 0 ), the integral ( 1 ) converges for all s. Yet 
oc(t) 3 ^ o(I) as t becomes infinite. Also if <x(t) = 2 (t g 1 ), a(t) = 
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a convergent integral. Yet a(=c) does not exist. 

2.3. By use of these results we may frequently express a Laplaee- 
Stieltjes integral in terms of an ordinary Laplace integral. 

Theorem 2.3a. If the integral 

(1) /(so) = 

Jo 

converges with era > 0, then 

(2) /(so) = 8 0 [ e~* ot a(t) dt - a(0). 

Jo 

The integral (2) converges absolutely if So is replaced by any number with 
larger real part. 

For-. 

. e~‘*‘da(D = e~‘ oR a(R) + so f e~’°‘a(t)dt - a(0) 


By letting R become infinite and making use of Theorem 2.2a we obtain 

(2) That the integral ' 

(3) f e~ 8t a(t) dt 

Jo 

converges absolutely for <r > <r 0 follows from the fact that 

a(t) = o(e aQt ) (t —»-oo). 

But it must not be supposed that (2) converges absolutely or even that 
(3) converges on the whole line a = cro. For example, if 

a 00 = [ ~~T^du (t ^ 0) 

Jo 'Vu 


and if (7o = 1, then (3) converges for so = 1 + i since (1) becomes 


/■ 



But (3) does not converge absolutely at s = 1 + i, nor does it converge 
at s = 1, since by FubinFs theorem 



Theorem 2.36. If (1) converges with <r 0 < 0, then a(oo) exists and 


(4) /(so) =«(»)- a(0) + so r - a{ 
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The integral (4) converges absolutely if s Q is replaced by any number with 
larger real part. 

For, we have 

/(«o) = r e - sol d[a(0 -«(«)]. 

Jo 


Integrating by parts and using Theorem 2.26 we obtain (4). 

2.4. ‘We are now in a position to establish the formula for the abscissa 
of convergence. 

Theorem 2.4a. If 


lim 

t —*00 


log 1 a(t) ! 
t 


h 0 , 


then (j c = k for the integral 

( 1 ) f e~ st da(t). 

Jo 


First consider the case k > 0. We show that ( 1 ) converges for a > ft. 
Let e be an arbitrary positive constant. The hypothesis implies that 

a(t) = 0(e (k+€)t ) (*->oo). 


Hence by Theorem 2.1 the integral ( 1 ) converges for <r > k + e. That 
is, ( 1 ) converges for a > k. 

We show next that ( 1 ) diverges for a < k. Suppose it converged for 
s = 7 where 


( 2 ) 


0 < 7 < k. 


By Theorem 2.2a we should have 

oi(t) = o(e yt ) (t —» oo). 

But this implies the existence of constants M and to such that 

i a(t) | < Me yt 

for all t greater than t 0 . Hence 

log | a(t) | < log M + 7 1 (to < t < oo), 

whence 


llm — 


a(t) 


= k< 


^ 7 - 


This contradicts ( 2 ) so that our theorem is established for positive ft. 
If ft < 0 the same argument used for positive ft shows that ( 1 ) con- 
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verges for u > A\ The hypothesis now clearly implies that a( oc) = 0. 
If ( 1 ) converged for a — y < k : we should have by Theorem 2.26 that 

a(t) = o(e yt ) (t-> 

whence 


lim 

L -*oc 


log 1 a( 0 ! 

t 


= fc ^ 7 < k. 


The contradiction shows that ( 1 ) must diverge for <x < k, and our result 
is completely established. 

Corollary 2.4a. If 


lim 


log I a(t) I 


+ co(— 00 ), 


then a c — oc (— cc). 

Theorem 2.46. If the integral (1) has a non-negative abscissa of con- 
vergence <j c , then 


(3) 


<j c = lim 

t —♦QO 


log 1 Qg (0 1 

t 


First suppose a c = 0. Then if the limit superior in (3) were different 
from zero we should have a contradiction by Theorem 2.4a. If a c > 0 
and if the limit superior (3) were different from <j c and different from 
zero we obtain a contradiction again by use of Theorem 2.4a. If this 
limit superior were zero we could conclude only that <r c g 0 ; but this 
also contradicts the hypothesis. 

Theorem 2.4c. If 


lim 

£—*o0 


log 1 «U) 1 

t 


= 0, 


and if a(t) approaches no limit as t becomes infinite , then <x c = 0 . 

For, the hypothesis clearly implies that ( 1 ) converges for a > 0 and 
diverges for s = 0 . Note that the theorem is false without the hypothe¬ 
sis that a(t) approaches no limit. For, if a(t) — 1 — e~ t then k — 0 
but <r c = — 1 . 

Theorem 2Ad. If a(° ° ) exists and if 


(4) 


jj^ log MO - <*(«>) 1 


= 1 ^ 0 , 


then (t c ~ L 
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First note that k = 0 implies (4) whenever oj(qc) exists. For, k = 0 
implies for every positive e that 

a(t) = 0(e €t ) (t-> o c) 

a (0 — of(oc) = 0(e et ) (t—> °o), 

and this implies (4). 

Now Corollary 2.1 shows that ( 1 ) converges for <r > l. On the other 
hand if ( 1 ) converged for 5 = y < l , then y would be negative and we 
should have by Theorem 2.25 that 

ct(°o) — a(t) = o(e yi ) (t —> oo ) 


— log |a(oo) — a(t) 
= lim- t- 

t —••oo t 


^ y < 1. 


The contradiction shows that ( 1 ) diverges for a < l. Hence a c = l. 

Theorem 2Ae. If (1) has a negative abscissa of convergence <r c , then 
a(oo) exists and 


(5) 


cr c = lim 

t —*00 


log I q(oo) — a[t) 1 
t 


Clearly ( 1 ) must converge at s = 0 so that a(°o) exists. Also 
| a(co) — a(t) | is bounded so that the limit superior ( 5 ) is less than or 
equal to zero. Hence Theorem 2Ad is applicable, giving a contradiction 
if the limit superior (5) were different from <r c 
2.5. All the theorems proved thus far in this chapter apply equally 
well to Dirichlet series 


(1) 


/(s) — a n e 


0 ^ Xi < X 2 < X 3 < • * •, lim X n 

n—*oo 


For, if a(t) is defined by the equations 

a(t) = ai + a 2 + • ■ * + a, n 

(2) a(0) = 0 

a{t) = - 2 - 

we have 




n—1 


whenever the integral or series converges. 


00 


(X n < C t < Xn-fl) 


(t > 0 ), 
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For example, we have 
Theorem 2.5. If 

log j it, a k | 

(3) lim-^— ! = k 5* 0, 

n-*cc A n 


then the abscissa of convergence of (2.4) is k. 

To prove this we must show that if a(t) is defined by (2) then (3) 
implies 


(4) 


lim 

t —+oo 


log 1 q(Q | 
t 


= k. 


Setting $ n equal to the sum of the first n coefficients at, we have 

logwoj_togkj < ioijm iK<t< Wi)> 

t t A n 

so that 


On the other hand if 


_logU*®j 


^ k. 


t-+ oo t 

it must be possible to find k' < k such that 


l og S «(01 
t 


< V 


for all t sufficiently large. That is, for n sufficiently large ■ 


lOg 1 Sn | 
t 

Letting f approach X n , we obtain 

lOg 1 Sn 1 

X„- 

whence 


< V 




(X n < t < X n+ i). 


lim 

n—►« 


log I S„ | 

X n 


g V 


contrary to the hypothesis (3). Consequently (3) imphes (4). 
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3. Absolute Convergence 

Denote the total variation of the function a{t) in the interval 0 S 
t <; x by u(x). The integral (1.1) is said to converge absolutely at a 
point s = o + it if the integral 

(1) fe-ldam = [ (T at du(t) 

Jo Jo 

converges. In particular, if a(f) is an integral of a function <p(t), 

«(f) = [ <p(y)dy, 

Jo 

then 

u(t) = [ \<p(,y)\dy, 

Jo 

and (1) becomes 

f e~ at | cp(t) | dt. 

Jo 

It is also easy to see that when a(t) is defined by §2.5 (2) the integral (1) 
becomes 

E Kl 

71 = 1 


so that our definition in this case conforms with the usual notion of the 
absolute convergence of a series. 

3.1. We now show the existence in some cases of a half-plane of abso¬ 
lute convergence. 

Theorem 3.1. If the integral 

(1) [ e~“M 

Jo 


converges absolutely for s — «tq + fro, then it converges uniformly and 
absolutely in the half-plane a ^ cr 0 . 

For, 


[ e vt du{t ) « [ 
Jo Jo 


-trot 


du(t) 


O’ ^ <Tq. 


This result enables us to define an axis of absolute convergence o = o a , 
proceeding as in the definition of o c . The following example shows that 
o c and (T a need not be coincident: 


,r 

Jo 


e “e kt sin e kt dt 


( 2 ) 


(fc > 0). 
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Here a c = 0 and <r a = k. The integral converges absolutely for a > k 
since 


i —st kt 

! e c 


kt 


sm e 




-(c-k)t 


(0 ^ t < oc). 


It does not converge absolutely for s = k since 


The relation 


Jo “ k J 1 u 

r -st kt • kt 7 , 1 r sin u 1 

/ e e sine dt = T —^ dw 

Jo fc Ji u* !k 


shows clearly that o- c = 0. 

That the axis of absolute convergence may disappear completely for a 
convergent integral is seen by the example 

(3) f e~ (s ~ iu e e ‘ sin e*‘ dt = [ ,. Sm “ du. 

Jo Jc (log u) 8 


Here a c = 0 and a a = «. 

3.2. It is clear that the results of section 2 are applicable to the axis 
of absolute convergence mutatis mutandis. For example, we state 
Theorem 3.2. If 


lim 


log u(t) 
t 


h Ci 


where u(t) is the total variation of a(x) in the interval 0 S x S t, then 
the integral §3.1 (1) has the abscissa of absolute convergence a a = k . 

3.3. We next prove a result concerning the relation between <r c and cr a . 
Theorem 3.3. If a(t) is monotonic in the intervals 


where 


then 


\ n < t < A n+1 (n = 0, 1, 2, . -. ), 


0 = Xo < Ai < X 2 < • • • 

lim X n = °°, 


. log n 

Oa — (Tc S lim — 

n—* 00 A n 


for the integral 
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We may assume that 


< 00 , 


for otherwise there is nothing to prove. Clearly l is not negative. It 
follows from Theorem 2.5 that the series 


z 


-X n s 


has abscissa of convergence equal to l if l is positive. The same is true 
if l — 0, for the series diverges when s — 0, and Theorem 2.1 can be 
used to show that it converges for all positive values of s. 

Suppose that (1) converges for s = s 0 . Then there exists a positive 
number Ro such that 


In particular 

( 2 ) 


I r K 

i /, 

ir 


*“ s °* 


da{t) 


' da{y) 


S 1 


g 1 


By Theorem 5c of Chapter I we have 

(3) | a' n+1 e- soK+1 j < 1 

(4) |a"<T SoX “! ^ 1 
where 

#(X»+) — o:(X n ) = ci n 

a(\ n+ i) — a(X n+ i“~) = a n+ i 

To prove the theorem we must show that the integral 3 (1) converges 
for cr > <r 0 + l, or that the series 


(. RR" > Ro). 

(t>\ n > Ro). 

(X n > Ro) 
(X n > Rq), 

(n = 1,2 ,...). 


00 /»X n +l 

E e - "' Mt) 

n=0 


converges in the same region. On account of the monotonic character 
of a(t) in the interval K < t < \ n+1 it follows that 




e~ at da(t) 


+ I CL n 


~K<r 


+ | a n+ i | e 


-\ n +1 <r 


But by (3) and (4) the series 


Z {\ a" | e~ K<r + | al+i I e~ x " +I °’} 
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will converge whenever the series 


(5) 




0q) 


does. But we have seen that (5) converges when <r — <tq > l. It 
remains to consider the series 


Set- 


Then 


L 1 / e'^dait) 

n-1 1 JX„+ 

,3„« = f e ~'° v da(y) 
h.+ 


(t>\ n > R 0 ). 


e~ c, da(t ) = 

J K+ J K+ 


~(o — $q) t 


d(3 n (t) 


f* A n+l 

= + (<r - So) dt. 

J K 

By (2) we see that | $ n (t) | ^ 1 when t > \ n for all n sufficiently large. 
Hence we need only show that 

, £ e _(<r_<r ° )Xn+1 + [ e~ (a ~ a ° u dt < co 

i Jo 

when <r — (To > l. This is clearly the case, so that the theorem is 
established. 

Corollary 3.3.* For any Dirichlet series 


-y an o 


n=1 


we have 


X n s 


log n 


c a — Cc ^ lim 

n —*oo A 7 j 


For, in this case a(t) is constant in each of the intervals 


An <C t < An+l 

As further examples of the theorem consider the integrals §3.1(2) 
and §3.1(3). In the first, A n = — ^ and l = k. In the second, 
A n = log log titt and l = <*>. 

* See E. Landau [1909], p. 732. 




50 


THE LAPLACE TRANSFORM 


[Ch. II 


4. Uniform Convergence 

We have seen that the general Laplaee-Stieltjes integral with abscissa 
of absolute convergence <r a converges uniformly when a cr a + 8 for 
every positive 5. The conclusion does not remain true, however, if <r a 
is replaced by o> . We are thus led to define an axis of uniform con¬ 
vergence. 

4.1. We first establish: 

Theorem 4.1. If the integral 

(1) f e~ st da(t) 

Jo 

converges uniformly for s = o* 0 + ir, — « < r < oo, then it converges 
uniformly in the half-plane a ^ cr 0 . 

Given an arbitrary positive e, we must show the existence of a number 
R 0 independent of <r and r for <7 ^ o- 0 , — < r < oo and such that 

(2) I [ e~ ta+iT)t da(t) < e (B 5: R 0 ). 

| Jr 

We choose Bo so that 

(3) | f e~ (<70+ " >l da(t) < i (B £; Bo, — » < T < 00 ). 

This is possible by the hypothesis of uniform convergence on the line 
<r = (To. Define a function (3(t, r) by the equation 

Pit, T ) = f e~^ iT)v da{y) it ^ 0 , - » < T < oo). 

Then (3) becomes 

(4) | Pit, r) | < | it^Ro,~ * < r < oc). 

If B' is an arbitrary number greater than B, then* 

[* er { ° +ir)t dait) = -f R e~ ( '-"° u d t pil, r) 

Jr Jr 

for every real r. Hence 

- [‘ e~ (r+irU dait) = e-^^'piR', r) - e~^ )R p(R, r) 

Jr 

+ (<r — <ro) f R e-^ U Pit,r)dt 
Jr 

f e~ m dait) = e^'-'^PiR, r)-ia- <r 0 ) f e^ u p(t, r) dt 
Jr Jr. 

* The notation <£{£(£, r) indicates that r is to be held constant during the 
integration. 
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for <x > cro. By use of (4) we obtain 

: /" e~ ir+iTU da{t) | =£ i + | (cr - <ro) £ e“ (o 

for cr > cr 0 - This relation is also true if cr = <j 0 , as one sees directly 
from (3). Hence (2) is established. 

4.2. We now introduce the following 

Definition 4.2. If for every 'positive e the integral §4.1 (1) converges 
uniformly in the half-plane a ^ a u + e and fails to do so in the half-plane 
cr ^ <t u — € ? then (x u is called the abscissa of uniform convergence and the 
line cr = <x u is called the axis of uniform convergence. 

It is clear that <x c ^ cr u , and Theorem 3.1 shows that a u S <r a . In 
order to obtain a formula for <x u in terms of a(t) we first introduce the 
functions 

aX 

(arSiO;— oo<r<co) 


T(x) = u.b. | P{x, t) | (x S 0). 

—00<T<QO 

We shall need two preliminary results. 

Lemma 4.2a. If 

(1) r(*) = 0(O (*-«) 

for some real number y, then the integral 

(2) f e~ at da( t) 

Jo 

converges uniformly in the half-plane <x ^ y + 8 for every positive o. 
Since 

[* e-* +iT)i da(t) = f* e-“d t /3(t, r) = e~° R f3(R, r) + <r f r)dt, 

Jo Jo Jo 

it will be sufficient to show that 

lim R, r) = 0 

R-+ao 

uniformly for cr ^ y + b, — °o < r < oe, and that 


(x -* 00 ) 


lim a f e r) dt = 0 

R—*oc J R 


uniformly in the same region. But in that region 

| e~ cR p(R, r) | g e~ ly+S)R T(R ) = 0(e~ SR ) (R 

r)dt £ <r 1“ e~ at Tit) dt ^ M e ~ 5R . 

Jr b 
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Here M is a constant independent of a and r, so that the lemma is 
established. 

Lemma 4.26. If for a fixed positive number y the integral 

(3) / e~ ly+Ml Mt) 

Jo 

converges uniformly in the interval — » < r < oo ? then 

Since (3) converges uniformly we can find a number Rq independent 
of r in (—oe, oc) such that 

[* - (y+M ‘da(t) CBkRo). 

Jr, 

Set 

t, r) = f e~ (y+irU dce(t) z 0, -00 < T < co). 

Jo 

Then for a; > 0 

jf(z, r) | sg /V W )|+1=*. 

Jo 

Furthermore, we have 

/SC*, 0 = f r) = f(z, r)e T * -y f e T ‘f( t, r) 

Jo Jo 

| jSCe, r) | g Ze 7 * + 7 f e 7 ‘ Z dt S Ke yx + Z(e 7X - 1) 

Jo 

That is, 

= U.b. | 0(x, r) | = 

—oo<r<oo 

and the proof of the lemma is complete. 

By use of these results we are now in a position to prove: 

Theorem 4.2. If 


(T i 
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We show first that the integral (2) converges uniformly in the half¬ 
plane <r *£ k + 5 for even* positive S. It follows from the hypothesis 
that 

T(x) = 0{e (k+mx ) (*■ 

and then by Lemma 4.2a that the integral converges uniformly for 
cr = k d. 

On the other hand (2) must fail to converge uniformly in the half¬ 
plane cr g h — <5 for every positive 5. Otherwise it would converge 
uniformly on some line a = y where 0 < y < k. Then by Lemma 4.26 
we should have 

T(x) - 0(e 7X ) (x-> oc), 

whence 


lim <k. 

z—*oo X 

This contradicts the hypothesis. Hence the proof of our theorem is 
complete. 

Corollary 4.2.* If cr u > 0, then 

iSh = , 


If 


the proof follows from Theorem 4.2. It is impossible to have 


for this would imply that 

T(x) = 0(e xtrJ2 ) (x 

This, by virtue of Lemma 4.2a, would imply that (2) converges uni¬ 
formly for cr ^ |cr w , contrary to hypothesis. 

4.3. It may be shown by example that it is possible for <? u to be 
greater than <r c . In this case we have thus far proved nothing about 
the uniform convergence of the Laplace integral in the neighborhood of 

* This theorem was first proved by H. Bohr [1913] in the special case in which 
(2) is an ordinary Dirichlet series. 
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the axis of convergence. In this connection the following result will be 
useful. 

Theorem 4.3 If the integral 

( 1 ) r e- 8t d«(0 

Jo 

converges at s = cr 0 + 2r 0 , and if H and K are any constants for which 
H > 0, K > 1, then the integral (1) converges uniformly in the region A 
defined by the inequalities 

(2) s — $o | g 0 ^ 

Note that if s is in A we must have a > <r 0 or else s = s 0 . Hence by 
Corollary la the integral (1) converges in A. If e is an arbitrary posi¬ 
tive number we wish to show that we can determine a number R 0 in¬ 
dependent of s in A such that for R > R 0 


(3) 

Set 


e st da(t) < €. 


0(0 = f e~ s « u da(u) 

Jo 


and determine R 0 greater than H and such that 

- m | < e/K 

for all values of t and t r greater than Ro . This is possible by the con¬ 
vergence of (1) at $o. 

Then 

fe- st da(t) = (V^ 0 

Jr Jr 

= (s — So) f e~ (s ~ so)t [0(t) — /3(R)]dt (a > a 0 ) 
Jr 


for any positive R. If R > R 0 

—st 


e' s ‘da(t) —— 

A o' — ctq 


(<r > do). 


Hence if s is any point of A not s 0 
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If S = So 



K 


so that (3) holds for all s in A, and the theorem is proved. 

We now investigate the nature of the region A. Setting a — c 0 = x 
and r — r 0 = y we see that the boundary curve C of A is symmetric in 
the r-axis and that the equation of the part above that axis is 

y = x(K 2 e 2Hx - 1) 1/2 (x ^ 0). 

The first and second derivatives of y with respect to x are 

, K 2 e 2Hx {\ + Ex) - i 
y _ i)i/2 

„ = Hx) -2- 2 Hx] 

y _ ^ 3/2 

Since 

i BX £; 1 + 2 Hx 

K-e iHX {2 Hx) 5; i oHx + 2 J?V 2 + g 0 ) 

we see that the curve is concave upward above the y axis. It passes 
through the origin and increases monotonically as x increases. Since 

lim y' = (K 2 ~ 1 ) 1/2 > 0 , 

1 > 04 - 

the curve C has a cusp at the origin, the angle between the two tangents 
being 

2 tan - 1 (.K 2 - 1 ) 1/2 . 

As x becomes infinite y becomes infinite. The region A consists of 
the curve C and the part of the plane lying to its right. The half-line 

y = (K 2 — l) ll2 x (x ^ 0) 

lies entirely in A, but no other half-line through the origin w r ith greater 
slope lies entirely in A. 

Set 

tan r = ( K 2 — 1 ) 1/2 , sec r = K. 

Then the angular region 

(4) s — ^ K(cr — co), (cr ^ 

lies entirely in A, a result which is also clear from the fact that (4) 
evidently implies ( 2 ). We have thus proved 
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Corollary 4.3. If (1) converges for s = <r 0 + in and if K > 1 it 
converges uniformly in the region 

I S — So I ^ K(<I — (To), (a ^ (To) 

4.4 We prove next the following result:* 

Theorem 4.4. If the integral §4.3 (1) converges at s = s 0 and if H is 
any 'positive number, it converges uniformly in the region A' defined by the 
inequality 

| r - ro | ^ - 1 

For, if $ is a point of A', then 

| s — So | — a ffo) — 1 

< (1 + l) 

Let 8 be an arbitrary positive number. If cr — cro ^ 5 we can determine 
H f > E so that 


a — (To 

Hence if s belongs to A' and is such that cr — a 0 ^ 5 it also belongs to a 
region A of Theorem 4.3: 

| § ~ $0 | S Qj? + 1^ (<T — (To)e H ' (<r_<ro) (<T > (To) 

The remaining part of A' where a — a 0 < 8 can be included in a tri¬ 
angular region of the type described in Corollary 4.3, so that the theorem 
is established. ' 

Corollary 4.4 If H and d are any positive numbers and if §4.3 (1) 
converges at s — So, then it converges uniformly in the region 

(1) (T ^ <70 + 5, | r | = &H<T • 

By Theorem 4.4 the integral converges uniformly in the region 
| r - ro | < e 2J7((T ” ffo) - 1. 

If s satisfies (1) then 

I r - r 0 1 g | to | + e Htr < e Wff ~ aQ) - 1 

for all a sufficiently large. The remainder of the region (1) can again 
be included in a triangular region. 


Compare E. Landau [1909] p. 739. 
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5. Analytic Character of the Generating Function 

It is now easy to see that a Laplace integral represents an analytic 
function in its region of convergence. 

Lemma 5. If 0 ^ a ^ b, then the function 

f(s) = f e-'dait) 

J a 

is entire , and 

f\s) = (-1)* [ 6 e-“t h da(0 (h = 1, 2, 3, • •.). 

J a 

By the uniform convergence of the exponential series we have 
/(«) = f e~“da(t) = E f b t n da(t) 

Ja 7i—0 71 * Ja 

Clearly this series converges uniformly for $ in any bounded region, so 
that its sum, f(s), is entire and 

jf c-o-d-w -1.V-) 

= f e-“(-t) k da(t). 

Ja 

This completes the proof of the lemma. 

By use of this result we establish: 

Theorem 5a. If the integral 

(1) f{s) = /V*© 

Jo 

converges for a > a c < oc, then f{s) is analytic for <7 > cr c , and 

f k \s) = f e -“(-t) k da(i). 

Jo 

For if so is an arbitrary point in the half-plane <r > cr c , we can sur¬ 
round it by a circle X which also lies in that half-plane. By Theorem 
4.3 the integral (1), and hence the series 

/(«) = E f ' 1 e-’‘da{t), 

n*=0 J n 

converges uniformly in X. Since each term of the series is entire, we 
may apply the theorem of Weierstrass concerning the term by term dif¬ 
ferentiation of series to obtain the desired result. 
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From the analogy with power series one might be tempted to suppose 
that a function defined by a Laplace integral would have at least one 
singularity on the axis of convergence of the integral. This, however, 
is not the case. The integral 

f(s) = [ e~ st e sin (e { ) dt = f dx 

Jq Ji X s 

clearly has <r c = 0 for its abscissa of convergence. But for a > 0 we 
have, after integrating by parts 

/(s) = COS 1 - s ^ dx. 


This integral converges for a > —1, so that this equation serves to 
extend the function/(s) analytically into the half-plane a > — 1. That 
is, f(s) certainly has no singularities on the imaginary axis, the axis of 
convergence of the original Laplace integral. In fact one could show 
easily by successive integration by parts that f ($) is entire. 

A case in which there is certainly a singularity on the axis of con¬ 
vergence is described in the following theorem.* 

Theorem 5b. If a(t) is monotonic , then the real point of the axis of 
convergence of 

/(«) = C e~ st da(t) 

Jo 

is a singularity of f(s). 

The statement of the theorem assumes that the abscissa of conver¬ 
gence, cr c , is finite. It is no restriction to assume it zero. For 

(2) f(s + a c ) = f e~ st d0(t), 

Jo 

where 

/3(t) = [ e -<7cW da(u) (0 ^ t < oc). 

Jo 


The integral (2) has abscissa of convergence zero and its determining 
function /3(t ) is also monotonic. For definiteness we take a(t) non¬ 
decreasing. 

Assuming that <r c = 0 we must prove the origin a singular point of f(s). 
Suppose the contrary: then the series 


/(s) = 


m k\ 


(»- D* 


Compare H. Hamburger [1921] p. 306. 
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converges for some real negative value of s, say s = —5. That is, 

/(-«) = t fe-‘(-0 k da(0 

A— 0 A' I Jo 

(3) = [ e 1 n (5 + lY{t) k da{{) 

JO k—0 k ; 

= f e ht da{t\ 

Jo 

if the interchange of summation and integral signs is permissible. To 
justify this we have 

e i!S+1) = £ (-1)* (-f)* « £ ^4i - Rk (0 = ^ = 5), 

so that 

(4) [* e lt da(t) = £ (-1)* f e“‘(-0*d«(0 

Jo A =0 ftI Jo 

by Theorem 5c? of Chapter I. 

Now series (4) converges uniformly for 1 ^ R < °c since it is dom¬ 
inated by the series 

w -~.. 

Cl Jo J:=0 ft! 

which we have assumed converges to /(— 5). Hence we may let R 
become infinite in (4) to obtain (3). That is, the Laplace integral repre¬ 
sentation of /($) converges for s = —8 contrary to the hypothesis <r c = 0. 

The contradiction shows that f(s) must have a singularity at s = 0, 

and our proof is complete. 

6. Uniqueness of Determining Function 

We shall show T that the determining function a(t), if it is normalized, 
is uniquely determined by its generating function /($), 

(1) f(s) = [“ e-“da(t). 

Jo 

We shall also consider the integral 

(2) /(«) = f e~ !t da{i). 

In the case of the integral (2) we note first that its convergence* for 
* See §1 for our conventions concerning the integral (2). 
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any fixed s = s 0 implies the existence of a(0+)- For, if we set 

/3(0 = J* e~ s ° u da(u) (0 t g 1), 


we have 


(3) 


a(l) - <*(«) = j\ sa ‘e~ s °‘da(t ) = e S0, d!3(t) 


e‘°‘0(e) + sofe sot m 


dt 


(0 < € < 1). 


Since £(0+) exists by virtue of the assumption that (2) converges at 
$ = So , it follows from equation (3) that a(0+) also exists. We say 
that the function a(t) of (2) is normalized if a(0+) is zero and if 



<*(*+) + a(t — ) 
2 


« > 0 ) 


6.1. To prove uniqueness theorems for 6(1) or 6(2) we need: 

Theorem 6.1. If a(t) is a normalized function of bounded variation 
in (0, 1) such that 

(1) [ 1 f'da(t) = 0 (n = 0,l,2, ...), 

Jo 

then a(t) is identically zero in 0 ^ t ^ 1. 

Since a(0) = 0 by hypothesis, equation (1) with n equal to zero 
shows that a(l) is zero. Hence (1) becomes after integration by parts 

(2) f 1 t n a(t)dt = 0 (n = 0, 1,2, ...). 

Jo 

If 

(3) j 3(t) = [ a(u ) du (0 ^ t ^ 1), 

then (3(1 ) = 0 by (2) with n = 0, and (2) becomes 

(4) j f (3(t) dt = 0 (n = 0, 1, 2, ...). 

jo 


If e is an arbitrary positive number, it is possible by virtue of the 
approximation theorem of Weierstrass to determine a polynomial P(t) 
which approximates to the continuous conjugate (3(t) of (3 (t) with an 
error less than e, 

(5) 


m - p(t) i < € 


(0 £ t s 1) 
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Hence by (4) and (5) 


3(1) 2 dt = f 3(t)m) - P(t)]dt 

Jo 

[ i i3(f) ; 2 dt ^ 6 f 1)8(0 i*. 

Jo Jo 


Since e was arbitrary this shows that /?(/) is identically zero in 0 ^ t £ 1. 

By (3) we then see that a(t) is zero at all its points of continuity. 
Since these are dense in (0, 1) and since for every t between zero and 
unity a(f+) and a(t—) both exist, it is evident that 

a(t+) = a(t-) = cc(t) =0 (0 < t < 1). 

Hence a(t ) is identically zero in the closed interval (0, 1), as was stated 
in the theorem. 

Corollary 6.1a. If 

(6) [ 1 t n da(t) =0 ( n = 0, 1,2, ...), 

Jo+ 

and if ct(i) is normalized , then 

a(t) =0 (0 < t < 1). 

By our conventions the existence of (6) implies that a(t) is of bounded 
variation in (c, 1 — e) for every positive e. Moreover, equations (6) 
with n = 0 shows that a(0+) and a(l —) exist. The first of these 
limits is zero since <*(£) is normalized, the second is also zero by (6). 
Hence (6) implies 

(7) f t n a(t)dt = 0 (n = 0,1,2,*..) 

J04- 

Since a(t) is integrable in (0, 1), equations (7) imph r (2), and the con¬ 
clusion is obvious. 

Corollary 6.1 b. If tp{t) belongs to L in (0, 1), and if 

f t n <p(t)dt = 0 (n = 0, 1, 2, •••), 

Jq 

then <p(t) is zero almost everywhere. 

6.2. We now prove a result which was due to M. Lerch [1903] in its 
original form. 

Theorem 6.2. If s 0 is a point in the region of convergence of §6(1) 
and l is a positive number , if a(t) is normalized* and if 

* Compare Definition 8> of Chapter I. Here we mean, of course, that a(t) is 
normalized in the interval (0, R ) for every positive R 
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(1) /(so + nl) - [ 
Jo 

then 
For, set 


— (sQ-rni)t 


da(t) = 0 


a(t) = 0 


(n = 0 , 1 , 2, - 

(0 ^ t < oo). 


= j e _s °“ da{u) (0 g t < oo). 

Then fi(t) is of bounded variation in (0, R) for every positive R and 
(3( oo) = 0. In terms of /?(/) equations (1) become 

r e~ n “ dm = o (n = 0,1,2,...). 

Jo 

Set equal to a new variable w and obtain 

(2) [ ifdfiQT 1 log tT 1 ) = 0 (n = 0, 1, 2, ...). 

Jq+ 

Clearly /3(T 1 log tT 1 ) is normalized, so that we may apply Corollary 
6.1a to show it indentically zero. But by Theorem 5c of Chapter I 

- 0(t-) = e~ Sot [a(t -) - a(t+)] (0 < t < oo). 

Hence a(t) is identically zero in (0 ^ t < oo). 

Corollary 6.2a. If in Theorem 6.2 equations (1) are replaced by 

r e- (so+nlu da(t), 

Jo+ 

then 


a(t) = 0 


i. C oo V 


For, we may define /3 (i) as before. It is no longer of bounded varia¬ 
tion in an interval including the origin. Equations (2) become 

[ u n dfiijr 1 log u~ l ) =0 in = 0, 1, 2, • • •)» 
Jo+ 

but Corollary 6.1a is still applicable. 

Corollary 6.26. // in Theorem 6.2 equations (1) are replaced by 

f e - (so+nlH <p(t) dt = 0 (n = 0, 1, •••), 

Jo 

u$ere belongs to L in (0, R) for every positive R, then <p(t) is zero 
almost everywhere. 
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For, by Theorem 6.2 the function 

a(t) = 1 
Jo 

vanishes identically. Its derivative is <p(t) almost everywhere. 

6.3. We may now prove the desired uniqueness theorem. 

Theorem 6.3. There cannot exist two different normalized determining 
functions corresponding to the same generating function. 

The proof is obvious. More precisely the theorem means that if 
aft ) and a 2 (t) are normalized and such that 

f e~ st daft) = [ e~ st daft) 

Jo Jo 


for all s in some common region of convergence, then 


Or, if 


aft) = aft) (0^t< oo). 




dt 


for all $ in some common region of convergence, then 

<pft) = <pft) 

for almost all positive values of t 


7. Complex Inversion Formula* 

We shall next obtain a formula which gives the determining function 
a(t) in terms of the generating function/(s), an inversion formula for the 
Laplace transform. The Cauchy formula for the coefficients of a power 
series in terms of its sum‘furnishes an analogue for the result which 
we shall obtain. 

The Laplace integral with determining function a(t) reduces to a 
series in powers of e~ 3 if 

a(0) = 0 

a(t) = s n = ai + 02 + ** • + a n • (n — 1 ^ t < n; n = 1, 2, 3, • - •). 
Then 

( 1 ) /(*) = F(z) = jt a n z n (z = e~*). 

n*=1 


* See J. D. Tamarkin [1926] where a historical introduction to this subject is 
given. 
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Since 


F(z) 
1 - 2 


= z 


$ n 2 


we have 


s = j_ f _ i 

71 2 « Jc (1 - 


F(z) 


(1 — z)z n+l 


dz, 


where the integration is taken in the positive sense over a circle C, 
| 2 | = 7 , the radius y being less than unity and less than p, the radius 
of convergence of ( 1 ). A change of variable gives 


( 2 ) 


S n 


l_ f C+iT /(g)g M 

2 7Tl J r 1 — e~ 8 


c— log -, c > log -, c > 0 
7 P 

By the theory of residues, one could show* that the integral (2) can be 
replaced by 

«M -», - A (»_!<«< », c > o, c > logb 

JiTT'l J c—ice S \ p/ 

We do not give the details, since we shall give a rigorous proof for the 
general Laplace transform. The present approach merely shows the 
type of formula to expect, and shows why one must expect the restric¬ 
tion c > 0 in the general formula below. 

7.1. For the inversion of the integral we shall need a result concerning 
the familiar Dirichlet integral, the proof of which we insert for 
completeness. 

Theorem 7.1. If a(t) is of bounded variation in 0 ^ t g 8, 8 > 0, 
then 

(1) lim - [‘ a(t) S -H^ dt = 

T oo 7T Jq t 2 


Clearly if equation ( 1 ) is true for each of two functions a(t) it is true 
for their sum. Hence it is no restriction to suppose a(t) real. In fact 
it is no restriction to suppose that a(t) is non-negative, non-decreasing. 
As a final reduction we may supposeThat a(0+) = 0 since 

lim 1 f lEL-*} dt = - [ — dx = 

T —►oo TT Jq t 7T J 0 


* See, for example E. Landau [1909] chapter 77 
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Then if e is an arbitral positive constant we can choose rj so that 
a(t) < e when 0 ^ t ^ 7] < 8. By the second law of the mean 


- /' «(i, ¥fL£! dt = - f «(<) 

7T Jq t 7T J r; t 


+ 


I a( rj) f 
7T Jt 


sin Tt 
t 


dt 


(o g i s 17). 


By the Riemann-Lebesgue theorem 

sin Tt 


- [ a(t ) 1 
7r Jo 

where A is a constant such ihat 


lim 

T-* 


t 


dt 


S eA, 


r sin,T d, 

= 


Jz t 


J £T X 


^ At. 


Since e was arbitrary, our result is established. 

7.2. An immediate consequence of this result is: 

Theorem 7.2. If <p(u) belongs to L in ( — °o, 00) and is of bounded 
variation in some two-sided neighborhood of a point t, then 


(1) 


1 f°° <p(u) sin T(t — u) ___ <p(t ~h) + <p(t —) 


lim I f 

T-* 00 TT J— 00 


^ — tt 2 

For, if € is an arbitrary positive number, we can determine greater 
than t , greater than —•£, and so large that 

sin T(t 1 f X h(u)ldu ^ e 

7r XL — t j R 


if, « 

| 7T 

11 y ^(w) 

: 7T J— OO 


t — tt 

sin T(£ — w) 


t — u 


du 

du 


-Iwr-tL 


Also 

1 f B #>(tt) sin T(£ — tt) 


:/ 


t — U 

(.t+R 


du 


= - f ‘ v(t + y) % 
r Jo v 


+ -J v (t-y) S ^dy = ^l+ALA + 0 (i) er - 
tt jo y 2 


0 


by an application of the Riemann-Lebesgue theorem and of Theorem 7 . 1 . 
Hence 


If 

T~+oo TT J—« 


t — u 

from which ( 1 ) follows at once. 


<p(u) sin T(t - u) du _ y(f+) + -) 


^ 2e, 
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Cokollary 7.2. If <p(u) belongs to L in ( R, »), and if t < R, then 

lim r^ n M -Adu = 0. 

T -*oo R t U 

7.3. We first develop an inversion formula* for the case in which the 
determining function a(t) is the integral of a function <p(t). That is, 

(1) /(a) = f e~ st <p(t) dt, 

Jo 


and we seek to determine <p(t) in terms of /($). 

Theorem 7.3. If <p(u) belongs to L in (0, R) for every 'positive R and 
if the integral (1) converges absolutely on the line cr — c ) then 


lim 


JL_ 
2tt i 



(t < 0). 


If in addition <p(u) is of bounded variation in a neighborhood** of u = t 
(2 S 0), then 


,‘C+iT 


( 2 ) 


lim — / f(s)e st ds = 

-►00 27TI Jc-iT 


<p(t +) + <p(t —) 


*>(0+) 


0 1 > o) 
« = o). 


For any value of t we have 


■1 pc+iT -j »c+iT (*<*> 

f( s )e at ds = --. e H ds e~ a \{u) 

67TI J c—iT LlTl Jc—iT J 0 


du 


1 r <p(u)e cU ~ u) 
T Jo t — U 


sin T(t — u) du . 


The interchange of the order of integration here effected is justified by 
use of Theorem 3.1, the integral (1) being uniformly convergent along 
the vertical line segment from c — tT to c + iT in the complex s-plane. 
If <p(u) is defined to be zero in (— <*>, 0), the function <p(u)e cit ~ u) belongs 
to L in (— oo j oo) so that Theorem 7.2 is applicable to it. The con¬ 
clusion of that theorem yields Theorem 7.3. 

7.4. The condition imposed on <p(u) in the neighborhood of u = i is 
precisely Jordan's condition for the convergence of the Fourier series 
corresponding to <p{u). All the familiar convergence tests for the 

* B. Riemann [1876]. 

** This is a two-sided neighborhood if t > 0, a right-hand neighborhood if t = 0. 
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convergence of these series have their analogues in the present theory. 
The following corresponds to Dini’s condition. To simplify the state¬ 
ment of the theorem let us define <p(u) to be zero for negative values of u. 

Theorem 7.4. If <p{u) belongs to L in (0, R) for every 'positive R and 
if the integral §7.3 (1) converges absolutely on the line a = c, then for any 
negative t 

1 pC+iT 

lim — / fis)e st ds = 0. 

T-~+oo 27 Tl J c—iT 


If for some fixed non-negative t the limits <p(t+) and (pit—) exist and for 
some positive 8 

1 (p{t + u) — <p{t-\-) 1 


( 1 ) 

( 2 ) 

then 


j 

f 

Jo 


<p(t - u) - <p{t~) 


du < o o 


du < &, 


lim ~ f rtT f(s)e‘ ds = 1 . 

T—+oo mTTZ J c—iT 2 


By use of Corollary 7.2 it is easy to see that we need only prove the 
equation 

m <p(u)e cU ~ u) sin T(t - u) 


lim if 

T —♦•oo 7T J t —S 


t — u 


du 


(p{t +) + (p{t —) 


(- CO < t < oo), 


where 8 is positive but as small as we like. By obvious changes of 
variable we see that it will be sufficient to prove 


(3) 

(4) 

Since 

(5) 


lim i f 

T-+00 7 T Jq 


pit + u)e cu — (pit +) 


sin Tudu = 0 


lim 

T-+oo 7T 


1 f s v (t - v)e cu - -) . m J A 

- 1 -—-s]n Tu du = 0. 


/ 

Jo 


(pjt + u)e cu — <pjt + ) _ Upit + u) — (pit +)]e 
u u 


+ 


(pit +)[c 


1] 
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it is clear that the function on the left-hand side of the equation belongs 
to L in (0, 8) for 8 sufficiently small. Consequently we may apply 
the Riemann-Lebesgue theorem to establish (3) A similar argument 
applies to (4) 

7.5. It must not be supposed that the integral 

-j I* c+l‘°0 

(1) r— / f(s)e Sl ds (c > cr a ) 

Z'K'l J c-4m 

necessarily converges. Thus if (p(t ) = 1 in §7.3 (1), then/(s) = 
for a > 0. The conditions of Theorems 7.3 and 7.4 are both satisfied 
so that the principal value of (1) exists. But if t = 0, c = 1 it is clear 
that (1) diverges. In this connection we prove: 

Theorem 7.5. Under the conditions of Theorem 7.4 the integral (1) 
converges when t < 0, or when t ^ 0 if <p(u) is continuous* at u — t. 
Let T and U be arbitrary positive constants. We wish to show that 

J f»c+iu 

e st f(s ) ds = 0 

c+iT 


when T and U become infinite independently 


2t i 



ds 


This will prove that 


converges. When this is established it will be evident to the reader 
how to modify the argument to treat the integral 


_1_ 

2iri 


[ f(s)e 3t ds 

J c—iso 


It will be sufficient to show that 


lim 

T-+ oo, U—+oo 2 tI 




<p{u)e' 


c(.t—u) 


iU(t-u) 


t — U 


e <r “ _ ’ 0 ] du = 0 


(t > 0 ) 


or that 


lim 

T—»oo. 


r » 

n 

U~+ oo Jt— & 


’ cp(u)e 


c(t —u) 


iU(t-u) 


t — U 


e iT(i - u) ] du = 0 


for some small positive 5. Making use of hypotheses §7.4 (1) and §7.4 
(2), of equation §7.4 (5) and of the Riemann-Lebesgue theorem we see 
that we need only prove that 


lim [jvy 

T-+00, U-+OQ [Jo y 



+) 

y 


[e~ iUy 



= 0 


Recall that <p(u) has been defined as zero for u < 0 
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Since <p(t+) = (pit —) this is equivalent to 

r f 5 sin Uy — sin Ty 


dy = 0. 


But this follows from Theorem 7.1. The modifications necessary if t 
is negative or zero are apparent, so that the theorem is established. 

7.6. An inversion formula for the general Laplace-Stieltjes integral 
is easily derived from the foregoing results. 

Theorem 7.6a. If a(t) is a normalized function of bounded variation 
in (0, R) for every positive R, and if the integral 


/(«) = f Mt) 

Jo 


has an abscissa of convergence <x c , then for c > 0, c > a c 

( «ft) 


aft) ft > 0) 

(2) lim ~ f e st ds = • (« = 0) 

T—*oo 27 rZ Jc—iT s 2 

. 0 (t< 0). 

Note that if a(t) is an integral of (pit), then (1) reduces to §7.3 (1). 
If (2) is formally differentiated with respect to t it reduces to §7.3 (2). 
It is important to observe the condition c > 0 here imposed. 

If o- > 0 and a > a c , then by Theorem 2.3a 


r d~ si a(t ), 

Jo 


the integral converging absolutely. We have now only to apply 
Theorem 7.3 to the integral (3) to obtain our result. 

Corollary 7.6a. For any negative t 

i r*v( S y‘ „ _ _ 


ds = 0 


(c > <r c , c > 0) 


If t is not negative but is a point of continuity of a(t) for which * 


[ {| oi{t + u) — a(t) | + | <x(t — u) — a(t) | }u 1 
Jq 


du < oo 


for some positive 8, then 


e st ds 


«(0+) 
. 2 


ft > 0) 
ft = o) 


! We are assuming that a(t) is zero for t 0. 
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This follows at once from Theorem 7.5. 

Theorem 7.66. Under the conditions of Theorem 7.6a with cr c < c < 0 


lim A, r"'M - 

T—>oo Z'K'l Jc—iT $ 


I 


a(t) — qj(co) 

«ro+) 


2 

[ — «( 00 ) 


a( 00 ) 


(< > 0 ) 
(* = 0) 
a < o). 


This theorem is only applicable when the integral has a negative 
abscissa of convergence, in which case a( «>) certainly exists. By 
Theorem 2.36 we have for all s with real part greater than <r c 


(4) 


/(s) = a( oo) + s 



a(°°)] dt. 


But it is a familiar fact that for any negative c 

fo 


(5) 


lim 

T —►oo 


1 

2ri J c -iT 



_1 

2 

-1 


Applying Theorem 7.3 to the integral (4) we have 


(t > o) 
(t = 0) 
[t < o). 


a(t) — a(°°) (t > 0) 

a(0+) ~ <*(°°) (t = 0) 
2 

0 (* < 0). 

Combining this result with (5) gives the result of the theorem. 

We observe that Theorem 7.6a, or Theorem 7.66 when applicable, 
may be used to give a new proof of the uniqueness theorem for the 
Laplace-Stieltjes integral, that is of Theorem 6.3. 


lim . 

T~*oo Zirt 


1 r c+iT f(s) - a(°°) .t 


"f 

l Jc-i 


e 9t ds 


8. Integrals of the Determining Function 


Equation §7.6 (2) provides a formula for determining an integral of 
cp(u) when /(s) is defined by §7.3 (1). We may generalize this to obtain 
all the successive integrals of (p(u ). Set 


= / <p(u)du 
Jo 

<Pn{t) = I ^n-l(u) 

Jo 


du 


(t > 0) 

{t > 0, n = 2, 3, ...)• 
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Then 

(1) <Pn(t) = [ ^ ~ ^ <p(u) du (t > 0). 

In accordance with the ideas of Liouville and Riemann equation (1), 
with n replaced by an arbitrary positive number p, is taken as the defini¬ 
tion of the integral of <p(u) of order p. Note that for negative t the inte¬ 
grand need not be real for non-integral values of p. Consequently we 
consider only non-negative values of t. We shall need several prelimi¬ 
nary results concerning these integrals.* 

Lemmma 8a. If <p(u) belongs to L in (0, R) for every 'positive- R, the 
same is true of (p P (u) when p > 0. 

For, 

f* I *,(«) I dt ^ fdt f - | *,(«) | du 

Jo Jo Jo l(p) 

We have here made use of the Fubini theorem to change the order of 
integration. 

Lemma 8b. If cp(u) belongs to L in (0, R) for every positive R, then 
for p ^ 1 <p p (u) is of bounded variation there. 

It is no restriction to assume <p(u) real. Then write <p(u) as the dif¬ 
ference of two non-negative functions, 

<p(u) = | <p(u) | — {| <p(u) | — cp(u )}. 

It is clear that <p P {u) is the difference of two non-decreasing bounded 
functions. 

Lemma 8c. If <p(u) belongs to L in (0, R) for every positive R and is 
of bounded variation in a neighborhood * of a point u — t (t 0), then 
for 0 < p < 1 , <p P {u) is of bounded variation in a neighborhood | ofu = t 
and satisfies a Lipschitz condition of order p at u = t, 

<p p (t + h) - cp p (t) = 0(| h | p ) (\h\~*0,t + h> 0). 


We may assume without loss of generality that <p(u) is real. Let 
< p{u ) be of bounded variation in an interval (a, b) where a ^ 0. Let t 
and x be interior points of the open interval (a, b). Then 


/*a *x 

T(p)<p P (x) = (x — w) p_1 <p(u) du + / (x — u) p ~ l cp{u)du 
Jo Ja 

= h(x) + Izix). 


* Compare G. H. Hardy [1918], G. H. Hardy and J. E. Littlewood [1928]. 
t This is a two-sided neighborhood if t > 0, a right-hand neighborhood if t — 0. 
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Since 7 x (x) has a bounded derivative, obtained by differentiation under 
the integral sign, in a neighborhood of x =t it is of bounded variation 
there and satisfies a Lipschitz condition of order unity (and hence of 
order p) at x =t Write h(x) as a Stieltjes integral 

(2) I 2 (x) = —-— <p(a) +- [ (x - u) p d<p(u) (a < x < b) 

p p J a 

= tp(a) + /,(*) 

P 

It is only necessary to consider I 3 (x). If t = a = 0 this equation makes 
the result stated obvious. For, since p(u) is the difference of two non¬ 
negative, non-decreasing functions in (a, b ), it is no restriction to assume 
at once that <p(u) is itself such a function. Then I z (x) is non-decreasing 
in a neighborhood of t = 0 and 

h(h) = 0(h p ) (h -+ 0+) 

If t > 0, and if a ^ ii ^ ^ b, we have 

/sfta) ” h(ti) = f (k - u) p d<p{u) - f (h - u) p d<p(u) 

J a J a 

= [ [(<2 - «)' - (<1 — m )"] < Mw ) 

Ja, 

+ f (h — u) p d(p(u) = / 4 + 7s 

Clearly I 4 and I 5 are non-negative, so that J 3 (:r) is non-decreasing in a 
neighborhood of x = £. Moreover, for t 2 = t + /i and = t, 1 > /i > 0, 
we have 

l« g f‘ (t + h- «)'£i - t - + ~ h u _ ^ h f J'Mu) 

h S h p f d<p(u) 

J a 

If h < 0 take h = t + h and t 2 = L The above argument shows 
that I 4 and J 5 are again 0(| h | p ). Consequently we have completed 
the proof-that <p p (u) is of bounded variation in a neighborhood of u = t 
and that cp p (u ) satisfies a Lipschitz condition of order p at w = t. 

8.1. By use of the foregoing results concerning generalized (fractional) 
integrals we now prove easily: 
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Theorem 8.1. If <p(u) belongs to L in (0, R) for every positive R, 
and if the integral 


f(s ) = [°° e~ st <p(t) dt 
Jo 


has an abscissa of convergence <? c , then for p 1 


lim _L r 

T ->oo 2m Jc—iT 


7(s) 


s' 1 


e st ds 


lo 


i! ^ 0 

t ^ 0, 


where c > a c , c > 0 

If p is a positive integer it is easy to see by integration by parts that 


( 1 ) 


f(s) = f 
Jo 


e st <p p (t) dt 


(<r > 0, <r > <r c ). 


This equation also holds for all p ^ 1. For, consider the integral on 
the right, with <p p (t) replaced by its integral expression §8 (1). Inte¬ 
gration by parts, if p > 1, gives 

(t - uY~ 2 


( 2 ) 


[ e-'v'tfidt = [ e~“dt f 
Jq Jo Jq 


Jo r(p - l) 

n thi: 

f e~ st <P P (t) dt = f <pi(u) du [ 

Jo Jo J u 


(pr 


(u) du. 


After changing the order of integration this becomes 

e~ st (t - u ) p ~ 2 

f O u,l — I <Pl\.UJ LOU I 

(3) 1 • A „ J " 

-if «w« 


r(p - 1 ) 

du. 


dt 


This interchange is justified by Fubini’s theorem provided the iterated 
integral 


exists. This follows from Theorem 2.2a when cr > 0, cr > <r c . 
Integrating (3) by parts now gives 


' du 


(4) 


f e si <p p (t) dt = f? p [ e su <p(u ) du = f($)s 

Jo 


which is equation (1). By Lemma 8b <p p (t) is of bounded variation in 
(0, R) for every positive R. Moreover, since 


<p P (f) = [ 
Jo 


P-2 


(t - u) 
r(p - l) 


- (pi(u) du, 
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and since, by Theorem 2.2a, 

ipi(t) — 0(e CQt ) (t — » co } <r 0 > <j c , <7o > 0), 


we have 


= Oie^r 1 ) 


so that the integral (1) converges absolutely for a > 0, a > a c . 

By Lemma 8b <p p (u) is of bounded variation in any finite interval of 
the positive axis. Hence Theorem 7.3 is applicable to the function 
f(s)s~ p defined by the integral (1). The conclusion is precisely Theorem 
8 . 1 . 

8.2. For the case in which 0 < p < 1 we must impose the further 
restriction on <p(u) that its Laplace transform should have an axis of 
absolute convergence. 

Theorem 8.2. If <p(u) satisfies the conditions of Theorem 7.3, then 
for 0 < p < 1 


a) 


lim JL f r /(£) 

T—*ao 27TZ Jc—iT S P 


e“ ds = 



it ^ 0) 
it g 0), 


where c > a a . 

For, 

[ e~ st <p p (t) dt = [ e~ si dt f — <p(u) du 

Jo • Jo Jo r(p) 


= 1 [* 

“ s p Jo 


x <p(u) du. 


The interchange of the order of integration is justified by Fubini's 
theorem for a > a a . For then 

f e~ ffU | <p(u) | du < oo . 

Jo 

Hence §8.1 (4) is still valid. Moreover, it is clear by Fubini’s theorem 
that the integral on the left of §8.1 (4) is absolutely convergent for 
<r > cr a - Under our present hypothesis it is also clear by Lemma 8c 
that <p p (u) is of bounded variation in a neighborhood of u = t. Hence 
Theorem 7.3 is again applicable. The conclusion is (1) since by Lemma 
8c the function <p P (u) is continuous a in = t. 

8.3. In Theorems 8.1 and 8.2 we made use of the principal values of 
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the inversion integrals employed. In this paragraph we give a suffi¬ 
cient condition for the convergence of these integrals. 

Theorem 8.3a. Under the conditions of Theorem 8.1 the integral 

P'SiV* (c > 0, c > ff e ) 

1 c—icc S p 

converges for all t if p > 1. 

For, we showed that 

(1) f(s ) — s p f e~ st <p p (i ) dt (<r > 0, a > erf) 

Jo 

and that 

(2) = jf &( u ) du - 

The integral (1) converges absolutely. Since <pi(u) is of bounded varia¬ 
tion we see by Lemma 8c applied to (2) that <p p (u) satisfies a Lipschitz 
condition of order p —' 1 at every point u =? t Hence tp p (%i) is con¬ 
tinuous and the functions 

[<Pp(l d) <P P (t)]u , [<pp(^ d) ^p( £)\'U' 


belong to L for 0 S u ^ 5 for some positive 8. Our result is conse¬ 
quently established by use of Theorem 7.5. 

Theorem 8.36. If <p(u) satisfies the conditions of Theorem 7.3, then 
the integral 


rw* 

J c —too S p 


(C / > (To) 


converges for 0 < p S 1 • 

Again we obtain (1) as in the previous section. The integral (1) con¬ 
verges absolutely. For 0 < p < 1 we see by Lemma 8c that <p p (u) 
satisfies a Lipschitz condition of order p at u = t. The remainder of 
the proof follows as in Theorem 8.3a. 


9. Summ ability of Divergent Integrals 

In section 7.5 it was pointed out that the integral §7.5 (1) may be 
divergent. For this reason we were obliged to consider the principal 
value of the integral. If we relax the conditions imposed on <p(u), for 
example Jordan's or Dini's condition, this principal value may not exist. 
To treat this case we introduce the notion of the summability of an 
integral. 
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Definition 9.* The integral 

/ f(.u ) du 
J—a 

is summable by arithmetic means,'or by Cesaro’s means of order 1, ( C, 1), 
to the value A if 

(1) lim f T (l - l -%J)f(u)du = A. 

T-+cc J-T \ I / 

It is easy to see that 

r l dl It^ du = / r ( x - du < 

so that the term arithmetic mean is justified. This equation makes 
evident the consistency of the method. That is, if 

lim / f(u) du — A, 

r-»oo J—t 


then (1) follows. For, it is a familiar fact that if a function approaches 
a limit its arithmetic mean approaches the same limit 
9.1. Lemma 9.1a. If <p(t) belongs to L in (0, 5) and if <p(0-f*) exists, 
then 


(1) 




f V® 
Jq 


sin 2 (Tt/2) 


dt 


<p(0+) 

2 


Since 


( 2 ) 


2 f 5 sin 2 (Tt/2) 
tT Jo t 2 




sin 2 u 
u 2 


du, 


the limit of the left-hand side is 1/2, so that (1) is valid when cp(i ) is 
constant. If e is given there exists f = f(e) such that 


Then 


| (p(t) - <p(0+) I < 6 (0 ^ f) 


2_ 

tT 



— <?(o+)] 


sin 2 (Tt/2) 
t 2 


dt 


^ . , 2 f s | <p(t) - *,(0+) | 

7 vT h t* 


dt 


_ r s 

lim — / [ v (t) 
Jq 


2 

T-+ oo TT T 

from which (1) is immediate. 

* See E. W. Hobson [1926] vol. 2, p. 384. 


• 2 Tt 
sm — 

<p(0+)] —-— dt S €, 


t 2 
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Lemma 9.1b. If /3(w) is bounded in (0, «>), then 


I(T) = ^ /“ j8(u)d(- 


sin 2 (Tw/2) 


= o(l) (r-*«) 


for any positive 6 
For, 

im - -?/,*«“> 

Clearly 


1 — cos Tw 


/%(«) 


sin Tw 


WD = oQ,) 


dw = h + h. 


(r->®), 


i*(r) = ofi) 


(T-> a,), 


by the Riemann-Lebesgue theorem. 

9.2. The lemmas of the previous section permit us to establish easily 
the following result.* 

Theorem 9.2. If <p(u) belongs to L in (0, R ) for every R > 0, and if 


f(s) = [ e s ‘<p(t)dt (cr > a c < °°), 

•to 


then for c > <r c the integral 


1 /»C+lfiO 

Si 


is summable (C, 1) to zero for t < 0, to *?(0+)/2 if t = 0, and to 
[<?(£+) + <p(t—)]/2 whenever these expressions have a meaning 
Since 


f »-<***• v (y)dy 

Jo 


converges uniformly for — T S u S T, where T is arbitrary, we have 


= — f o(v)e c ^~ v) s * n " [(^ y)r/2] 

7rT Jo (t — y ) 2 


Compare G. H. Hardy [1921]. 
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I = 4 f fit - u)e c 


, sin 2 {Tuf 2) 


tT Jo 


du 


vr 


ttT Jo ^ 


sin 2 CTu/2) 


du — Ji -f- 1 %. 


By Lemma 9.1a 


lim Ji 

r-»-oo 


2 


Let 5 be an arbitrary positive number. 

By Lemma 9.1a 


Then 

qj. 


~ Iz + h. 


lim h = 

T~+oo 


2 


To treat / 4 we introduce the function 

Ky) = j <p{t + u)e~ cu du (y ^ 6) 

= e ct I <p(u)e cu du. 

Jt+8 

Since (1) converges it follows that /3(y) is a bounded function (t being 
fixed). But 

By Lemma 9.1Z> we see that / 4 tends to zero with 1/7 7 so that our theorem 
is established. 

9.3. Following a familiar terminology, we say that the set of values z 
for which 

r h 

/ |/Or + t) — f(x) | dt = o(h) (h 0) 

Jo 

is the Lebesgue set for the function f(x). The following result* will 
now be established. 


Compare G. H. Hardy [1921]. 
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Theorem 9.3. If <p(u) belongs to L in (0, R ) for every positive R and if 

f(s ) = [ e~ sl <p(t) dt (<r > ov < °°), 

Jo 


then for every t 0 in the Lehesgue set for <p(u) the integral 


( 1 ) 


1 /.c+ioo 


ds 


(c > CTc) 


is summable (C, 1) to <p(t). 

It will be sufficient to prove that 
; sin 2 (Tu/ 2) 


*T 


f <p(t - u)t 

.Jo 


du 


u~ 


+ 


[ <p(t + y) 

Jo 


- cu sin 2 (Tu/ 2) 


']■ 


du = <p(t) 


or, by §9.1 (2), that 


lim 

T— 00 I Jo 




sin 2 (Tu/ 2) 


du = 0, 


co(u) = — u)e cu -f* <p(t *4“ u)e c — 2^>(0* 

But, if £ is in the Lebesgue set, then 


(2) 

Hence 
1 


Q(h) = f | co(u) | du — o(h ) 

Jo 


(h-> 0 ). 


1 T 1/r sin 2 TV r 1/T 

-f u(u) -— du ^ Tj I w(m) I du = o(l) (T-* »). 

i Jo u L Jo 


Also 


U‘ .(») 

i Ji/r 


sin 2 (Tu/2) 


U Z 


du 


4 /, 


| cc(u)- 
l/r U 2 

0(5) 
T8 2 


du 




0(u) 

u 3 


du. 


By virtue of equation (2) each term on the right-hand side of the last 
equation is clearly* o(l) as T becomes infinite, so that our theorem is 
proved. 

Corollary 9.3a. The integral (1) is summable (C, 1) to (p(t) for 
almost all 'positive t. 


One may apply ^Hospital’s rule for the last term. 
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Corollary 9 . 36 . Two functions <p(t) which differ in a set of positive 
measure on the positive t-axis cannot have the same Laplace transform. 

This is again the uniqueness theorem which we have proved before. 
The present section gives a new proof. 

10. Inversion When the Determining Function Belongs to L 2 

Another case in which it is desirable to discuss the inversion formula 
is that in which cp(t) belongs to L 2 on the interval (0, 0 °). That is, 

r \<p(t)\ 2 dt < 00 

Jo 

We use the notation 

(p) 

l.i.m. <p a (t) = 

a-* 00 

to mean that <p a (t) and <p(t) belong to L p , (p > 0), in (— 00 , 00 ) and that 
lim f | <p a (t) — (pit) | p dt = 0. 

a—+00 oo 

We must first see if the generating function is defined when <p(t) 
belongs to L 2 . 

Theorem 10 . If <p{t) belongs to L 2 in ( 0 , 00) then 
( 2 ) r & 

(1) l.i.m. / e 8t <p(t)dt 

R—+ 00 Jo 

exists for a ^ 0 and defines a function f(s) there which is analytic for 
a > 0. Moreover , 

(2) /(s) = f e-“<p(t)dt (<r > 0), 

Jo 

the integral converging absolutely for a- > 0, and 
(2) 

( 3 ) l.i.m. f(cr + ir) = f(ir) 

<r~*0+ 

For, since cp(t) belongs to L 2 in (0, the same is true of e~ ut (p{t ) 
for any positive a. The existence of (1) follows from the Plancherel 
theorem, and /(<r + ir) considered as a function of r is the Fourier 
transform of a function which is zero for negative t and is \Z2r e~ at (p{t) 
for positive t. That (2) converges absolutely follows from Schwarz's 
inequality 

e~"‘ I v(t) | dtj g Jfe- 2 ’ 1 dt jf" I p(t) T dt. 



§10] 


INVERSION FORMULA 


81 


The analyticity of /($) follows from Theorem 5a. That it is the same 
function defined by (1) results from familiar facts concerning mean 
convergence.* 

Finally, since f(a + ir) — f(ir) is the Fourier transform of 
[e~ at — 1 we see by ParsevaPs equation that 

f |/(<r + ir) — f(ir) f dr = 2 ir f (e at — l) 2 | <p(t) f dt. 

•l—oo J 0 


As a tends to zero through positive values, the right-hand side of this 
equation tends to zero by Theorem 4.3, so that (3) is established. 

10.1. For the present case the inversion formula now takes the fol¬ 
lowing form. 

Theorem 10.1. If f(s) is defined as in Theorem 10, then 



(2) i .XT I <p(t) 

l.i.m. — / f(s)e !t ds - j 

t -*oo 2m j-iT i 0 

it o) 

it < 0), 

or for c > 0 




a) 

f . , <2) 1 

— l.i.m. / 
Li r t-+ oo J- 

" T . [ <pit) 

fie + ir)e' T ‘ dr = 1 

-T ,1° 

it ^ 0) 

it < 0), 

and 

r **“\v(t)\ 

Jo 

2 dt = J- J |/(c + ir) 1 2 dr. 



This is an immediate consequence of the Plancherel and Parseval 
theorems. We observe that (1) is equivalent to the two equations 


lim 

r —>■00 



2t 


l: 


f(c + ir)e' rt dr 


|2 


dt = 0 


lim f [ f(c + ir)e 11 
—>OC J-rf. J—T 


dr 


■2 

dt - 0 


10.2. From §10.1 (1) we could conclude that 

-j pc+iT 

(1) ^ f(s)e st ds (c>0) 


converges in the mean to <p(t) over every finite interval. But we can 
show that (1) cannot converge in the mean to <p(t) in the infinite interval 
(— 00 , 00 ) unless/($) is identically zero. To establish this we shall need 

* See, for example, E. C. Titchmarsh [1932], p. 390 (iii). 
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the following result, which is a special case of the general uniqueness 
theorem in the theory of Fourier transforms. 

Lemma 10.2. If <p(t) belongs to L 2 , and if 

f 00 

/ e ct (pit) sin xtdt = 0 (c > 0) 

Jo 

for all x, then cp(t) is zero for almost all 'positive values of t. 

Clearly e~ ct <p(t) and te~ ct <p(t) belongs to L in (0, oo). The integral 

f e~ ct t<p(t) cos xtdt 
Jo 

converges uniformly for all x, so that its value is also zero for all x . 
Hence 


r 00 dx r 00 

/ - / e et t<p(t) cos xtdt = 0 (a > 0, — oo < x < oo) 

Jo a x Jq 

If >-<*(»* jf ~£f - 0 (a > 0). 


The interchange in the order of integration is justified by FubinFs 
theorem. An appeal to Corollary 6.26 concludes the proof. 

We are now able to prove the following result.* 

Theorem 10.2. If f(s) is defined as in Theorem 10 and is not iden¬ 
tically zerOj then for c > 0 the function 

. -j fC+iT 

(2) Ml) = ~ f(s)e“ ds 

ATTl J c —iT 

cannot belong to L 2 in the interval — oo < t < oo for all large 
positive values of T. 

For, set 

<p T {t) = 2tt 6 c4 i/ / r(£)* 

Then 

<Pr{t) = J f(c + iY)e trf dr. 

We must show that 

0 ) f\m?dt = oo 

J oo 

* Compare D. V. Widder and N. Wiener [1938]. 
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for values of T arbitrarily large. An integration by parts gives 
<p T (t ) = ^ c . - + l T)e * <f ~ - ^ c ~ ir)e - 1 f T e i7 ‘f(c + it) dr. 

it t J-T 

Now/(c + iT) cannot be identically equal to f(c — iT) for all large T. 
For this would imply, by use of §10 (2), that 

f - 

(4) / e ei <p(t) sin Ttdt = 0 

Jo 

for large T and hence* for all T . By Lemma 10.2 this would imply 
that cp(t) is zero for almost all positive t and hence that f(s) is iden¬ 
tically zero, contrary to hypothesis. 

Choose T one of the values for which (4) is not zero and set 

A = \f(c + iT) — f(c — iT) | ^0. 

Then by virtue of the Riemann-Lebesgue theorem 

iUpr(t) = [f(c + iT) - f(c ~ iT)]e itT 

+ 2 if(c — iT) sin Tt + o(l) (t — > oo), 

so that 

| t<p T (t) | ^ 4 - 2]/(c - iT) sin Tt\ (t > U), 

if to is sufficiently large. Since the last term is zero infinitely often, 
we have 

I MO I ^ \ 

in infinitely many intervals to the right of t — to all of the same length. 
This insures that 

[* e 2c ‘\<p T (t)\ 2 dt = «, 

J-00 

so that (3) is established for the value of T chosen. Since T may be 
chosen arbitrarily large, the proof of the theorem is complete. 

11. Stieltjes Resultant 

Let a(t) and p(t) be two functions defined for t ^ 0. We make the 
following definition: 

* The integral represents an analytic function of T, since it is equal to 
f(c + iT) — f{c — iT) except for a constant factor. 
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Definition 11. The Stieltjes resultant* of a(t) and fi(t) is the function 


y(t) = [ a(t — u) d/3(u ) — f 0(t — u)da(u) (t ^ 0) 

Jq Jo 


when these two integrals exist and are equal. 

If one of the functions is continuous and the other is of bounded 
variation, both vanishing at t = 0 , both integrals will clearly exist and 
be equal for all positive t. We shall be particularly interested in the 
case in which both functions are-normalized functions of bounded varia¬ 
tion. Denote by P a the countable set of points where a(t) is discon¬ 
tinuous, with a similar meaning for Pp . By the set P a +p we under¬ 
stand the set of points x which have coordinates of the form 


x = r* + Xfi, 


where a:* and Xp are the coordinates of points of P a and Pp respectively. 
If at least one of the sets P a , Pp is empty we make the convention! that 
P a+/3 shall then be empty. 

11.1. With the conventions of the previous section we prove 
Theorem 11.1. If a(t) and f3(t) are normalized functions of hounded 
variation in 0 ^ t ^ R with discontinuities in the sets P a and Pp respec¬ 
tively , then the Stieltjes resultant 



exists for every t of ( 0 , R) not in the set P a+ p . 

For, if t is not in P a+ p it is clear that a(t — u) considered as a function 
of u can have no point of discontinuity in common with one of f3(u) 
in the interval 0 ^ u g R. Hence by Theorem 14 of Chapter I the 
resultant y(t) exists for all t not in P a+ p . 

11 . 2 . We now show that the Stieltjes resultant of two functions of 
bounded variation, which is defined by §11 ( 1 ) except in a certain 
countable set of points P a +p , may be defined there also in such a way 
as to become a function of bounded variation. 

Theorem 11.2a. If a(t), p(t) and y{t) are defined as in Theorem 11.1, 
then 7 (t) may he defined in points P a +p so as to become a normalized func¬ 
tion of hounded variation in (0, R ). 

It is no restriction to assume that a(t) and j3(t) are real functions. 
Then since a(t) is of bounded variation we have 


* Another term sometimes used in this connection is convolution. The German 
word “Faltung” is also used in English texts; cf. N. Wiener [1933] p. 71. 
t Compare A. Wintner [1934] p. 9. 
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a(t) = ai (t) — a2(0 


F o (0 = ai (0 - 

where ai(t) and a 2 (t) vanish at t = 0, are non-decreasing, and have the 
same discontinuities as a(t). The function VJt) is the total variation 
of a(u) in the interval 0 5s u i£ t. Functions 8i(t), Bi(t) and V^t) are 
defined for /3(0 in a similar way. Then if t is not in P a +p , we have 


( 1 ) 


7(0 = [ ai(t — u) dPi(u) - [ oait — u) dPi(u) 
Jo Jo 


[ ai(t — u) dfa(u) + f a 2 (t — u) dfi 2 (u) 
Jo Jo 


If U and U are points not in P a+(S such that 0 < h < t 2 and if i and j 
are either of the integers 1, 2, then 


-f 2 i 

/ <xi(t 2 — u) dfifiu) — / di{ti — u) d/3j(u ) 

Jo Jq 

= [ Mk - u) - Ui(ti - u)]d8,{u) + f ai(t 2 - u)'dft-(u) S 0. 
Jo J11 


That is, each of the integrals (1) defines a monotonic function on the 
set complementary to P a+j3 . Each is bounded there since 

0* f ai{t - u) d(3j(u) S ^ atftMR) 

Jo 


Hence y(t) has a right-hand limit at t — 0, a left-hand limit at t — R 
and both right-hand and left-hand limits at intermediate points. Hence 
we may clearly complete its definition so as to make it a normalized 
function of bounded variation in (0, R). 

In subsequent w~ork we shall assume that the Stieltjes resultant of 
two functions of bounded variation has been defined by the aoove 
method at all points. 

Theorem 11.26. If a(t), fi(t) and y(t) are defined as in Theorem 11.1, 
then 

V y (R) g VaQR)V fi (R) 

For, define a(t) and fi(t) to be zero for negative t, to be a(22) and 
0(22) respectively for t > 22. Then 
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if t is not in P a+ «. Let 

0 ^ a = to < k < ■ ■ ■ < t N = b ^ R, 
where the U are not in P a +g ■ Then for any positive u 

N —1 N~1 »ti + i—U 

53 | a(t i+ i — u) - a(U — u) | g 53 I I da(v) | 

i= 0 4=0 J t i—U 

g r I da(v) I = F«(fl). 

J— 00 

Hence 

Z I y(ti+i) - y(U) | =g C V a (R ) |dj3(u) | = F«(B)F,(fi). 

i =0 v— oo 

Since the right-hand side of this inequality is independent of the U we 
may let the latter approach points of P a+ p and in particular we may 
let a and b approach zero and R respectively. The left-hand side can 
then be brought arbitrarily near to the variation of y(t), V y (R), so that 
the theorem is proved. 

11.3. We now establish a fundamental result regarding-the limiting 
value of a resultant function as the independent variable becomes in¬ 
finite. The result contains in it the classical Cauchy theorem regarding 
the multiplication of absolutely convergent series. 

Theorem 11.3. If A(t ) and B(t) are normalized functions of bounded 
variation in (0, <*>) which tend to limits A and B respectively as t becomes 
infinite, then C(t), the Stieltjes resultant of A(£) and B(t), tends to AB 
as t becomes infinite. 

Since 

C(t) - AB(t) = [* [A(t - a) - A]d[B(u) - B], 

Jo 

it is no restriction to assume that A = B = 0 provided we relinquish 
the hypothesis A(0) ■= J3(0) = 0 implied by the word “normalized.” 
Change of variable and integration by parts gives 

r ti 2 r m 

C(t) = / A(t — u)dB(u) + B(t — u)dA{u) 

Jo Jo 

+ A(0)J3(0 - A(t/2)B(t/2). 

It is clearly sufficient to show that 

lim / A{t — u)dB(u) = 0. 
i —►«> Jo 


(1) 
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If B(u) is constant the result is trivial. Otherwise denote its total 
variation in (0, °o) by 7 b(°°). To an arbitrary positive e there corre¬ 
sponds a such that for 2 1 > to 

M(i)| 

Then 

I r tl2 c m 

/ A(t - u) dB(u) g / [ dB(«) | g « (< > k), 

I Jo . Vb\ 00 ) Jo 

so that (1), and hence the theorem, is established. 

11.4. We prove next: 

Theorem 11.4. If a(t), / 3 (t), and y(t) are defined as in Theorem 11.1, 
and if 

A© = [* e- S0U da(u), B(t) = fV S0W d£(u), 

JQ Jq 

C{t) = f'e-^dyiu) 

Jo 

for any complex number s Q , then. C{t) is the Stieltjes resultant of A(t) 
and B{t). 

For, let t be a point at which 

f A(t — u)dB(u ) 

Jo 

exists. This has the value 

f e~ sou d^(u) f U e~ 8 « x da(x), 

Jo Jo 

which becomes, after integration by parts, 


jf e 8 ° u ^e s ° (t u) a(t — u) + $ 0 J a(x)e SQX cfcj dfi(u) 

= jJ e~ 30t a(t - u) dfcu) + So j‘e-***dp(u) f a(x - u)e~‘ a(x ~ u) do 

= lo 6 S °‘~ U ^ + s o J e s ° x dx J a(x — u) d{S(u ) 

= e~ Ht y{t) + So jf e~‘ 0X y(x)dx 

= f‘e- s ° x dy(x) = C(t). 

Jo 



88 


THE LAPLACE TRANSFORM 


[Ch. II 


Since P A+B = P«+j 3 by Theorem 5c of Chapter I the existence of 7 (t) 
for the particular t chosen above is assured. For the existence of the 
integral ( 1 ) it is unnecessary that y(x) should be defined at the countable 
set P a + 0 ‘ Thus Cit) coincides with the resultant of A(t) and Bit) 
except perhaps in P a+J g. But since both are normalized functions they 
must coincide throughout. 

11.5". We are now able to prove the fundamental theorem concerning 
the product of generating functions, the analogue of Cauchy’s theorem 
for the multiplication of power series. 

Theorem 11.5. If a(t), p(t), 7 (t) are defined as in Theorem 11.1 for 
every R > 0 , and if the integrals 

f(so) = I" e~ SQi dait) 

Jo 

g(s 0 ) = [ 

Jo 

converge absolutely , then 

( 1 ) f(so)g(s a ) = [ e~ H ‘dy(t), 

Jo 

and 



For, define A(t ), B(t), C(f) as in Theorem 11.4; then by Theorem 12 
of Chapter I 

V A (t) = f e -' QU \da(u) ( 

Jo 

V B (t) = fe-*» u \dm\, 

Jo 

o that A(t) and B(t) are of bounded variation in the interval (0, °o), 
Ience the conditions of Theorem 11.3 are satisfied by A(t) and B(t ). 
3y Theorem 11.4 C(t) is the Stieltjes resultant of A(t) and Bit). Since 
.4 = /(so), B = g(s 0 ) we have ( 1 ) at once. By Theorem 11.26 

Vcit) ^ V A (t)V B (t) 

7 C («) ^ T^(co)7*(oo), 

so that ( 2 ) is also established. 

Corollary 11.5. If the series 

/(so) = X ane-™\ g(s „) = f) b n e~ nH 

n—0 n«0 
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converge absolutely, so does the following series whose sum, is f(sa)g(so), 
00 

f(so)g(so) = 53 ( a nb o + ctn-ibi + ■ •• 4* a 0 b n )e 7180 
0 


For, we have only to specialize the functions a(t) and ft(t) of the 
theorem as suitable step-functions to obtain this result. 

11.6. In this section we obtain the analogue of a classical theorem 
of F. Mertens [1874] regarding the product of power series. This result 
differs from Cauchy’s result only in that the condition of absolute con¬ 
vergence is relaxed for one of the series. The product series is then not 
known to converge absolutely. 

Theorem 11.6a. If A(t) and Bit) are normalized functions of bounded 
variation in (0, R) for every R > 0, one of which is of bounded variation 
in (0, oo) ? and if they approach limits A and B respectively as t becomes 
infinite, then C(t), their Stieltjes resultant, approaches AB as t becomes 
infinite. 

As in the proof of Theorem 11.3 we may assume that A = B — 0, 
that B{t) is of bounded variation in (0, oo), and that 


r ti 2 

C(t) = A(f 
Jo 


u) dB{u) + [ A(t — u)dB(u ) = h(t) + 1 2 (0 

* Jtl 2 


As before 


lim h(t) = 0. 


If we denote an upper bound of | A{t) \ by M, then 

I h{t) | g M[V s (t) - V B (t/ 2)] = o(l) it -> x). 


This completes the proof of the theorem. By use of Theorem 11.4 one 
may now easily obtain: 

Theorem 11.66. If ait), Pit), yit) are defined as in Theorem 11.1 for 
every R > 0, and if the integrals 

/(so) = f e-^dait) 

Jo 

ff(so) = [ e~'° f 
Jo 

converge, one of them absolutely, then 

/(so)ff(so) = [ e~’°‘dy(t). 

Jo 

11.7. In this section we obtain an analogue of Abel’s theorem* on the 


* N. H. Abel [1826]. 
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product of power series. This relaxes the condition of absolute con¬ 
vergence of the factor series but demands instead that these series and 
the product series all converge. 

Theorem 11.7a. If A (t) and B(t) are normalized functions of bounded 
variations in (0, R) for every R > 0, if C(t) is their Stieltjes resultant , and 
if these three functions approach A, B, C respectively as t becomes infinite , 
then C = AB. 

Under the present hypotheses it is clear that the integrals 

fix) = f e~ xt dA(t) 

Jo 


g(x) = f 
Jo 


l dB(t) 


converge for x ^ 0 and that for x > 0 


( 1 ) 

where 


fix) = x / e xt dAiit), 

Jo 

Aiit) = [ Aiu)dUj 

Jo 


the integral (1) converging absolutely for x > 0. Now 

Ciit) = f C{y) dy =* f dy [ Aiy - u)dBiu) 

Jo Jo Jo 

= f dB(u) f A(y — u)dy = f A^t - u)dB{u). 
Jo * u Jq 


Applying Theorem 11.66 we have 
f(x)g(x) 


( 2 ) 


= [ e~ x, dCi(t) = f e~ x ‘C(t) dt 
Jo Jo 

f(x)g(x) = [ e~ xt dC(t ) (x > 0). 

Jo 


This integration by parts is permissible since C(t) is of bounded varia¬ 
tion in (0, R) for every R > 0 and is bounded in (0, oo). 

By Theorem 4.3 


lim fix) = A, lim g(x) = B 

a-+0+ a:-f0+ 


lim 

x—►0+ 



= c. 
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Since (2) holds for all x > 0 we may now let x approach zero and obtain 
C = AB, the result which was to be proved. 

Again making use of Theorem 11.4 we can easily prove: 

Theorem 11.76. If a(t), @(t), and y(t) are defined as in Theorem 11.1, 
then 

fe^'da® f e~ SQt d/3(t) = f e~* ot dy(t) 

Jq Jo Jo 

provided all three integrals converge. 


12. Classical Resultant 

We define next the classical resultant of two functions a(t) and b(t) 
defined for t ^ 0. 

Definition 12. The resultant of a{t) and b(t ) is the function 

/ a(t — u)b(u)du = / b(t — u)a{u)du 

Jo Jo 


when these two integrals exist and are equal. 

Regarding the existence of the resultant we prove 
Theorem 12. If a(t) and b(t) belong to L in ( 0 , R), then their resultant 
c(t) exists for almost all t of (0, R). 

For, define the functions a(t) and f3(t) as follows: 


(i) 


a(t) = f a(u) du , j Q(t) = f b(u ) du. 

Jo Jo 


These functions are continuous and of bounded variation in (0, R). 
hence their Stieltjes resultant 


y(t) = f a(t 
Jo 


u)dfJ{u) = a(t — u)b(u)du 
Jo 


exists for all positive t. But 


700 = / b(u) du / a{y — u) dy . 
Jo Ju 


Interchanging the order of integration we obtain 


(2) 


7(0 = f dy [ a(y — u)b(u ) du = f c(y) dy, 
Jo Jo Jo 


so that c(t ) exists for almost all t and is in fact y f (t) for those values. 

12.1. For the present case the product‘theorem becomes the following 
result. 

Theorem 12.1a. If c(t) is the resultant of a(t) and b(t), both of which 
belong to L in (0, R) for every R > 0, then 
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(1) [ e~ H ‘a(t)dt [ e~ s °‘b(t)dt = I e~*°‘c(t)dt 

Jo Jo Jo 

provided both integrals on the left converge absolutely Then the integral 
on the right converges absolutely .. 

This is a corollary of Theorem 11.5 if we define a(t) and / 3(t ) by §12 (1) 
Then the product (1) is equal to 

(2) [°° e~‘°‘ dy(t) 

Jo 

where y(t ) is the Stieltjes resultant which we showed to have the value 
§12 (2): hence (1) is eatablished. Since (2) converges absolutely by 
§11.5 (2), the same is true of the integral on the right of (1). 

By use of Theorems 11.66 and 11.76 we establish in a similar way 
the following two results. 

Theorem 12.16. Under the conditions of Theorem 12.1a equation (1) 
holds if the integrals on the left both converge , one of them absolutely. 

Theorem 12.1c. Under the conditions of Theorem 12.1 a equation (1) 
holds if all three integrals converge. 

13. Order on Vertical Lines 

If 

(1) f(s) = fe- 8t da(t) 

Jo 

has an abscissa of ordinary convergence <r c we can see at once that on a 
vertical line <? = <ri > a c the function /(<n + it) cannot increase more 
rapidly than | r | as | r | becomes infinite. For, if <r c < or 0 < <ti , we have 

f(«i + ir) = On + ir - <r 0 ) T t*'**™* 1 fi(t) dt, 

Jo 

where 

(2) fct)~ fe~ 70U da(u) (0.^0 

Jo 

Then 

\f(<n + ir) | g (<n cro + | r |) r e - (ri_ff0) ‘ | jj(t) | dt 

Jo 

|/(<7l + ir) | = 0(| x [) (| r |—>oo) 

However, we can prove a stronger result than this. 

Theorem 13. If the integral (1) has an abscissa of convergence cr., 
then 
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/(cr + ir) = o(| r |) (| t | —*• oo) 

uniformly in a c + 5 ^ tr < oo for any 8 > 0. 

Let e be an arbitrary positive number. We wish to show that there 
exists a number r 0 independent of a in the interval <r c + 8 ^ a < °° 
such that 

(3) | /O -MV) | ^ e | t | (| r | ^ To). 

If o c < era < a + 5 we have 

/(<r + it ) = 

Jo 

where /3(t) is the function defined by equation (2). We show first that 
if the number R is sufficiently large then 

(4) - e- (r+iT ~ c ° u dl3(t) <i 

r Jr 2 

for all r for which | r | is greater than some number t l and for all a § 
a c + 5. We have 

Jr 

+ (a - <ro + tr) f <f df 

Jr 

11 r +Ml d$(t) ^ + M (- + e~ kB , 

) r Jr n \ti h/ 

where M is an upper bound of £(<), and ft = <r c + 5 — <ro > 0. This 
inequality makes it clear that (4) will be satisfied for all numbers R 
sufficiently large. With a value of R so large that (4) holds we have 

- f* e~ l '-' 0+iTU d/3(t) gri, f e~ ki \ d(3(t) |. 
r Jo I r I Jo 

The right-hand side is independent of a and may be made less than e/2 
by choosing ] r | sufficiently large, say greater than a number r 0 > n . 
Thus (3) is established. 

14. Generating Function Analytic at Infinity 

One of the simplest kinds of functions which can be represented by 
Laplace integrals is the class of functions analytic at infinity. We ob¬ 
tain first the relation between the series expansions of determining and 
generating functions. 
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Theorem 14a. Every function analytic at infinity is a generating 


junction. If 



(1) 


M > c, 

then 



(2) 

/(s) =/( 30 ) + [ e st (p(t) dt 

Jo 

a > c, 

where <p(t) is the entire function 



(3) 


<p(t) = Z) tin tf, 


Observe that/(s) can be expressed as a Laplace-Stieltjes integral since 
the constant /( oo ) can be so expressed. It is in this sense thatjf(s) is a 
generating function. 

To prove the theorem we have from (1) 

f(s) = /0) + a n f e~ 8i t n dt, 

n—O Jo 


and the theorem is proved if we may interchange integral and summa¬ 
tion signs. To justify this we have 


±aJ”e-'Tdt«± 


\&n |n! 
a n+1 ’ 


the dominant series converging for a > c by hypothesis. This proves 
the theorem. 

To obtain a more precise result we need several notions from the 
theory of entire functions. 

Definition 14a. An entire function <p(t) is of order p if and only if 

Mir) = max | <p(t) | = 0(e rP+ *) (r —> qc) 

1 * 1 =' 

for every positive € and for no negative €. 

Definition 146. A function <p(t) of order p is of type c if and only if 

M{r) = 0(e (c+t)rP ) ■ 

for every positive e and for no negative e. The type is minimal or normal- 
according as c is zero or not. If no such c exists the type is maximal. 
Clearly 

c = lira ISigft. 
r p 
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In the following lemma (see L. Bieberbach [1931] p. 238) tp(t) is de¬ 
fined by (3) and 

(4) k = lim n\ On | 1/tt . 

n-*oo 

Lemma 14. The function <p(t) is of order 1 and type c 9 ^ 0 if and only 
if k = ce; it is of order less than 1 or of order 1 and minimal type if and 
only if k = 0. 

Theorem 145. A generating function is analytic at infinity and van¬ 
ishes there if and only if its determining function is of order less than 1 
or of order 1 and of normal or minimal (i but not maximal) type. If the 
order is 1 and the type c then \ s \ = c is the circle of convergence of the 
expansion of the generating function in powers of 1/s. 

Consider the two related functions 


(5) 


/(»)•= 


E 


n=0 


OnUl 
s n+1 


00 

<p(t) = 


«=0 


By Stirling’s formula 

lim (| a« | n\) lIn — e~~ l lim n\ a n | 1/n = ke \ 

n-+ 00 n—»oo 

By Lemma 14 the series (5) has circle of convergence | $ | = c = 
ke~ l ^ 0 if and only if <p(t) is of order less than 1 or of order 1 and 
type c. But f(s) is analytic at infinity and vanishes there if and only 
if 0 S c < 00 . By Theorem 14a, f(s) is the generating function of <p(t) 
under these circumstances, so that the proof is complete. 

Corollary 145. The entire function cp{t) is the determining function 
for a generating function analytic at infinity if and only if 


(6) 


lim 

I t | —*00 


log I <p(t) 

m 


< CO. 


This is equivalent to the statement that there exists a positive con¬ 
stant M such that 


<p(t) = 0{e MW ) 


(I* I 


0- 


As an example take <p(t) = e n . Here p = 1 and a = 2. The gen¬ 
erating function f(s) — l/(s — 2) has circle of convergence | s | = 2 
for its expansion (1). 

If <p(t) = sin t , then p = 1, or = 1, f(s) = l/(s 2 + 1). The circle of 
convergence of (1) in this case is | $ | = 1. 
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Corollary 14c. The function 

f(s) — [ e~ ai <p(t)dt. 

Jo 

is an entire f unction of 1/s if and only if ip{t) is entire and 

(7) <p(t) = 0(e‘ |i| ) (1 1 1 -> co) 

for every positive e. 

This is the case of the theorem in which tp(t) is of minimal type. It 
is of particular interest since it is a generalization of a theorem of Wigert* 
which states that the function 

f(z) = X a *z n 

n~Q 

is an entire function of 1/(1 — z) if and only if a n = (pin) where (p{t) 
satisfies (7). In fact Wigert’s theorem can be derivedf very simply 
from Corollary 14c. 

15. Periodic Determining Function 

It is of interest to investigate the effect of periodicity of the deter¬ 
mining function on the position of the singularities of the generating 
function. We observe that the functions 


5 

/•» 

/ e st cos t dt 

S 2 + 1 

Jo 

1 

f e~ st sin tdt 

S 2 + 1 

Jo 


have their singularities at the integral points of the imaginary axis. We 
shall show that this is the general situation. 

Theorem 15. If ait) is a normalized function of bounded variation on 
0 g ^ 2 t and of period 2 r then the function 

(1) f(s) = f e~ st da(t) 

Jo 

has no singularities except perhaps poles of order unity at the integral points 
of the imaginary axis . 

Since a(t) is of bounded variation it has a Fourier development 

oo 

oc(t) = On cos nt + b n sin nt (0 < t < oo) 

«—0 

* See, for example, G. Faber [1903] p. 369. 
f See D. V. Widder [1929] p. 732. 
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which converges boundedly.* By Lebesgue’s limit theorem we may 
multiply both sides of this equation by e~*‘ (<r > 0 ) and integrate term 
by term between the limits 0 and <x . This gives 



^ ' Oin S ~f“ bn n 
S 2 + W 2 


(<r > 0). 


Integration by parts now gives 


( 2 ) 


f(s) = ± + 

n=o s 2 + n 2 


But since a(t) is of bounded variation the sequences and {nh n }°S 

are bounded.f Hence it is easy to see that the series ( 2 ) is uniformly 
convergent and represents an analytic function in any finite region not 
including an integral point on the imaginary axis. The nature of the 
possible singularities at these points is evident from ( 2 ), and the proof 
is complete. 

As an example take a(t) a normalized step-function which is zero in 
(0, 7 r) and unit}^ in ( ir , 2x) with period 2 ir. Its expansion is 


_ 1 2 sin ( 2 n + 1 )t 

2 x Si 2 n + 1 


Then (2) becomes 


(—06 < t < co). 


/($) = 


1 

1 + e~ ra 


1 2s VT' 1 

* 2 7T n=0 $ 2 + (2 n + 1) 2? 


which is the familiar Mittag-Leffler development of the functk 

16. Relation to Factorial Series 


The Laplace integral enables us to obtain necessar; 
conditions for the representation of a function by fa c~ 
Theorem 16. A necessary and sufficient conditio* ' 
can be represented by a convergent factorial series / * 


( 1 ) 


■/(«) = z 


a n nl 


s(« +!)■•■ 


is that it be a generating function, 

(2) f(s) = f e- 

Jo 


* See E. C. Titchmarsh [1932] p. 408. 
t See E. C. Titchmarsh [1932] p. 426. 
t Compare N. E. Norlund [1926], Cl 
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with determining function 

(3) 


and 

(4) 


<p(t) = S o„( 1 - e -1 )" 

71 = 0 


a„ = 0(w 4 ) 


(n —> co) 


/or some positive integer k. 

First supposing that (2), (3) and (4) hold, let us prove (1). By (4) 


That is, the power series 


lim y/\a n \ ^ 1. 




converges for | z | <1, and (3) converges absolutely for (0 ^ t < co). 
Formal integration gives 


(5) 

fu 


f = Za n f“ e~“(l - e~T 

Jo 71=0 Jo 


dt 


a„n\ 


n=0 -f- 1) • - • (s + 7l) 

Vck the validity of this process we have only to note that inte- 
over a finite range is valid by uniform convergence and that 

f Z | a, | (1 - e~ ( ) n e~’ t dt < ® (<r > k + 1). 

Jo 71 = 0 

have their si. . r / . 

shall show ti s we iaave from w there exists a positive constant M 

Theokem 15. . 

0 g < g 2ir and o/ l 


\ I (1 - e~‘) n < M E n 4 (l - e~T: 


( 1 ) 


has no singularities except pern. A (n + k\ 
of the imaginary axis. 1 = \ n / 

Since a{t) is of bounded vai*n 
00 

ait) = E«.C k/T , n , 

71=0 n f T(Jc “f“ l) 

* See, for example, G. Faber [1903] p. . 
t See D. V. Widder [1929] p. 732. ‘ such that 


(M < i) 

(n —> oo), 
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t I a- I (1 - e~y < N £ ( n + k ) (1 - e “T = Ne {k+1)t 

71=0 «=0 \ U / 

(0 ^ t < oo). 

This establishes (6) and hence (5) for a > k + 1. 

Conversely let (1) converge for some s. It must then converge for 
every s with larger real part.* Choose an integer k for which it con- 
verges. Since its general term for s = k approaches zero, we have 

n (k{k + 1) ••• (n + k)\ ( \ 

an = 0 i- 

and by (7) 

a n = 0 (n k ) (n-^oo). 

Now define <p(t) by the series (3) and substitute it in (2). Since we 
showed above that (2), (3) and (4) imply (1) for a > k + 1, our proof 
is complete. 

* Compare T. Fort [1930] p. 177, or E. Landau [1906] p. 151. 



CHAPTER III 

THE MOMENT PROBLEM 
1. Statement of the Problem 

The moment problem of Hausdorff, sometimes called the little moment 
problem is the following. Given a sequence of numbers 

(1) tMnjo • MO } Ml J M2 > * * ' i 

we may ask under what conditions it is possible to determine a function 
a(t) of bounded variation in the interval (0, 1) such that 

(2) = f t n da(t) (n = 0 , 1 , 2 , 

Any such sequence wall be called a moment sequence . It is evident that 
not every sequence (1) has the form (2) since (2) implies that 

U.I £ V[«(t)]l 

the quantity on the right being the variation of a(t) on the interval (0,1). 
That is, every moment sequence is bounded. It was F. Hausdorff 
[1921a] who first obtained necessary and sufficient conditions that a se¬ 
quence should be a moment sequence. 

In section 6.1 of Chapter II we showed that a sequence can have at 
most one representation (2) if a(t) is a normalized function of bounded 
variation. That is, 

a(0) = 0, a(t) = (0 < t < 1). 

Since normalization of the function a(t ;) does not change the value of 
the integral (2) we may assume without loss of generality that a(t) is 
normalized. This w r e do throughout the present chapter without further 
repetition of the fact. 

Equations (2) may be regarded as a transformation of the function 
a(t) into the sequence {/in}. This transformaf n is closely related to 
the Laplace transform, is in fact the discrete analogue of the latter. 
For, if we replace the integer n by the variable s in (2) and then make 
the change of variable t = e~ u , we obtain 
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It is thus clear that much light will be thrown on the Laplace transform 
by a solution of the moment problem. 

2. Moment Sequence 


We introduce several definitions: 
Definition 2a. 



a*m- = i (-irC 

771=0 

c\ 

^ 1 Pn + k—m 

(k - 

= 0, 

.1, 2, • 


Definition 2b. 







h htm { x ) 

- C)*" (i - *>*■* 

(*, 

m = 

= 0, 

1, 2, • 


Definition 2c. 







^ k,m ~ ) 

f k \ / 1 \ k—m tk—m 

U (_1) A M. 

(k, 

m = 

= 0, 

1, 2, • 

•• )• 


Definition 2d. A Bernstein 'polynomial B k [f(x)] for a function f(x), 
defined on the interval (0, 1), is 

Bdm = ifh)\ux). 

m=0 \ AC / 

The degree of the polynomial is k unless 

s^GK")- 0 ' 

when it is of lower degree or identically zero. For example, 

jfc 

•Bjfc[l] = 2 Xt, m (ar) = 1. 

m=0 

Definition 2e. The sequence {/i n } o satisfies Condition A if a constant 
L exists such that 

i\\ k , m \<L (fc = 0,1,2,...)- 

m=0 

For example, if 

(1) fin ” f t n da(t) (n-0,1,2, ...) 

Jo 

with a(t) of bounded variation in (0, 1), then 

it = t (t) fV(l - = f'daW 

t »“0 \m/ Jo Jo 

it |Xfc»| ^ f\da(t)\ = F[a(i)]J. 

m™0 vQ 
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That is, Condition A is necessary that the sequence {/x n } o’ should have 
the form (1). In particular the sequences 

{nTi}"’ ™ 

satisfy Condition A. 

Definition 2 f. If P n (x) is the polynomial 
Pn(x ) = Y a m x m , 

an operator M[P n (x)\, called the moment of P n (x) with respect to the se¬ 
quence {un}, is defined as 

n 

M[P toOe)] = Um • 

771=0 

For example, 

M[x n ] = Hn, Y M[\k, m (x)\ = Y = MO- 

771=0 W=0 

If jjL n has the representation (1) then 

M[P n {x )] = [ l P n (t)da(t). 

Jq 

Note that the operator is applicable only to polynomials. 

We shall now prove that Condition A is also sufficient that the se¬ 
quence {m*}? should have the representation (1). We need a prelimi¬ 
nary result. 

Lemma 2. If n is a positive integer , then 

lim n = «" 

k—+oo »=0 1 > 

uniformly for 0 ^ x ^ 1. 

This is clear since each factor of the product approaches x uniformly 
in the interval 0 ^ x ^ 1. 

We now prove: 

Theorem 2a. If the sequence {/*»}” satisfies Condition A, then 

Hn = lim MiB&x"]] (n = 0 , 1 , 2 , • • •). ’ 

For, by the binomial theorem we have for k > n > 0 
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tw[(i-«) + «r = 2( fc ; n ) : 

7)2=0 \ Wl / 


x m+n (i - xy~ 


p m(m — 1) ■ • • (m — n + 1) 

=n fc(fe — 1) • ■ . (fc — n + 1) 




tin 


v m ( m - 1) • • • (m - n + 1) 

- 1 ■ a t(t-i)...(t-.+D x *- 




X.jfc ,m 

n—1 /\ n 


n—1 /_\ 7) 

5(f) 


\ A),77 


_ V' /%(% - 1) (ky - n + 1) _ »\ 

£.\ fc(fc- 1) ••• (fc- »+l) 

- L (?) 

771=0 \ TV / 

where y — m/k. Let e be an arbitrary positive number. By Lemma 2 
we see that we can determine fc 0 such that for k > fco 


ky(ky - 1) • • • (ky - n + 1) 


- V 


< € 


1) ...(*-» + 1) 

(y = ?, m = w, n + 1, ••• fc), 


and such that 


Hence 


n—1 / \ n 

5(f) 


^■A),7 


< \k L < « 


1 - Jf [B*[* n ]] I < eL + e 

This gives us the desired result if n = 1, 2, • ■ * . If n = 0 


(fc > fc 0 ). 

(fc > fto). 


Mo = M[B*[1]]. 

By use of this result we can prove easily the main result of this section 
Theorem 2 b. A necessary and sufficient condition that {/-in}? should 
be a moment sequence' is that it should satisfy Condition A. 

We have already seen that the condition is necessary. To prove it 
sufficient define a step-function aift) which is normalized and has jumps 
A*.m at points m/k, 
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~)~“ k (j )“ Xim (m 

•a*(0+) = X*(,o » a^(0) = 0, 

k -1 

ajfc(l-) = 23 

m— 0 
fc 

0!fc(l) = 2 = MO* 


(m = 1, 2, . -., * - 1), 


and by Theorem 2a, 


MB^ 71 ]] = f t n da k (t), 

Jo 


= lim 


[ t n da k (t). 
Jo 


The total variation of a k (t) is clearly 

k 

23 | .TO | j 

TO =0 

which has an upper bound L, independent of k . Hence by Helly’s 
theorem, i.e., Theorem 16.3 of Chapter I, there exists a subsequence 
{a kj (t)\U of the sequence {^-(Oio 5 which approaches a limit a*(t), of 
bounded variation in 0 ^ t S 1. But 

Hn = lim I t n da kj (i) 

j -*<30 JQ 

= Hm n f t n ~ l [ akj (1) - «*,(«)] dt (n = 1, 2, ...) 

? —>•00 v 0 

Mo = Ihn a fcj .(l) = a*(l) = f da*(t). 

2—*■00 JO 

Since 

| <a,(l) - «»,(0 I < 2 L, 

we may employ the Lebesgue limit theorem and obtain* 


M« = n [VV(1) - «*(*)]< 
Jo 

= [\ n da*(t) 

Jo 


(n= 1, 2, *.*) 

(n = 0, 1, 2, ...), 


which is what we were to prove. 

* One could avoid the integration by parts if Theorem 16.4 of Chapter I were 
used. The Lebesgue limit theorem is perhaps more familiar. 
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If a*(t) is not normalized, we normalize it and denote the resulting 
function by a(t). Then by the uniqueness theorem, i.e., Theorem 6.1 
of Chapter II, a*(t) — a(t) in the set E of points of continuity of a(t) 
Hence at these points 

lim a kj {t) = a(t) 

j-*ca 

Since every subsequence of {a k (t)}% has in it a subsequence which 
approaches a(t) at points of E we have 

(2) lim a k (t) = <x{t) (t e E) 

k-* oo 

It can be shown in fact that (2) holds throughout the interval (0, 1) 
We may use Theorem 25 to prove an important result of F. Riesz 
[1909] concerning linear functionals. 

Definition 2 g. To each junction f{x) continuous on 0 ^ x ^ 1 let 
there correspond a number L[f(x)\. This correspondence is said to define 
a linear functional if 

(a) L[cifi(x) + dfi(x)] = CiL[fi(z)] + cJAj^xj] 

for every pair of constants Ci, c 2 and every pair of continuous functions 
fi(p),f*($)\ 

(b) . \L[f(x)]\^M\\f(x)\\, 

where M is some positive constant and 11 f(x) 11 is the maximum value of 
| f(x) | on 0 ^ x S 1. 

For example, if 

L[f(x)]=m, 

or if 

L[f(x)] = f f(x).dx , 

Jo 

we see easily that L[/(a;)] is a linear functional. In fact by reference to 
Chapter I we see that if 

(3) L[f(x)] = [ f(x) da(x) 

Jo 

with a(x) of bounded variation on 0 ^ x ^ 1, then conditions (a) and (5) 
are satisfied with M equal to the total variation of a (x) on 0 g x g 1. 
Riesz’s result is that (3) defines the most general linear functional defined 
on the set of continuous functions. We give a proof due to T. H. 
Hildebrandt and I. J. Schoenberg [1933]. 

Theorem 2c. Every linear functional L[f(x )] defined on the set of func¬ 
tions continuous in 0 ^ x ^ 1 has the form (3) with a(x) of bounded 
variation on 0 5* x ^ 1. 
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To prove this set 


L[x n ] = n n 


(n = 0, 1, 2, . -. ). 


We show first that the sequence {m*}? satisfies Condition A. We must 
determine a constant N such that 


(4) i|X*, TO |= tQ)|A^|<JV 

771=0 771=0 X'n / 

But by choosing e m = ±1 suitably we have 


(* = 0 , 1 , 2 ,...). 


X | Xi.T* | — X ( 

m —0 m=0 V' 


/ -i \k—m a A—m 

( —1) A 


X<J fc ) 

^0 W 


as*(l - *)* 


Here we have used property (a) of the functional L and observed that 
L[x m ( 1 - *)*-”] = 


"(1 - x) k ~ m 


si X ( k ) 

m =0 \mj 


x m (l - xf 


we see by use of (6) that 


X I X*, m | g M, 


so that (4) holds with M = N. Hence by Theorem 2 b 


L[x n ] = f x n da(x) 
Jo 


.(n«0, 1, 2, ...) 


for some function a (a;) of bounded variation on 0 ^ a; g 1. 

Now let/O) be any function continuous on 0 ^ x ^ 1 and let .€ be an 
arbitrary positive number. By Weierstrass’s theorem we can deter¬ 
mine a polynomial P(x) such that 

\ f(x) — P(x) | g e (0 S x S 1). 

By (5), (a) and ( b ) it is clear that 

UM] = L[/(s) - P(s)] + L[P(s)] = L[/(*) - P(x)] + t P(x) da(x) 

i * 

L[f(x)] - f f(x) da(x ) g Jf ||/(x) - P(a) || + I f\p(x) - f(x)] da(x) 

J 0 I Jo 

S Me + e f | da(x) ]. 

Jo 

Hence (3) follows, and our theorem is proved. 
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It can also be shown that Theorem 2 b follows from Theorem 2c. 
Hence the problem of determining the general linear functional on the 
set of continuous functions is equivalent to that of determining the set 
of all moment sequences. 


3. An Inversion Operator 

Let us now introduce a new operator on the sequence {y n }o by the 
following definition. 

Definition 3. An operator Lk,t\iin} is defined by the relation 

Lk,t{v} = Lk,t{vn\ = (k + l)X*,[fc*] (Jc = 1, 2, • • • , 0 ^ t ^ 1). 

The notation [kt] means the largest integer contained in kt. By 
means of this operator we can prove: 

Theorem 3. If { y n } o° satisfies Condition A then 


y<n Hco — lim j t Lk,t{ m} 

k—* oo •'0 


dt 


(n = 0, 1,2, ...)• 


For, by the law of the mean 




where 


0 < d m < 1 (m = 0, 1, ... , k - 1)’ 


But we saw in section 2 that 


k / \n 

fin = lim ^ ) \ k ,m 

k-+ oo m =0 \ / 

= limk, + gftyxj. 

k-+ oo L m=0 \/C/ J 


== 0 ? 1, ...) 


To evaluate the first term we have 
X&,/; :=: pk 


l^k 


= [\ k da(t ) 

Jo 

a(l) -«(!-)} + k ff-'lad-) -a(t)}dt (& = 1,2, •••) 


I fik - «(1) + a(l-) | g lim | a(l-) - a«) | = 0 

k-*oo t—*l — 


lim 


= a(l) — a( 1 — ). 

Thus Moo must exist under Conditions A, and it remains only to show that 
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1“ Mt 1 ’)’ 

By the law of the mean we have 

( t ^)' -(!)'-1 


where 


Hence 


0 < S f m < 6 m < 1 


__ 


£ 

m~0 


k 


X, k,n 


(m = 0, 1, • • • , k — 1). 


nL 


^ T E |X*. m | < -y, 

& m=0 fC 


so that the theorem is established. 


4. Completely Monotonic Sequences 

We now introduce the notion of a completely monotonic sequence. 
Definition 4. The sequence {/x n }? is completely monotonic if its ele¬ 
ments are non-negative and its successive differences are alternately non¬ 
positive and non-negatdve 

(-l)V^^O (n,k = 0, 1,2, ... ) 

An equivalent form for the definition is 

X*,» ^ 0 (m, k = 0, 1, 2, • • • ). 

For example, the sequences 

a) 1-4-X {«■}? (o < c s i) 

[n + ljo 

are completely monotonic. Note that this class is included in the class 
of sequences which satisfy Condition A. For 

k k 

"j | X, k,m | = ^ v Xfc.m == /IQ ~ L. 

wi=0 m —0 

"We can now prove: 

Theobem 4a. A necessary and sufficient condition that the sequence 
{/in}? should have the expression 

(2) p n = f t da(t) (n = 0, 1, 2, • • 

Jo 

where a(t) is non-decreasing and hounded for 0 g t ^ 1, is that it should he 
completely monotonic . 
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For the necessity of the condition we have 

(-1) 4 A*>„ = [ f (1 - t) k da{t) ^ 0 (n, k = 0, 1, 2, • • •)• 

Jo 

For the sufficiency we see at once that the given sequence must have 
the form (2) with a{t) of bounded variation on (0, 1) by Theorem 2b : 
But we showed in section 2 that if a(t) is normalized 

lim a k (t) = a(t) 

k-+ qo 

at all points of continuity of a(t). But a k (t) is non-decreasing since its 
jumps, \k,m , are non-negative. It follows that a(t) is non-decreasing 
if properly defined at its points of discontinuity. This completes the 
proof of the theorem. 

Theorem 4 b. A necessary and sufficient condition that the sequence 
{n n } should satisfy Condition A is that it should be the difference of two 
completely monotonic sequences. 

This is obvious since a(t) is of bounded variation if and only if it is 
the difference of two bounded non-decreasing functions. 

It is easily seen directly that the sequences (1) have the form (2). 
In the first case a{t) is the non-decreasing function t; in the second it is a 
step-function with jump unity at t = c. 

5. Function of L F 


In this section we discuss sequences §2 (1) where ct(t) is the integral 
of a function of class L p (p > 1). That is, 


= f t n (p(t) dt 
Jo 

[ | <p{t) \ v dt < °c. 
Jo 


fin 

r 1 

Jo 


(* = 0 , 1 , 2 , ...) 


We introduce a condition which will guarantee that a sequence will have 
this form. 

Definition 5. The sequence {n n }o satisfies Condition B for a given 
number p > 1 if there exists a constant L such that 

ob + ir'tifc-rcj (fc = o, i, 2 ,...). 

m=0 

For example, the sequence 

f i 


n + 1 — 6 ) o 


(o < e <{ l) 
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satisfies Condition B with p any number less than 1/0 and greater than 
unity. Any sequence satisfying this condition also satisfies Condi¬ 
tion A. For, by Holder’s inequality 

k r k }Kp 

Lix^igob+ir-^ \ zm ’\ 

m=0 L m=0 ) 

<L llp (*: = 0,1,2, 

The result to be established is contained in: 

Theorem 5. Condition B is necessary and sufficient that 

(1) jun = t n v{t)dt (n = 0,1, ...), 

Jo 

where <p(t) belongs to L p on the interval (0, 1). 

Suppose first that the given sequence has the representation (1). 
Then by Holder's inequality 

| A*.« | ^ [ Km(t) | <p(t) | dt 
Jo 

| \k,m T ^ jjf dt j jf \k,m(t) \ <p(t) | P dt. 

Since 

o-^-rpr 

we have 

(m-d^e ix i>m rs 

m=0 JO 

so that Condition H is satisfied. 

Conversely, let {ii n } satisfy Condition H. Then the sequence of func¬ 
tions Lk,t{ii) defined by Definition 3 satisfies the inequality 

(2) f \LM | v dt = £ \\ k , m | p <2 L (k = 1, 2, • • •) 

J 0 /C m=0 

— |Xo,o| p < L (k =%0). 

By Theorem 3 

Vn — y oo = lim f t n L k , t {fJL} dt (n = 0,1, 2, ...). 

&—>oo Jo 

But by (2) and Theorem 17a of Chapter I it is possible to pick from the 



BOUNDED FUNCTIONS 


111 


sequence LkAA a subset L kj ,t[A and to find a function <p(t) of L p such 
that for every function \p(t) of L pKp ~ l) 

lim [ Lkj.tlA'Pit) dl = f <p(t)^(t) dt. 
j —>oo Jq J o 

In particular, if i p(t) = t n , then 

Mco I t dt. 

Jo 


But from Condition B we see that 


I 1 — I ^k,k | ^ 


r i/p 


(Jfe + 

so that 

Moo = 0. 

Hence our theorem is completely established. 


6. Bounded Functions 

We treat next the case in which the sequence {/x„} has the form §5 (1) 
with (p(t) bounded. 

Definition 6 . The sequence {uAo satisfies Condition C if there exists 
a constant L such that 


(1) (k + 1) ! \ k ,m | < L (k, m = 0, 1, 2, -. • , m g k). 

For example, if 

M»=—j-i (71 = 0,1,2,-..), 

n + 1 

then 

(k + l)X*, m = 1. 

Sequences satisfying Condition C also satisfy A. For (1) implies 

2 |x*.„| < t An = L - 

m=0 7n=0 ft | I 

Theorem 6. Condition C is necessary and sufficient that the sequence 
Un}? should have the form 

(2) f t n <p(t)dt (n = 0,l,2, ...) 

Jo 

with (p(t) hounded in'the interval 0 ^ t ^ 1. 
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If Im*}” is defined by (2), then 

(k + 1 ) i x*, m i g (fc +1) (*) m - tf --1 <p{t) i dt 

g u.b. |*>(t)|, 

<1 

so that Condition C is satisfied. 

Conversely, if C is satisfied, the sequence of functions L k>t {n n ) of 
Definition 3 satisfies the inequality 

(3) | LM I = (k + 1) | | <L (0 ^ U 1, k = 0, 1, ... ). 

Since Condition A must also be satisfied, Theorem 3 gives 

fj>n ~ = liui f t L k \ dt ( ’y\t = 0, 1, 2, •*•). 

k—*oo Jo 

But by (3) and Theorem 176, Chapter I, it is possible to pick from the 
sequence L ktt {p] a subset L*. ,*{/*} and to find a bounded function <p(t) 
such that for every function \j/(t) of class L 

lim [ Lk i ,t{f JL }'t'(0 dt = [ 

]—*aC Jo Jo 

As in section 5 

Mn — Me* = [ t n <p(t) dt (n = 0, 1, • • 

Jo 

From Condition C 

|/x*| — | ^kJ: I < = o(l) (A; —► 00 ), 

so that jUoo is zero, and our theorem is proved. 

We observe that Theorem 6 is the limiting case p = oo of Theorem 5. 
The limiting case p = 1 is not obtained by setting p = 1 in Theorem 5. 
For, Condition B with p = 1 becomes Condition A, which is sufficient 
to make a(t) of bounded variation but not sufficient to make it the 
integral of a function of L. We could show that (2) holds with <p(t) 
belonging to L if and only if 

lim f | L k ,tW - L 3 \tM \dt = 0. 
i,k-+oo Jq 

We shall have no use for this result, and since it is not easily interpreted, 
independently of the operator L klt {p}, in terms of the sequence {/z n } 
alone, we omit the proof here. We shall give the proof for the corre- 
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sponding continuous case when we come to the study of the Laplace 
transform. 

7. Hausdorff Summability 

One of the important applications of the little moment problem occurs 
in the theory of the summability of divergent series. It was in fact the 
study of the latter theory which led Hausdorff [1921a] to investigate 
the moment problem. We give here a brief outline of the theory.* 

We shall need to use the elements of matrix theory. The notations 
employed are 



floo 

0o i * 

* 0o* 


0io 

0n * 

• 0i* 

« = || am,„'||o = 

0*0 

0*i * 

0** 


a .(3 = a (3 = y = || Cm,* ||o 


i K 

Cmn = &mj , 

l j=0 

ft = a 1 if a@ = fia — 1 


We shall also use infinite matrices 



000 

001 • • • 

a = II 0m,n II? = 

010 

an 


. 

. .. • 


In particular we reserve the letters a, r, n and p for the following 
matrices, 



So 0 0 • • • 


o 

o 


si 0 0 • • • 


o 

o 

C T = 

S2 0 0 • * • 


<2 0 0 ••• 


. 


. 


1 0 0 0 0 
1-10 0 0 
1-2100 
1-3 3-1 0 


* Compare E. Hille and J. D. Tamarkin [1933a], [19336], [1933c] and [1934]. 



Mo 

0 

0 • •• 


0 

Ml 

0 ... 


0 

0 

Ms 


. 

. 

. ... 
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fj. being called a diagonal matrix, and p the difference matrix. Then 

(1) t = our 

transforms the matrix cr into r or, if we consider only the first columns 
of cr and r, the sequence {Sn}? into {t n }“ . 

We now introduce the notion of summability. 

Definition 7. The sequence {$ n }“=o is summable by the matrix a to 
the sum s if the sequence {^}«=o is defined by (1) and if 

(2) ' lim t n = s. 

n —♦■00 

More explicitly, this means that the series 

00 

tm. ~ UmnSn (jU := 0, 1, 2, • • •) 

n—0 
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and comparing coefficients we have (4). The reason for the term “dif¬ 
ference matrix” is clear since 

oo m / \ 

Z WSn = Z (-ir(^)sn = (-irA M So 

7.1. We are now ready to define Hausdorff summability. 

Definition 7.1. The matrix X is a Hausdorff matrix corresponding to 
the sequence f/X = ppp 1 . The sequence {s n }? is summable to s in 
the Hausdorff sense corresponding to the sequence {M™ , if the sequence 
Mo, 

r = \a, 


approaches s as n becomes infinite . 

It is easily seen that multiplication of Hausdorff matrices is com¬ 
mutative. 

As an example, we show that the matrix §7 (3) is a Hausdorff matrix. 
If X = I! lm,n II, and Pn = l/(n + 1), then 


00 00 


23 — 23 23 ymiWYjn — 23 1 x) 

tt =0 . n —0 3=0 3=0 

= 23 Trnj (• ^(1 - x) 3 dt = [ (1 - t + te)” 
3=0 Jo Jo 


dt 


lm,n 


(1 _ t ) m - n fdt = -i— 
f o m + 1 


= 0 


(n g m) 
(n > m). 


7.2. A method of summability is said to be consistent * if every con¬ 
vergent sequence is summable by it to the actual limit of the sequence. 
We wish to determine what sequences {M lead to consistent Hausdorff 
summability. We ‘ base this study on a well known theorem of 0. 
Toeplitz [1911], which we now prove. 

Theorem 7.2. Summability by the matrix || c m , n || is consistent if and 
only if a constant K exists such that 


00 


(A) 

£ j Cm,n | ^ K 

(m = 0, 1 , 2, .. .) 


n=0 


(B) 

lim c m , n = 0 

m~* as 

(n = 0,1,2, 

(CO 

00 

lim 23 c m , n = 1. 



m—*-oo n=0 


* Other terms sometimes used are “regular 55 and “permanent 55 . 
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We first prove the sufficiency of these conditions. If (4), (B), and 
(C) hold, and if the limit of s m is s, then 


«| 

00 

[ tm S Cm,n 

+ |s| 

00 

1 ^ v Cm,n 


1 71 — 0 


71—0 


lim j t m 

m—»so 


f N 
lim ^ Z 

m —*oo 1^71=0 


+ u.b. |s„ 

N+l^n^,oo 


n—N+l 


where the numbers t m are defined as in section 7. Here N is an arbi¬ 
trary positive integer. Hence by (A) and ( B ) 

Sin | im — $ | Ik K u.b. | s n — s | 

7n-+ec ' .V+l <; n <co 

Letting N become infinite we have 

lim | i m — s | ^ K lim | $» — s | = 0, 


from which it follows that t m approaches s. 

Next suppose that ^approaches s whenever s m does. Then that (C) 
is necessary one sees by taking s n = 1 for all n. Then 

00 

im ~ ^ > Cm,n (jYl = 0, 1, * * *), 

71=0 

and since s m and t m must both approach unity we have (C). 

To show that ( B ) is necessary take s n — 1 when n — k and take all 
other terms zero. Then s n and t n approach zero. But 

im ~~~ Cm t k (m — 0, 1, 2 , ) ? 

so that (B) holds. 

Finally, to show that (A) holds we first prove that all the series (A) 
converge. For, suppose 

CO 

y > 1 (sh,n | — 00 

71=0 

for some integer h. Then by a familiar theorem of Abel [2],. one can 
determine a sequence {e n }o tending to zero such that ■ 
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Choose 


= «» sgn 


so that 


th = S 


Chn 


Since consistenc}' implies that all terms of {4} are defined we have a 
contradiction. 

Set 

00 

^ 1 | Cm,n j ” Tm ’s 00 (jtl = 0, 1. • ■ • ). 

71=0 


Then if (A) is false, 

(1) u.b: T m = oo. 

0^m<oo 

Let tti be an arbitrary positive integer and determine m x such that 

tii —i 

S | Cm u n | < 1 T mi > l 2 + 2. 

n=0 


This is possible by ( B ) and (1). Now determine n 2 > rii such that 


OO 



< 1, 


n 2—1 




This is possible, since every series (A) converges. Now determine m 2 
so that 

/l 2—1 

> 2 2 

n-0 

Continue the process. We shall have for the integers n r , m r , n r+x , 

*1 r—1 Tlr+l-l W 

V v ,n | 1, Xi I | ^ 7 I Cm r ,n | "n 1* 

»=0 n=n r n=n r +i 

Now define {s n } as follows: 


= 0 n < 

= - Sgn Cm r , n 

r 


< n r+ i); 


so that 


lim s n = 0. 
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n r+l— 1 ^ 


tm r — ^ Cm r ,nSn ^ ^ j j Cm r ,n | | Gm rt n 

n= 0 n r T 0 

CO 


- 2 . 


Hence 


lim 


contradicting the assumption that 

lim t n = lim s n = 0. 

n—*•00 n-»oo 

Thus the theorem is proved. As an illustration we see that the matrix 
§7 (3), which leads to Holder or Cesaro's summability of order one, 
corresponds to a consistent method of summability. 

7.3. Before applying Theorem 7.2 to the Hausdorff method of sum¬ 
mability we must first obtain the Hausdorff matrix in terms of the given 
sequence {^jo 3 - By definition of the Hausdorff transformation 

(1) t = pmp~V. 

We wish to determine the elements l m , n so that this will have the form 

QQ 

tin = ^ 1 lm,nSn = 0, 1, 2, • • •). 

n—0 

Equation (1) means 

(-ir(£u„ 

3=0 \J / 71=0 VV 

. • • (m =■ 0, 1, 2, 


Now employ the familiar identity 

wVA = /m\/m - n\ 
j)\n) \nj\j — n) 


(n ^ j g m), 


and obtain 
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where \ m , n is the number introduced in Definition 2c. We have thus 
proved that l m , n = h m , n for n = 0, 1, • •. , m and l m%n = 0 for n = 
m + 1, m + 2, • ■ • . 

Theorem 7.3. A matrix X is.a Hausdorff matrix corresponding to the 
sequence {p n } if and only if it has the form 

X = 11 \m,n | ] j 


-l) m 71 A m n fj, n (n = 0, 1, • • •, m) 

= 0 (ft = m + 1, m + 2, • • ■). 

7.4. We are now able to apply Toeplitz’s theorem to the Hausdorff 
method of summability. 

Theorem 7.4. The Hausdorff method of summability corresponding to 
the sequence {} oT is consistent if and only if 


(1) Pn = / t n da(t) (ft = 0, 1, • • •)> 

where a(t) is of bounded variation in (0, 1) and 

(2) a(0) = a(0+) - 0, «(1) = 1. 

To prove this we have only to apply Theorem 7.2 to the matrix X. 
Condition (A) of that theorem coincides with Condition A of Theorem 
2.1. Hence the sequence {p n } must have the form (1) with a(t) of 
bounded variation in (0, 1). Conditions (B) and (C) of Theorem 7.2 
become 

C B) lim ( m ) f f (1 - t) m ~ n da(t) = 0 (n = 0,1, 2, ...) 

m-+ao \n/ Jo 

(C) lim f da(t) = 1. 

m-*oo Jo 

The latter shows that if we take a(0) = 0 then a(l) = 1. By a familiar 
Abelian argument it is easily seen that 


lim 

m-* oo 


ft/ Jo 


f (1 - t) m ~ n da® = 0 (»-l,2, ...) 


lim f (1 — t) m da(t) = a(0+), 

m—*cc Jo 


from which we see at once that a(0+) = 0. 

The example of Holder or Cesaro summability of order dne serves 
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to illustrate the theorem, 
method with 


We have seen that this method is Hausdorff’s 

= .. i_ = f fdt (n = 0, 1, • • •)• 

n + 1 Jo 


Here <x(t) = t, a function which satisfies all conditions of the theorem. 

7.5. As another example we show that Holder’s method of summation 
of higher order is also a Hausdorff method Set 


H\ 


So + §1 + * ' * 4" Sn 
~ 71 + 1 

r + Hr + - +#r 1 


Definition 7.5. The sequence {s n }? is summable by Holder's method 
of order p , (H, p), to s if 

lim HI = s. 


We have already seen that the sequence 
of the matrix 


\<r = ppp 


a 


{H l n }o is the first column 


n + l 


Since \H 2 n } is found from { H U precisely as {#«} is found from {s n }, 

it is clear that {#*}* is the first column of the matrix 

.2 2-1 
X a = pm P o- 

and in general that {Hi} is the first column of the matrix 


\V V — 

,A <j = ppl p 


We have thus proved: 

Theorem 7.5. The method of snmmability ( H , p) is a Hausdorff 
method corresponding to the sequence 


1 

(ft + l) p 


Clearly (H, p) is consistent since 


(n = 0, 1, 2, ...)• 


?-i 

dt. 
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That is, 


= 0, a(l) = 1, 

and all conditions of Theorem 7.4 are satisfied. 

7.6. We treat next Cesaro’s method of higher order. 

Definition 7.6. The sequence {s n } is suinmable by Cesdro’s method 
of order p, ( C, p), to s if 



Theorem 7.6. The method ( C, p ) is a Hausdorff method corresponding 
to the sequence 



in = 0 , 1 , 2 , 


For, by Theorem 7.3 

x ,» = (?) V [' f Cl - t) m - n+p ~ l dt (w = 0, 1, • ■ •, to) 

) \ n / ^0 

= 0 (n = m + 1, rn, + 2, 


Evaluating the integral (1) we obtain 



Again it is clear that ( C , p) is consistent since in this case 
«(0 = 1 - (1 — t)* 

<*(0) = 0, a(l) = 1. 


7.7. We say that the method of summability by the matrix X is 
stronger * than that by the matrix X' if whenever the latter sums a se¬ 
quence to a sum s the former does also. Two methods are equivalent 
if each is stronger than the other. If we are dealing with Hausdorff 
matrices we can obtain a very simple criterion for the comparative 

* We are using the terms “stronger” and “not weaker” interchangeably here. 
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strength of two matrices in terms of the sequences {pn}? which generate 
them. 

Let {fin} and {p' n } be two sequences giving rise to the matrices X and 
X' respectively : 

> —i \ / t —i 

X = pfip A — pfL P . 

If {s n } is the sequence to be summed and cr its matrix (that is, the 
matrix with the elements s n in the first column and with zeros elsewhere), 
we set 

t — Xcr r = XV. 

Then it is very easy to express r in terms of /. In fact 

O' = p(p')~V~V, 

where (p') -1 is the matrix with elements l/p n ( n = 0, 1, • • •) in the 
principal diagonal and with zeros elsewhere. 

Then 

r = pfi(T 1 p(iiT 1 P~ 1 r / = pp(p') _1 p“V. 

To say that the method generated by p is stronger than that generated 
by p! is to say that whenever the sequence in the first column of r' 
converges to a sum t that in the first column of r does also. That is, 
the Hausdorff matrix 


is consistent. By Theorem 7.4 this is true if and only n 

( 1 ) = [ t n da(t ) (n = 0 , 1 , 2 , ...)• 

Pn Jo 

where a(t) is of bounded variation in (0, 1) and 

(2) a(0) = a( 0+) = 0, a(l) = 1. 

We have thus proved: 

Theorem 7.7. The Hausdorff method of summability corresponding 
to the sequence {“ is stronger than-that corresponding to { n ' n }” if and 
only if (1) and (2) hold. 

From this we see easily that (C, q ) is stronger than (C, p) if q > p. 
For, by Theorem 7.6 the quotient (1) becomes in this case 

C n = 0, 1, 


(3) 
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But this is 


g _! l 

pl(q-p - 1)! 



(q > p;n = 0, 1, 


so that (1) is satisfied. To show that (2) holds we have 


Also (H, q ) is stronger than (H, p) if q > p. For, in this case the 
quotient (1) becomes 



7.8. Finally, we show that the Holder and Cesaro methods (C, p) 
and ( H , p) are equivalent. We have only to show that the two se¬ 
quences 


have the expression §7.7 (1), (2). For the first sequence we have 
(n + l) p p! 


{n + l)(m + 2) • • • {n + p) 


= [ e-‘W) (»“ 0 , 1 ,-..), 

•70 


where 


Since ^(co) = 1 ; the result is clearly true for n — 0. For n > 0, we 
have by successive integration by parts 

r e' nt df(t) = n(n + l) p f e~ n ‘[l - dt 
Jo Jo 

= n(n + l) p (—l) p A ! ’n _1 
(n+l) p p\ 
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In each integration by parts the integrated part vanishes. Note that 

= p\ 

lim|je‘(l- =0 O' = 0, 1, • • ■, p — 1). 

o+ dV 

Since 


«( 0 ) = 0 , 

we have the representation desired (a(t) of bounded variation, 
a( 0+) = 0, oj( 1) = 1) for the first of the sequences (1). For the 
second we have 


where 


= 0, 


m = 


■,*'*%*-*£{t > 0). 


p! (P — 1)! dt dt dt l 
This last differential operator is of order p\ To show this, we have first 


= -,+■/ 
V ' Jo 


—nt ,/ 


\p'(t) dt. 


Since 


lim e^'r 1 ] = (p - 

t~* o+ at dt 

we have by means of a second integration by parts 


( 

\v — 1 ) ’• 
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Continuing the process we obtain 



(n + 1 )(n + 2) •.. (n + p) ^ —(«-hi) t ^ 

P-(P ~ 1)! io 


Since the above computation holds for n = 0 we have in particular 


Now defining a (t) by equations (2), our proof is complete. 

We note that the proof of the equivalence of (C, p) and (H, p) could 
have been given more simply by observing that the sequences 

/ n j n + 

\n + a/»=o \ n 

are both moment sequences for any positive a, and that the product of 
two moment sequences is again a moment sequence. We have preferred 
to obtain the explicit Stieltjes integral representation for the sequences 
in question. 

8. Statement of Further Moment Problems 

We treat next the moment problem of Hamburger, of which that of 
Hausdorff already discussed and that of Stieltjes to follow are special 
cases. The problem of Hamburger [1920a] is to determine for what 
sequences there will exist a non-decreasing function a{t ) such that 

( 1 ) p n = f t n da(t) (n = 0,1,2, • • •)• 

The problem of Stieltjes [1894] differs from this only in the limits of 
integration. The lower limit is to be replaced by zero. Alternatively, 
we may say that in the Stieltjes problem we add the additional 
restriction on a(t) that it should be constant for negative values of the 
independent variable. If we further restrict this problem by the de¬ 
mand that a(t) should also be constant in the interval (1, <*>), we have 
again the Hausdorff problem. 

It is important to observe that neither the Hamburger nor the Stieltjes 
problem will in general have unique non-decreasing solutions ait) For, 
compute the following integrals: 

t n (pit) dt 


(2) 


(n = 0,1,2, 



126 


THE MOMENT PROBLEM 


[Ch. Ill 


where 


= 0 

Making the change of variable t 1,4t 

4 [ e~ u u 4n+8 sin u du = —2 i 
Jq 

= ~2z 


/4 sin © /4 ) oo) 

(—- CO < t < 0). 

= u, the integrals (2) become 
1)u - e~ (i+ 1 )u ]u An+z du 
(4 n 


= 4 n (4zz + 3)! sin (n + l)7r = 0 (n — 0,1,2, • • •)• 

Thus, all the moments of the function are zero. 

Now suppose 

(n = 0, 1,2, ...)• 

Simple computations show that the function 

a(t) = 0 ( oo < t ~ 0) 

(0 ^ t < oo) 

is then a non-decreasing solution of equations (1). But clearly the 
function 

(-■ ^ 0 ) 

sin (0 S t 

is a distinct non-decreasing solution. This specific example shows that 
a non-decreasing solution of equations (1), if it exists, need not be unique. 
Many authors have studied conditions under which the solution is 
unique, but since we shall have no use for the results in our study of 
the Laplace integral we do not include them here.* The above example 
is due to T. J. Stieltjes.f 

9. The Moment Operator 

We seek next to obtain conditions on the sequence {which will 
insure that the corresponding Hamburger moment problem shall have 

* See, however, section 16 of the present chapter, 
f See Stieltjes [1894] p. J 105. 


a*© - 0 
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at .least one non-decreasing solution. We follow the method of M. 
Riesz [1922]. We begin with several definitions. 

Definition 9 a. The moment M[P(t)] of a polynomial 



with respect to the sequence is 


We regard the definition as defining an operator M which applies 
to any potynomial P(t). This operator is clearly distributive: 

MidP^t) + c 2 P 2 (t)] = cMPM + c 2 M[P 2 (t) ], 

where Ci and c 2 are any constants, Pi(t) and P 2 (t) are any polynomials. 

Definition 96. The sequence is positive if the moment of every 
non-negative polynomial is non-negative. 

If the sequence {/x n }“ is positive we say that the corresponding 
operator M is positive when applied to polynomials. Under these 
conditions we wish to show that the definition of M can be extended so 
as to apply to a larger class E of functions and so as to remain positive 
and distributive. We first define the class E. 

Let {£n}i be the set of all rational numbers arranged in some order. 
The set is of course dense on the interval (~ °°, °°). Let 

h m (t) = 1 (* £ 

= 0 (t> $«). 

Definition 9c. The set of f unctions E is the set of all linear combina¬ 
tions (with real constants of combination) of a finite number of the functions 


The result to be established can now be stated as follows: 

Theorem 9. If {u n }o is a positive sequence, there exists an operator 
M which is applicable to the class of functions E, is positive arid distribu¬ 
tive, and reduces to the moment of a polynomial when applied to a 
polynomial. 

We define the set of functions E\ as the set of all linear combinations 
(with real constants of combination) of a finite number of the functions 

h(t), l, t, i, ■ • •. 
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We further define two constants hi and hi as follows: i 

h = u.b. M[p(t)] 

(tXhiit) 

h = Lb. M[P(t)]. 

hi(t)<P{t) 

In the definition of hi , for example, the notation means the least upper 
bound of all the numbers M[p(t)] for which p(t) is a polynomial less than 
hi(t). We observe that hi ^ hi . For, if 

p(t) < h(t) < P(t) y 

then 

mm ^ mm, 

since M is a positive distributive operator when applied to polynomials. 
Since polynomials p(t) and P(t) certainly exist less than and greater 
than hi(t) respectively, it follows that hi and hi are finite numbers, and 
that hi g h . 

Now define M[h(t)] by the equation 

__ ^ _ hi + hi 

and define M[P(t) + Cihi{t)] for any polynomial P(t) and any real con¬ 
stant Ci by the equation 

M[P(t) + cMt)] = M[P(t)] + cihi . 

It is then clear that M remains a distributive operator when applied to 
functions of Ei . To show that it also remains positive, suppose that 
pit) is a polynomial and Ci a constant such that 

pit) + cMt) ^ 0 • (^ 5 ^ 0) 

If Ci > 0, we have 


By definition of hi and hi , it follow's that 


M[p(t) + Cihiit)] ^ 0. 

A similar proof, using the definition of h , holds when c x < 0. 
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We next define the set E 2 of all functions which are linear combina¬ 
tions of a finite number of functions in E x and hit). We set 

h = u.b. M[fM 
auxm 


- Lb. M[Fi(t)], 

ho(t)<F i(j) 

where fi(t) and Fi(t) are functions of E x satisfying the indicated in¬ 
equalities. Set 


b c 2 h(t)] = M[Fi(t )] + c 2 h 2 

for function Fi(t) of Ei and any real constant c 2 . Just as in the 
preceding case it may be shown that the operator M as now extended 
to apply to functions of E 2 remains positive and distributive. 

It is easily seen that we may continue the process started, thus 
making M a positive distributive operator applicable to the whole set E. 
This completes the proof of the theorem. It should be noted that the 
only use made of the specific properties of the functions {h n (t)\o was 
in noting that it was possible to find a polynomial greater and a poly¬ 
nomial less than each. 

10. The Hamburger Moment Problem 

We are now in a position to solve completely the Hamburger problem. 
Theorem 10. A necessary and sufficient condition that there should, 
exist at least one non-decreasing function a(t) such that 

(1) Mn- fVdaW (n. = 0, 1,2, • • •), 

J— 00 

all the integrals converging, is that the sequence should he positive. 

First suppose that ait) is a non-decreasing solution of equations (1), 
and that P(t) is an arbitrary non-negative polynomial, 

n 

P(t) = 2 ^' 

Then 

M[P{t)] = £ aw = r'P(t)da(t). £ 0 , 

A -=0 ■ J- 00 

so that the sequence {/i n } is positive. That is, the condition is necessary. 
Conversely, suppose that the sequence {/in}” is positive. We shall 
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exhibit a non-deereasing solution a(t) of (1). It is defined at the ra¬ 
tional points by the equations 

«(£») = M[h m {t)\ (m = 0, 1, 2, ■ • 

Then if < £,■, we have from the positive character of M 

hi(t) g h t {t) 

«(fc) g <*(£,•). 

That is a(t) is non-decreasing in so far as it has been defined. To com¬ 
plete the definition, let n be an arbitrary irrational number, and let 

f = l.b. a(£ m ) 

? = u.b. a(f») 


Since a(£) is non-decreasing on the rational points it is clear that f 
is not greater than f and that a(t) as now completely defined is non¬ 
decreasing. 

Let n be an arbitrary positive integer. We wish to prove that for 
this n 

fin = [ f da(t). 

J— OO 

Since a(t) is non-decreasing, it will be sufficient to show that to an 
arbitrary positive e there corresponds a positive T 0 such that for every 
pair of rational numbers Ti and T 2 greater than T 0 

( 2 ) | f t n da(t) — fi n < 

Let m be an integer such that 2m > n. Set* 


* Since t 2m ^ 0 we have M 2 m ^ 0 . We may assume that ^ 0 > 0, for if /* 0 — 0 
all the }i n are zero and a(t) = 0 is a solution of our problem. To show that m = 0 
we have from the fact that (x + c) 2 ^ 0 for any c that 2c^i 4- M 2 ^ 0. This is 
only possible if jii = 0. Again since (rr 2 + c) 2 ^ 0 we have 2c/j.2 + tn ^ 0 whence 
H 2 = 0. By considering successively the polynomials ( x 2 + cx ) 2 , ( x z + err) 2 , 
(rc 3 -|- err 2 ) 2 , (rr 4 -f err 2 ) 2 , • • • we see that all the fi n are-zero. 
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and determine T 0 such that 

0) in < (Ml > r 0 ). 

Choose Ti and T 2 any two rational numbers greater than T 0 . Divide 
up the interval ( — T 1 , T 2 ) into p sub-intervals by rational points 
ti • 

to = -Ti < ti < #2 < <t p = Tz, 

choosing p so large and the sub-intervals so small that the oscillation 
of t n in each sub-interval is less than e' and such that 

( 4 ) P £t?MU + J-*(k)]- fV 

i= 0 J-Ti 

This is possible by the uniform continuity of t n and by the definition 
of the Stieltjes integral. 

Next define a function V(i ) as follows: 

V(t) = 0 

= ti+i u+i ! f ~ ij *“ t v -0* 


Then 


7(0 = 


P-1 


i— 0 


and 


- t 


n 


by (3). Also 

| 7(f) -t n \£ _ 

i=0 

so that 

-t n \S t't 2v (“°° 00 )• 

Now V(t) certainly belongs to one of the sets Ej, so that the operator 
M is positive and distributive as applied to V ( t ). That is, 

(5) 2* 


p-i 


But 
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Combining (4) and (5) we obtain (2), which is what we set out to 
establish. 


11. Positive Definite Sequences 

We further classify positive sequences into 'positive definite and 
positive semidefinite sequences. 

Definition 11a. .4 sequence {ju n }o is positive definite if the moment 
of every non-negative polynomial which is not identically zero is greater 
than zero. 

Definition 116. A sequence {/!„}* is positive semidefinite if it is 
positive and if there exists a non-negative polynomial not identically zero 
whose moment is zero. 

For example, the sequence {?*!}“ is positive definite since the relations 
P(t) ^ 0 P(t) 0 

imply 

M[P(t)] = fp(0^>0. 

Jo 

The sequence 

1 , 0 , 0 , • • • 

is positive semidefinite since in this case 

M[P(t)] = P(0) § 0 
M[t 2 ] = 0 

Observe that a positive sequence is either definite or semidefinite. 

We wish to characterize these two cases by conditions on the sequence 
Un}?. We shall need: 

Lemma 11. Every real non-negative polynomial is the sum of the 
squares of two real polynomials. 

Since the polynomial is real its imaginary roots, if any, occur in con¬ 
jugate imaginary pairs. The degree of the polynomial must be even 
or zero. Hence its factored form must be 

71 m 

XI [(X — CLi)" + ft] XX — 7iY, 

0 i =*0 

where a<, ft, y t are real numbers. By use of the trivial identity 




§11] 


POSITIVE DEFINITE SEQUENCES 


133 


we have 

[{x — on)' + fi 2 i][(x — a,) 2 + $] = [(x — cti)(x — a,) — /3i/3j] 2 ' 

+ Ifii (x — oti ) + — a,)f. 

That is, the product of the sum of two squares by the sum of two squares 
is the sum of two squares. Repeated application of this result proves 
the lemma. 

Theorem 11. A necessary and sufficient condition that the sequence 
should be 'positive definite (semidefinite) is that the quadratic forms 

n n 

( 1 ) (» = 0 , 1 , 2 , -••) 

i—0 j—0 

should he positive definite (semidefi?iite *). 

First suppose that the quadratic forms (1) are all positive (definite 
or semidefinite). Let P(t) be an arbitrary non-negative polynomial. 
By the lemma it is the sum of the squares of two other polynomials 
Pi(0 and P«(t): 

n m 

Pft) = E ait\ Pi{t) = E ftf* 

1=0 t=0 

so that 

EE 

i=0 j=0 

which is non-negative by hypothesis. Hence {p n }o is positive. Next 
suppose that the forms (1) are positive definite. That is, no form can' 
vanish unless all of its variables vanish. Then if the polynomial P(t) 
above is not identically zero the a; and & are not all zero from which 
we see that M[P(t)] is actually greater than zero, and the sequence 
{ju n j is positive definite. 

Conversely, suppose that { } ? is a positive definite sequence. Let n 

be an arbitrary positive integer and £o, £i ,•■*,£» arbitrary constants 
not all zero. We wish to show that 

n n 

E E > 0- 

i=0 i=0 

This follows from the definition of a positive definite sequence, since 
the polynomial 


* By this we mean that all of the forms are positive and at least one of them 
is semidefinite. 
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is non-negative and not identically zero. If the sequence {#„}? is 
only known to be positive then we have 

- Ijit -h • • • fi- = 23 23 Mi+j£»£j = 

t'=0 3=0 

so that the forms (1) are at least positive (definite or semidefinite). 
Since a positive sequence or form is either definite or semidefinite, this 
completes the proof of the theorem. 

Corollary 11. Any completely monotonic sequence is a positive 
sequence. 

For by Theorem 4a the completely monotonic sequence {^io 0 has 
the integral representation 

p n = J t n da(t) (n — 0 , 1 , 2 , * - •), 

where a(t ) is non-decreasing. Hence the quadratic forms 

23 ± = f 1 (23 tuf doc(t) (» - o, i, 2 ,...) 

i—0 3=0 JO V-0 / 

are clearly positive. 


12. Determinant Criteria 

We next investigate the effect of the definite or semidefinite character 
of a moment sequence on its integral representation. 

Theorem 12a. A necessary and sufficient condition that there should 
exist a non-decreasing function a(t) with infinitely many points of increase 
(with a finite number of points of increase ) such that 

(1) [ t n da(t) (n = 0,1,2,...) 

J—oo 

is that the sequence {jurt} o 3 should be positive definite ( semidefinite ). 

We show first that if there exists a non-decreasing solution a(t) of (1) 
with but a finite number of points of increase to, h , • - • } t m , then the 
sequence {ai„}o is positive semidefinite. This follows since 

(t-t m ) 2 } 

— [ — ioY(t ~ £i) 2 — (t ~ L) 2 da(t) = 0. 

Conversely, if the sequence [m*}o is positive semidefinite it has a 
representation (1) with non-decreasing oc(t) by Theorem 10 If a{t) 
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had infinitely many points of increase, then for every non-negative 
polynomial P(t) not identically zero we should have by Theorem 7c 
of Chapter I 


M[P(t)] = f P(t)da(t) 

J— 00 


contrary to hypothesis. Hence a(t) has but a finite number of points 
of increase. By virtue of Theorem 10 and of the fact that every posi¬ 
tive sequence is either definite or semidefinite the proof is com¬ 
plete. 

Theorem 12a a gives us another proof of Corollary 11. For,, a com¬ 
pletely monotonic sequence has, by Theorem 4 a, the representation (1) 
with a(t) non-decreasing in (0, 1) and constant elsewhere. 

Another result of the same nature, but less useful since it has no 
counterpart for the positive semidefinite case is contained in: 

Theorem 126. A necessary and sufficient condition that equations (1) 
should have a non-decreasing solution a(t) with infinitely many points of 
increase is that * 


(2) mo > 0, 


Mo 

Mi 

Mi 

M2 


Mo Ml M 2 
Ml M2 ms > 0 
M2 M3 M4 


This follows at once from Theorem 11 and a familiar necessary and 
sufficient condition from algebra that a quadratic form should be posi¬ 
tive definite.! 

It is clear further that if equations (1) have a non-decreasing solution 
a{t) with a finite number of points of increase then the determinants (2) 
are j>ositive or zero. For this is true if the forms §11 (1) are all positive 
(definite or semidefinite). But it is not true conversely that equations 
(1) have a non-negative solution whenever determinants (2) are non¬ 
negative. For example, if 


(1 (n = 0, 1, 2, 3) 


* These determinants are called Hankel determinants, having been introduced 
by H. Hankel [1861] in his thesis. 

t For a simple proof of the theorem in question see L. M. Blumenthal 
[1928]. 
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we have 

mo > 0, 


\Po 

! 

P l 

P2 


1 Ml 

; 

P2 

Pz 

= 0, 

i 

J M2 

Pz 

PA 


successive determinants 


Mo 

Pi 

= 0, 


pi 

P2 



PO 

Pi 

M2 

PZ 

Pi 

M2 

Pz 

Pi 

M2 

PZ 

PA 

pz 

Pz 

PA 

PZ 

MR 


zero. But the quadratic form 


E E MM 

1=0 2=0 

is neither positive definite nor positive semidefinite. For it reduces to 
— 1 when 

(o = -1, £i = 0, fe = 1, 

Hence by Theorems 10 -and 11 equations (1) can have no non-decreasing 
solution a(t). 


13. The Stieltjes Moment Problem 

The Stieltjes problem may be treated as a special case of the Ham¬ 
burger problem. 

Theorem 13a. A necessary and sufficient condition that there should 
exist a non-decreasing function a(t) such that 

(1) i t n da(t) (n = 0,1,2, 

the integrals all converging , is that the sequences {/i*}? a nd {p n }i should he 
positive . or that the quadratic forms 


(2) 

E 

(n = 0, 1, 2, - 


i= 0 3=0 

(3) 

n n 

EE 

t=0 3"=0 



should be positive (definite or semidefinite *). 

The equivalence of the two forms of the condition is apparent by 
Theorem 11. We prove the result in the latter form involving quadratic 

* See the footnote to Theorem 11. 
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forms. For the necessity, let the sequence (m»}<? have the form (1) 
By Theorems 10 and 11 the forms (2) are positive, since we may regard 
a(t) as constant in the interval (— «, 0). Furthermore, 

Mn+i = f t n d/3(t) 

Jo 

= f uda(u) (t ^ 0). 

Jo 

Since f$(t) is also non-decreasing, Theorems 10 and 11 show that the 
forms (3) are also positive. 

Conversely, let the forms (2) and (3) be positive. Consider the new 
sequence {?„}" where 

Pin = Mn (jt = 0, 1, • • *) 

= 0 (ft = 0, 1, 

Now if ft is odd 


E E 

' t =0 3=0 

and if n is even 

n n 
2 2 

£ £ v i+2~ £ £ 'i “b 

»=0 3=0 i ==0 3'=0 t =0 3=0 

This shows that the sequence {iv}” is positive, and hence by Theorem 
10 that there exists a non-decreasing function /3(f) such that 

(n = 0, 1, 2, 

or that 



(4) 

Set 



(» = 0 , 1 , 2 , •••)• 


This function is odd and also satisfies equations (4) It is non¬ 
decreasing. Set a(t ) = 2y(f 1/2 ) (t S 0) Then 


t in dy(t) = 
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by an obvious change of variable. But since y(t) is odd, this gives 

ju„ = 2 f t n dy{t) (n = 0,1,2,... 

Jo 



= [ t n da(t). 

Jo 

Since a(t) is non-decreasing in the interval 0 ^ t < we have the 
desired result. 

It is now clear that we also have the following results. 

Theorem 136. A necessary and sufficient condition that equations (1) 
should have a non-decreasing solution ait) with infinitely many 'points of 
increase is that the forms (2) and (3) should all be positive definite or that 
the determinants 


(5) 


Mo 

Mi 

Mi 

M2 

Mi 

M2 

M2 

JJ.Z 


MO 

Ml 

M2 

Mi 

M2 

Ms 

M2 

M3 

M4 

Ml 

M2 

M3 

M2 

M3 

M 4 

M3 

M4 

Ms 


should all be greater than zero. 

Theorem 13c. A necessary and sufficient condition that equations (1) 
should have a non-decreasing solution a(t) with a finite number of points 
of increase is that the forms (2) and (3) should all be positive , at least one 
of them being positive semidefinite. 

We observe that it is not sufficient that the determinants (4) should 
be all non-negative. 


14. Moments of Functions of Bounded Variation 

From analogy with the Hausdorff problem one might expect that it 
would be desirable to consider the Hamburger and Stieltjes problems 
for the case in which a(t) is of bounded variation on the appropriate 
infinite interval. R. P. Boas* [1939] has observed that in this case there 
is no problem, that every sequence leads to a soluble Stieltjes or Ham- 

* For references to this unpublished result see J. Shohat [1938] and G. Polya 
[1938]. 
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burger problem if we regard any function of bounded variation as a 
solution. We give the proof of Boas. It will of course be sufficient to 
consider the Stieltjes case. 

Theorem 14. The equations 

Un = f t n da(t) (n - 0, 1, 2, - • •) 

Jo 

always have a solution a(t) of hounded variation for which 

[ | da(t) | < co. 

Jo 

We set up two other sequences {X n )“ , {v n }o\ such that 

( 1 ) Un = Xn — Vn 

(2) Xn = f t n dfi(t) 

Jo 

( 3 ) (n - 0 , 1 , 2 , 

where /3 (t) and 7 (t) are bounded non-decreasing functions. First choose 
X 0 , Xi, vo 7 n as any positive numbers satisfying ( 1 ). Now proceed by 
induction. Suppose we have already determined X*, v k for k ~ 
0 , 1 , 2 , • • • , 2n — 1 so that ( 1 ) holds and so that the determinants 

Xo 

[Ao,Xi, Xl 


(4) 


Xi X2 


[Xl, X2 , * * • , X2fc+l] — 


X3 - • • Xfc+2 


(5) [vo , V! , - . • , Vftk], 

are positive for k = 0 , 1 , • • • , n — 1 . We now define X2 n , n n , X2»+i, 

vzn+i ■ We have with undetermined X 2n 

(6) [Xo , Xl , • • * , X2n] — X2n[Xo , Xi , * • ■ , \ 2 n~ 2 ] + P, 

where P is a polynomial in X 0 , Xi, • • • , X 2n _i ; and similarly for 

[ro, v\, * • * , V2 »]. Since [Xo, Xi, • • • , X 2 n -2] and [ro, vi, • * • , V2n-2] are 
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both greater than zero we can choose X 2n and v 2n positive and so large 
that X 2 » — nn = M 2 n and that, 

[Xo , Xi , • - * , X 2 »] >0, [vq , VI , • • • , V %»] > 0. 

Now observe that ( 6 ) holds with all subscripts increased by unity, P 
now being a polynomial in Xi, X*, • • * , X 2 « , a similar equation holding 
for the vk - With X 2n and v 2n now determined we proceed exactly as 
above to determine X 2 »+i and y 2 «+i. This completes the induction. 
But by Theorem 136 if the determinants (4) and (5) are positive for k = 
0 , 1 , 2 , • •. equations ( 2 ) and (3) have bounded non-decreasing solutions 
@(t) and 7 (t) respectively, so that when a(t) is defined as &{t ) — 7(0 our 
proof is complete. 

In section 8 we gave the example of Stieltjes to show the existence of 
a function, not a constant, all the moments of which are zero. This 
also follows from Theorem 14. For, by this result, there exists a non¬ 
constant function ait) such that 


I fda(t) = 1 (n = 1) 

0 

= 0 (n = 0, 2, 3, 4, - 

f | da(t) | < 00 . 


Setting 

m = 

we have 

f t n dfi(t) = [ t 2n dait) — 0 in “ 0 , 1 , 2 , * * •). 
J 0 Jo 

The function /?(£) is the example required. 

16. A Sufficient Condition for the Solubility of the Stieltjes Problem 

By a slight modification of the method employed in Section 14 Boas 
showed that any sequence which increases sufficiently rapidly leads to 
a soluble Stieltjes problem [with non-decreasing <*(£)]. More precisely, 
the result is: 

Theorem 15. If 


(1) 

MO = 1 > Mn ^ (ftMn-l ) 71 

(n = 1,2, ■■■ )., 

then the equations 

Mn = [ t n da(t) 

Jo 

'S' 

1! 

0 

1 


have a non-decreasing solution a(t) 
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An example of a sequence satisfying (1) is m = 1, = n"” for n — 

1, 2, • • • . As in the previous section 

2n—1 

(2) ftn] = ' X 

where the Dk are n-rowed minors of [mo , mi , • • • , /**»] not containing 
M i n . Similarly 

■ 2 n 

(3) [Mlj M2? * ' • j M2n+l] = M2n+lUlj M2 j ’ * * > M2n-l] + X) ± M&ttfc, 

Jfc=S»+l 

where the D' k are crowed minors of [mi , M 2 , • • • , M 2 n+i] not containing 

M2n+1 • 

Suppose that for k ^ m — 1 we have showed that 

(4) [mo , mi , • *: , M2fe] SI, [mi , M 2 , • • •, m+i] S 1. 

We will prove the same inequalities for k = m. By (1) we see that the 
sequence {m*}* is non-decreasing and hence that no element of the 
sequence is less than unity. Hence 

>2(" (»- 2,3,...). 

In particular 

(n = 1 , 2, ...) 

(n- 1, 2, ...)• 

The elements of D k are not greater than M 2 m-i and those of D& not greater 
than /i 2 m when A: ranges over the integer indicated in the summations 
(2) and (3). By Hadamard’s upper bound for a determinant 


D*| 


(A: = m, m + 1, •••,2m— 1) 

'Dil 


(k = m + 1, m + 2, •• - • , 2m). 


Hence 

2m—1 

E 

kmmm, 

2m 


n+2 


(5) 


n+2 


n+ 1 


n+2 
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so that by (2) and (3) 

7rt-f*2 

0, Ml) * • * 7 M2m] ^ M2m — ^ 2 




But- b} r (5) we see that (4) is established for k = m. By induction (4) 
now holds for all k, and by Theorem 13b the Stieltjes moment problem 
corresponding to the moments (1) has a non-decreasing solution a(t). 
The theorem is thus established. 

16. Indeterminacy of Solution 

Making use of the previous result Boas showed further that any se¬ 
quence of sufficiently rapid growth leads to a Stieltjes problem which 
has more than one non-decreasing solution. 

Theorem 16. If 

Ao ^ 1 

X 2 £: (2Ai + 2) 2 

X n ^ (n\»- 1 )" (» = 1, 3, 4, 5, • • • ) 

Mn = Xgn (n = 0, 1, 2, • • • ) ; 

then there are at least two essentially distinct non-decreasing functions a{t) 
such that 

(1) jun = [ t n da{t) (n- 0,1,2,...). 

Jo 

For, by Theorem 15 there exists a function p(t) which is positive, 
non-decreasing, and such that 

An = f fdp(t) o n = 0, 1, ...), 

Jo 

whence 

Hn= ( fdp (??) (n = 0, 1, 2, ...). 

Jo 

Next let {?*}? be a sequence which is identical with the sequence {\ n \o 
except that= Xi + 1. Then 

*» (nv r i) n (n = 1, 2, 3, - -. ). 

This is obvious if n is neither 1 nor 2. But 


Ai + 1 — vi ^ vo = Ao 


V2 — A2 ^ (2^1) — ( 2 Ai -J- 2 ) 2 . 
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Hence by Theorem 15 there is a positive non-decreasing function 7 (£) 
such that 

*. “[ t n =0,1,2,-..) 

Jo 

Mn = f f 

Jo 

Clearly is essentially distinct from y(t U2 ), for otherwise we should 
have 

/■ 

Jo 

which is impossible since v\ and Xi are not equal. 



CHAPTER IV 

ABSOLUTELY AND COMPLETELY MONOTONIC FUNCTIONS 

1. Introduction 

Absolutely monotonic functions were first introduced by S. Bern¬ 
stein [1914] as functions which are non-negative with non-negative de¬ 
rivatives of all orders. He proved that such functions are necessarily 
analytic. He showed later* that if a function is absolutely monotonic 
on the negative real axis then it can be represented there by a Laplace- 
Stieltjes integral with non-decreasing determining function, and con¬ 
versely. Somewhat earlier F. Hausdorff [1921a] had proved a similar 
result for completely monotonic sequences (see Chapter III), which 
essentially contained the Bernstein result.f Bernstein was evidently 
unaware of Hausdorff’s result, and his proof followed entirely inde¬ 
pendent lines. The author [1931] later gave an independent proof of 
the theorem without knowing of Bernstein’s w r ork. 

2. Elementary Properties of Absolutely Monotonic Functions 

We give first Bernstein’s, original definition. 

Definition 2a. A function f(x) is absolutely monotonic in the interval 
a < x < b if it has non-negative derivatives of all orders there: 

(1) f lk) (x) ^ 0 (a < X < 6 ; k = 0, 1, 2, ... ). 

Definition 26. A function is absolutely monotonic in a S x S b 
(a £ x < 6 ,or a < x ^ 6 ) if it is continuous there and satisfies ( 1 ). 

It is clear that if f(x) is absolutely monotonic in a < x < b that 
f(a+) exists. If f(x) is defined to be/(a+) when x = a then it becomes 
absolutely monotonic in a g x < b. But a similar situation does not 
obtain when a; = 6 . The function f(x) = —x~ x is absolutely monotonic 
in the interval — <*> < x < 0 but not in — oo < x ^ 0 . 

We list a number of examples, giving the regions in which the func¬ 
tions are absolutely monotonic. 

1 . f(x) = C ^0 (—co < x < oo) 

n 

2 . f{x) = £ a k x k (a k ^ 0 ) (0 ^ x < ») 

k=0 

* S. Bernstein [1928] p. 56'. 

f Compare also F. Hausdorff [19216], Theorem III, p. 287, from which the 
theorem could easily be derived. 
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3. f(x) = X UkX k < co (0 ^ i | p, a t i 0) (0 ^ x ^ p) 

fc =0 

QQ 

4. /O) = £<&(-l) i ar"*<oo (-00 <x< -c<0, a* £ 0) 

fc =0 

(—CO < £ < —c) 

5. /Or) = f e xi da{t) < co (a(0t-, — =° < x < — c) 

Jo 

• (— co < x < —c) 

6. f(x) = -log (-x) ■ (-1 ^ x < 0) 

7. /(x) = sin” 1 x (0 g x g 1). 

The last example shows that an absolutely monotonic function in 
(a S x ^ 6) need not have a left-hand derivative at 6. The following 
elementary theorem is easily established. 

Theorem 2a. If /i(x) and / 2 (x) are absolutely monotonic in a < x < b 
then the following functions are also: ‘ 

(ai ^ 0, a 2 ^ 0) 


If, in addition, a < / 2 (x) < 6 , /i(/ 2 (x)) is absolutely monotonic in 

a < x <b. 

As examples of the last part of this theorem we see that the functions 
e eX and e~ llx are absolutely monotonic for all x and for all negative x 
respectively. 

We next introduce completely mono tonic functions as the continuous 
analogues of HausdorfFs completely monotonic sequences. 

Definition 2c. The function /(x) is completely monotonic in (a, b) if 
and only if /(—x) is absolutely monotonic in (— 6 , —a) 

It is obvious that such a function satisfies the inequalities 

(~l)Y k \x) A 0 (a < x < b). 

Theorem 26. If fi(x) is absolutely monotonic in a < x < b, if / 2 (x) 
is completely monotonic there, and if a < / 2 (x) < b, then fffzix)) is com¬ 
pletely monotonic there. 

It must not be supposed that a completely monotonic function of such 
a function has the same property; Thus if /i(x) = x ” 1 and/ 2 (x) = x“ 2 , 
both functions being completely monotonic for 0 < x < <x> we have 
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= £ and fi(fiix)) = 1 , of which the second function is com¬ 
pletely monotonic in 0 < x < co f the first is not. 

3. Analyticity of Absolutely Monotonic Functions 

We now show that any completely or absolutely monotonic function 
is necessarily analytic. It will be sufficient to treat one of these classes 
of functions. 

Theorem 3a, If f(x) is absolutely monotonic in a ^ x < b, then it can 
be extended analytically into the complex z-plane (z — x + iy), and the 
function f(z) will be analytic in the circle 

\z — a \ < b — a. 

It is clear that at x — a the function f(x) has right-hand derivatives* 
of all orders at x = a, which we denote by f k \a) for k = 1 , 2 , 3 , - • * . 
Then by Taylor's formula with exact remainder 

( 1 ) f(x) = f(a ) +/'(a)(* - a) + • ■ • +f M (a) — r + R n (x) 

nl 

Rn(x) = )dt 

J a nl 

= - f 1 (1 - t) n f n+1) (a + [x-a] t) dt. 

nl Jo 

Since f n+2) (x) is non-negative by hypothesis, it is clear that 
/ Cn+1) (a + [x — a]t) is a non-decreasing function of x when t is fixed, 
so that if a tk x ^ c < b } we have 

0 £ Rn(x) g ~ -^- n+1 [' 1 (1 - 07 <n+l> (« + [c - a] t ) dt 
n l Jq 


Hence 

lim R n (x) = 0 

* This of course involves a definition of successive derivatives at x — a. For 
example, we know at once that/(a) = lim /(a -f 5), that lim/(a + 8) exists. 
If we define/'(a) as this limit it is clear by the law of the mean that /'(a) is the 
right-hand derivative of f(x) at x = a and that f f (x) is continuous in the interval 
a ^ x < b. In this way we can proceed step by step to the definition of any 
derivative at x =* a. 
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and since c is arbitrary 


n=0 ' n\ 

We have only to define/(z) = /( x + iy) as 

t f n \a) , 

n\ 

to complete the proof of the theorem. 

Corollary 3a. If f(x) is absolutely monotonic in (a, b) and is zero 
at x = c > a, then it is identically zero. 

As a special case of the theorem we may have a = — oo. Then f(z) 
is analytic in the half-plane x < b. We observe that although Theo¬ 
rem 3a shows the possibility of the analytic extension of f(x) leftward 
on the £-axis to the point x — 2a — b there is no guarantee that f(x) 
will be absolutely monotonic in the enlarged interval. For example 
sin -1 x is absolutely monotonic in ( 0 , 1 ) but not in ( — 1 , 0 ). 

Theorem 36. A necessary and sufficient condition that it shoidd be 
possible to expand the function f{x) in a series of powers of (x — a) con¬ 
verging for a S x < b is thatf(x) should be the difference of two functions 
absolutely monotonic in a ^ x < b. 

That the condition is sufficient is evident from Theorem 3a. That 
it is necessary is evident from the equations 

f(x) = Y a n (x - a) n = Y \ an \ (x - a) n — (| a» | — a n )(x - a) 71 . 

»=0 Ti =0 n— 0 

4. Bernstein’s Second Definition 

We may introduce an equivalent definition of absolutely monotonic 
functions making less continuity requirements. This is also due to S. 
Bernstein [1914]. 

Definition 4. A function f(x) is absolutely monotonic in a ^ x < b 
if and only if 

= g (—+ m sto 

for all non-negative integers n and for dll x and h such that 


Until we shall have established the equivalence of the two definitions 
we shall say that a function satisfying the conditions of Section 2 is 
absolutely monotonic (Z)), while the function of Definition 4 will be 
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called absolutely monotonic (A). We begin with certain preliminary 
results. 

Theorem 4. If f(x) is absolutely monotonic (A) in a x < b it is 
non-negative , non-decreasing, convex , and continuous there. 

The first two conclusions follow from ( 1 ) with n = 0 and n = 1 
respectively. The function f(x) is convex in a ^ x < b if for any 
points x and y of that interval 

, fiy) 

2 ‘ 

But this follows from ( 1 ) with n = 2 . Finally, let x 0 be an arbitrary 
point of a < x < b. Since fix) is non-decreasing it has limit values on 
the right and left and 

f(x o-) ^ f(x o) ^ /(xo+) 

But for h sufficiently small 

2/(x 0 + h) g /(*o) + fix o + 2A) 

2 /(zo) ^ /(m 0 + h) + /(m 0 - A), 

whence 


2/(m 0 ) A /(x 0 +) + 

fix o+) ^ /(m 0 —). 

From these inequalities the continuity of f(x) at x 0 is apparent. A 
similar proof holds if m 0 = a. 

Corollary 4. If a £ ft < ft < ft < b, then 

ft 1 

( 2 ) /(ft) ft 1 ^ 0. 

ft 1 

This is a familiar consequence of the convexity of fix) For complete¬ 
ness we include the proof. Set ft - ft = h and 

** = ft + - h (k = 0 , 1 , • • •, n) 

Ti 

for an arbitrary positive integer n. Then 

(3) 0 g fix i) - fix 0 ) g /(x s ) - f(x i) g . 
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by the definition of convexity. The average of the first m terms 
(m < n) of this sequence is clearly not greater than the average of the 
next n — m terms. That is 

/OP ~ fjx 0 ) ^ fjx n ) ~~/fen) 
m “ n — m J 

or 


.mh/n (n — m)h/n 

Now let n and m become infinite in such a manner that 


n 

Then by the continuity of f(x ) 


which is equivalent to (2). 

5. Existence of One-sided Derivatives 

We can now show that/fe has a right-hand derivative and a left-hand 
derivative, which we denote by f T (x) and f[(x) respectively. 

Theorem 5. If fix) is absolutely monotonic (A) in a g x < b and if 
a < x < y < b, then right - and left-hand derivatives of f(x) exist and 


To prove this we have from Theorem 4 and Corollary 4 that 

(1) 


fix - <$ 2 ) - fix) 


( 2 ) 


-62 


(0 < h < 82), 

fix + h) - fix) 


Inequalities (1) show the existence of f r ix). Inequalities (2) show the 
existence of fiix) and that 
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The second of the required inequalities is proved by another applica¬ 
tion of Corollary 4. Since (1) holds also for x = a, the existence of 
f T (a) is also assured. 


6. Higher Differences of Absolutely Monotonic Functions 

We next show that a difference of f(x) of any order, A k f(x), is a non¬ 
decreasing function of x. 

Theorem 6 . If f(x) is absolutely monotonic (A) in a ^ x < b, and if 
a < x < y < b, then 

Aim ^ Aim, 


where for a given integer k , the number h must be chosen so small that 

y -(- kh < b. 

We first prove the identity 

A h f(x) = 2 Ah/nf (x + —Y 
This follows from the equations 

n —1 


~±f(x + f)- n tf(x + f) 

<=i \ n J i=o \ n J 


= fix + h) - f(x). 

Repeated application of this identity gives 

Ahf(x) = Z Z •** Z Ah/nf (x + [4 + 4 + + 4] -V 

t 1= =o i2==o u=o \ n/ 

Now apply the difference operator A^ /n to both sides of this equation 
and obtain 

A h/n Aim = S * * * S A I7lf(x + [4 + 4 + • • * + 4] — V 

»i==o <2=0 <^s=o \ nf 

The right-hand side is positive since f(x) is absolutely monotonic. 
Hence 

A a/ „A lf{x) = A l h f(x +fj~ a if(x) S: 0. 

Applying this result successively we obtain the inequalities 
A{/(*) 3a A L h f(x A k h f(x + .... 
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Hence for any positive integer m we have 

^kf(x) ^ Atf(x+~y 

Now allowing m and n to become infinite in such a way that x + mrC l h 
tends to y, we have the desired result. 

7. Equivalence of Bernstein’s Two Definitions 

We are now able to show the equivalence of Definitions 26 and 4 . 
Theorem 7. A function f{x) is absolutely monotonic (Z>) in a S x <6 
if and only if it is absolutely monotonic (A) there. 

That ( D ) implies (A) is obvious by use of the law of the mean. 
Conversely, if /(x) is absolutely monotonic (A), then by Theorem 5 
the left-handed derivative f[{x) exists in a < x < b. It is itself abso¬ 
lutely mono tonic (A) in a < x < b since by Theorem 6 

A if(x - 8) g A£/(x) (a < x — 5 < x < b), 

AE/ ( a ; —S) -/(*) 0 

— 6 

( 1 ) 

Hence by Theorem 4 f[ {x) is continuous. By Theorem 5 

fi(x) ^ /'Or) ^ f'i(y ) (X < y). 

Allowing y to approach x , we obtain 

f'r(x) =/z(x), 

so that/'(a;) exists in a < x < b and by (1) is absolutely monotonic (A) 
there. Applying this result to fix) we see that/"(z) exists and is abso¬ 
lutely monotonic. In this way we see that all derivatives of f{x) exist 
in a < x < b and are all non-negative there. By a remark following 
Definition 26 it is clear that /(x) is absolutely mono tonic (D) in 
a ^ x < 6 . 

Corollary 7. If the functions 

u n (x) (n = 0, 1 , 2, • • • ) 

are absolutely monotonic in a S x <6 and if 

OQ 

fix) = 22 Unix), 

7l==0 

the series converging there , then f(x) is absolutely monotonic there. 
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For we clearly have 

A k f(x) = £ A*u»(a:) SO (Jo = 0, 1, • • •, a g x < b), 

71=0 

provided only the points of subdivision of (a, b) involved in the com* 
putation of A k f(x) should all lie in [a, b). 

8 . Bernstein Polynomials 

Before taking up a third equivalent definition of absolutely mono¬ 
tonic functions, we must first discuss in further detail the polynomials 
of Bernstein defined earlier: 

B P if] = £ j(f) w*) 

m=0 \P/ 

KM = (1)^1-*)-. 

Lemma 8. If p is any positive integer , then 

V 

px(l - x) = Y (px — m) 2 \p, m (x). 

771=0 

To prove this differentiate the identity 

[e* + (1 - x)Y = £ ( P )e my (l - x) v ~ m " 

7n=o \m/ 

twice with respect to y and set y = log x. We thus obtain 

V 

1 ~ ^ ^ X p,m(x ) 

771=0 

V 

px = X) wXp, m (x) 

771=0 

V 

px + p(p - l)x 2 = y m 2 X p , m (x). 

771=0 

Multiplying the first of these three equations by pV, the second by 
—2px, and adding their sum to the third gives the desired identity. 
Theorem 8. If f(x) is continuous in 0 :§ x ^ 1, then 

lim B p [f] = /(*) 

p—*QO 


uniformly in that interval. 
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For a fixed x of (0, 1) and a fixed positive integer p set 
6j,0) = max f(x) - f (^j 

where the maximum is taken for all those values of m for which 

171 —1/4 

- - * < V 
V 

By the uniform continuity of fix) it is clear that numbers e i? exist such 
that 

€rj(x) < 6 p (0 g X g 1) 

lim e p = 0. 

p —*■00 

Now 

fix) - B p [f) = Y' [fix) - f^ix) 

+ Z"[f(x)-f(j)]\Ux), 

where the first summation is over all integers from 0 to p inclusive for 
which | m — px | ^ p 3/4 and the second summation is over the remainder 
of those integers. If 

M = max |/(x) |, 

Oga^l 

we have 

I fix) - B p [f) I < S' ^Ax) + 2M Y” X P ,m(x). 

The first sum on the right is hot greater than e p . For the second we 
have by Lemma 8 

p m Y" \,m(x) < Y ( m ~ px) 2 \j,, m (x) = px(l - x) s 7 

m=0 4 

— 1/2 

Y " Km(x) < ■ 

That is | f(x) — i? p [/] | is less than a function of p which tends to zero 
as p becomes infinite. This proves the theorem. 

We note in passing that the Weierstrass approximation theorem for 
continuous functions is n corollary to the present result. 
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9. Definition of Grass 

We come next to a definition introduced by G. Grass [1935]. 
Definition 9. A function fix) is absolutely monotonic in 0 i i 5 1 
if it is continuous there and if all the entries in the following table are non- 
negative for each positive integer n: 


m 


f 



f 



A/(0) 

A 2 /(0) 



a7(o), 


/(D 

where 

A fix) = f (x + - f(x). 

It is easy to see how the definition should be modified to apply to an 
arbitrary finite interval. For the present we shall say that a function is 
absolutely monotonic (G) when it satisfies Definition 9. 

Theorem 9a. A function is absolutely monotonic (G) in (0 ^ x ^ 1) 
if and only if it is continuous there and for each 'positive integer n 

m £ 0, A/(0) ^ 0, • • • A7(0) ^ 0. 

That is, it is sufficient (and clearly necessary) that the elements in 
the top side of the above triangular array should all be non-negative. 
This follows since 

Theorem 9b. A function is absolutely monotonic (G) in 0 g x ^ 1 if 
and only if it is the uniform limit of a sequence of polynomials with non¬ 
negative coefficients. 



§ 10 ] 


BERNSTEIN AND GRUSS DEFINITIONS 


155 


First suppose that f(x) is absolutely monotonic. Then 

s -SCO' (?) ICr) 
© 4 CM?)=§(£>' 


(-i)V 


= E< 

&=0 


mx\ 


That is, the Bernstein polynomials of an absolutely monotonic function 
have non-negative coefficients. By Theorem 8 the first half of our 
theorem is proved. 

Next suppose that to an arbitrary positive e there corresponds a 
polynomial 

N 

g(x) = Z c k x k (a ^ 0, fc = 0, 1, • • •, N), 

fc =0 

such that 


I /(*) - ffO) I < e 


(Oilg 1). 


But from this inequality follows 


| A tf(x) - A tg(z) \<2\ (n * 0 , 1 , 2 , ... ) 


provided only that the points x, x + 5, • * * , x + nb all lie in ( 0 , 1 ). 
Suppose fix) were not absolutely monotonic. Then we could find an 
integer \ such that 

A x /(0) = -l- < 0. 

Since A x g(0) ^ Owe have 

(1) I A X /(0) - 

for any g(x) with non-negative coefficients. Now choose e < Z 2 2 _(X+1) 
Then 


IA x /(0) — i .... a 

But this contradicts (1) and our theorem is proved. 

10. Equivalence of Bernstein and Griiss Definitions 

We can now show the equivalence of the Griiss definition with that 
of Bernstein. 
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Theorem 10. *4 function f(x) is absolutely monotonic (G) in 0 ^ x S 1 
if and only if it is absolutely monotonic (A) or (. D ) there. 

That (A) or (D) implies (G) is trivial. 

Conversely, we need only show that if fix) is absolutely monotonic 
(G) that all differences A k h f(x) are non-negative. Suppose the contrary; 
that is, for some positive integer k, some X\ in 0 S x < 1 , and some h 
for which 

0 ^ xi < xi + h < xi + 2h < • • • < Xi + kh S 1 

we have 

a£/0i) = - i 2 < 0 

Then by Theorem 96 there exists a polynomial g(x) with non-negative 
coefficients such that 

I/O) - gO) I < sL 


whence 


But since A %g(x) is non-negative the left-hand side of this inequality is 
not less than l 2 when x ~ X\. The contradiction is evident, and the 
theorem is proved. 

11. Additional Properties of Absolutely Monotonic Functions 

We prove here several additional properties of absolutely monotonic 
functions. 

Theorem 11 a. If fix) is absolutely monotonic in 0 S x S a, and if 
(1) /O) = y A n x n , (OixS a), 

n=0 

the series converging for \ x | < p (p > a), then fix) is absolutely monotonic 
for 0 5 x < p. If any coefficient A* of the series ( 1 ) is zero, then fix) 
cannot be absolutely monotonic in any two sided neighborhood ofx — 0 
unless it is a polynomial. 

For by the proof of Theorem 3a all the coefficients A n of ( 1 ) are non¬ 
negative. Hence fix) will be absolutely monotonic as far to the right 
of x = 0 as it can be extended analytically. On the other hand if 
Ak = 0 , then f (k} (0) = 0 ; and if f(x) were absolutely monotonic in 
— 8<x<8,(8> 0), then/' fc) (r) would be non-negative, non-decreasing 
there, and hence identically zero in — 8 < x < 0. That is, f(x) is a 
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polynomial of degree at most k — 1 . This completes the proof of the 
theorem. 

It should be observed that the converse of the last statement of the 
theorem is not true. Thus the function 

/Or) = (1 + x) cosh x = X) > 

has all its derivatives positive at the origin yet ceases to be absolutely 
monotonic to the left of x = 0 . But 

f 2n \x) = (1 + x) cosh x + 2 n sinh x, 

and for x <0 

lim f 2n \x) = — oc. 

n —*■« 

If x is negative, however near to the origin, f 2n) (x) will be negative for n 
sufficiently large. r 

We also observe that if the function/(.r) defined by ( 1 ) has a deriva¬ 
tive of order k which becomes infinite as x approaches p then each 
derivative of higher order will have the same property. For, if f M) (x) 
approached a finite limit as x approaches p the integral 


and hence also f k \x) } would approach a finite limit. 

An example of a function which is absolutely monotonic in 0 ^ x S 1 
but in no larger interval is the function of Fredholm 

/(*) = S e- n V 2 . 

n—0 

This function clearly has a singularity at x — 1 and hence cannot be 
absolutely monotonic for re > 1. Yet it has continuous derivatives of 
all orders at x = 1 . Since /"(0) = 0, f(x) is not absolutely monotonic 
in any negative interval by Theorem 11 a. 

Theorem 11 b. If f(x) is absolutely monotonic in —c S x S 0, then 
f(e x — c ) has the same property in — <=c < x ^ log c. 

For one has by successive differentiation 


where the Bl are positive integers. 

Note that the inverse change of variable does not conserve the prop¬ 
erty. Thus it is not true that if f(x) is absolutely monotonic in — oo < 
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x ^ log c then / (log (x + c )) is absolutely monotonic in —c ^ x S 0. 
For example, e n has the property in — cc < x < co; yet \/x + 1 fails 
to have it in ( — 1 S x S 0). 

Theorem 11c. If f(x) is absolutely monotonic for — co < x < c, the 
constant c being 'positive , negative , or zero, then 

| fix + iy) | ^ f{x) (— 00 < x < c, — co < y < oo). 

For let xq + iya be an arbitrary point for which Xq < c. Then if 
— a < c , the equation 

(2) f(x + iy) = t y, - (z + iy + a) k 

k =o k I 

is valid in the circle 

| x + iy + a | < c + a. 

Clearly we may choose a so large that the point x 0 + iy Q will be inside 
this circle. Since the coefficients of the series (2) are non-negative it 
follows that | f(x Q + iy 0 ) | is not greater than the value of f(x) at the 
point x where the circle with center at —a and through x 0 + iy 0 cuts the 
axis of reals to the right of —a. That is, 


Since the left-hand side is independent of a we may make the most of 
the inequality by allowing a to become positively infinite. The func¬ 
tion f(x) being continuous, we obtain 


This completes the proof of the theorem. It is obvious that a similar 
result holds for completely monotonic functions on c <x < co. 

Theorem 11 d. If f(x) is completely monotonic in a S x < oo and if 
8 is any positive number , then the sequence {f(a + nd)}n=o is completely 
monotonic. 

For, if k is any positive integer 

A k f(a + nS) = A i_I /(a + nS + S) - A* -1 /( a + n5 ), 
and by the law of the mean 

A/(a -J- n8 ) = A f r {£i)8 (a -f- n8 <C! ct -j— n8 Hh 8). 

A second application of the law of the mean gives 
A k f(a + n8) = A 1 2 j 



§11] 


ADDITIONAL PROPERTIES 


159 


Finally, 

Af( a + nS) = (ib -1 < < &-1 + 5 ). 

Clearly & is a number in the interval (a + a + nd + led). Since 
f(x) is completely monotonic, 

(-1 )*AV(o + nS) t 0 (k, n = 0,1,2,...), 

and this is what we wished to prove. 

Theorem lie. If f(x) is completely monotonic in c < x < °o } then for 
any number a > c and any positive 8 the sequence {( — l) n A?/(a) }"„o is 
completely monotonic. 

For, by Theorem lid the sequence {/(a + w5)}“^o is completely 
monotonic. Hence by Theorem 4a of Chapter III there exists a func¬ 
tion a(t) which is non-decreasing and bounded in ( 0 , 1 ) such that 

/(a + n 8 ) = [ f da{t) (n = 0, 1 , 2, ...). 

Jo 

Hence by direct computation of the successive differences of /(a) we 
have 

i 

By an obvious change of variable this becomes 


where 


Since ft(t) is itself non-decreasing and bounded, we have our result at 
once by a second application of Theorem 4a of Chapter III. 

Theorem 11/. If f(x) is completely monotonic in c < x < oc, then 
for any number a > c the sequences 


are positive* 

Let 8 be an arbitrary positive number, n an arbitrary non-negative 
integer and {£*}? an arbitrary real sequence. Then by Theorem lie 


( 1 ) 




For the meaning of a "positive” sequence see Definition 9b of Chapter III. 
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Here i3(t) is the non-deereasing function employed in the proof of Theo¬ 
rem lie. 

In a similar way we have 


( 2 ) 


EE 

i=0 j —o 




dKt) ^ 0 . 


Allowing S to approach zero in (1) and (2) we obtain 


Otei 3S o (n = 0,1,2,...), 

t =U J=U 

which is what we wished to prove. 

12. Bernstein’s Theorem 

In this section we give a proof of Bernstein's theorem described in 
Section 1 . 

Theorem 12a. A necessary and sufficient condition thatfix) should he 
completely monotonic in 0 ^ x < °o is that 

( 1 ) f(x) - f e~ xt da(t), 

Jo 

where a(t) is hounded and non-decreasing and the integral converges for 
0 ^ x < cc. 

To prove that the condition is sufficient we have only to observe that 
if ( 1 ) is valid, then 

(- 1 ) k f\x) = f e~ z ‘t k da{t ) ^0 (x > 0 ; k = 0 , 1 , 2 , • • •) 

Jo 

f(0) = /( 0 +) = a(=c) — a ( 0 ). 

Conversely, let/(a:) be a completely monotonic function in 0 ^ x < °o. 
Then the sequence {/(«•)}“ is completely monotonic by Theorem lid. 
Hence by Hausdorff’s theorem, there exists a bounded non-decreasing 
function /3 (t) defined in (0 ^ t g 1) such that 

f(n) = f f d@(t) = [ t n d/3(t ) 

Jo Jo+ 

= f e~ n ‘doi(t ) = lim [ e~ n ‘da(t), 

JQ R—*oe Jo 


(n = 1 , 2 , •• •) 
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where 

Set 


1 ), 


It is clear that 


«(0 = - 0(0 


g{x) = f e~*‘ 

•'O 

F(x) = jf(z + 1), 


0 


(* 2 = 0 ), 


(» = 0 , 1 , 2 ,...). 


Moreover $(x + ty) is certainly analytic for s ^ 0 Also 

| G(x + iy) | g [ e~ x ‘e~‘da(t ) = <7(2; + 1) g gr(l) (x ^ 0 ). 

Jo 

By Theorem 11c 

+ iy) | ^ F(x) ^ /(l) (re ^ 0). 

Hence + iy is bounded in the half-plane x ^ 0 . 

We are now in a position to apply a theorem of F. Carlson [1921] to 
the effect that any function f(x + iy) bounded and analytic in the 
half-plane x ^ 0 must vanish identically if it vanishes at the points 
■x = 0 , 1 , 2 , • • ■ . That is, 

/Or) = g(x) = f e~ xt da{t) (x ^ 1 ). 

Jq 


From the definition of a(t) one sees that it is non-decreasing and 
bounded.* Since f(x) and g(x) are both analytic for x > 0 and con¬ 
tinuous for x ^ 0 , it follows that f(x) = g(x) for x ^ 0 . 

Theorem 126. A necessary and sufficient condition that f(x) should he 
completely monotonic for 0 < x < oo is that 

f(x) = fe~ xt da(t), 

Jq 


where a(t) is non-decreasing and the integral converges for 0 < x < <*>. 

The proof of the sufficiency follows as before by successive differ¬ 
entiation. 

To prove the necessity let 8 be an arbitrary positive number and apply 
Theorem 12 a to the function f(x + 5) Then 


f(x + 5) = 


.The author is indebted to 0. H. Hardy for suggesting this method of proof. 
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where is a bounded non-decreasing function and the integral con¬ 
verges for 0 ^ x < a?. Then 

'(x) = f e xi da(t) 

Jo 


The integral (2) converges for a; > 5. But a(t) is independent of 5 
by the uniqueness theorem. Hence (2) converges for x > 0. It is 
clear from its definition that a(t) is non-decreasing, and the proof is 
complete. 

It is evident that a change of variable would make the theorems of 
this section applicable to an arbitrary interval of the form (c, oo). 

Theorem 12c. A necessary and sufficient condition that f(x) should he 
absolutely monotonic in — oo < x < 0 is that 

fix) = r e xt da(t), 

Jo 

where a(t) is non-decreasing and the integral converges for — oo < x < 0. 
This result follows from Theorem 126 by an obvious change of variable. 


13. Alternative Proof of Bernstein’s Theorem 

We give here a second proof of the necessity of the condition of Theo¬ 
rem 12a. Under our hypothesis it is clear by Theorem lid that for 


any positive integer m the sequence </( — )> is completely mono¬ 
id \m /J 7i=o 

tonic. By Hausdorff’s theorem 


(1) 


/(£)-(«■«> 


(n = 0, 1,2, ••.), 


where p m (t) is a non-decreasing bounded function, which we may assume 
to be normalized without loss of generality. Then 


fin) = 



By the uniqueness theorem 
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so that (1) becomes after a suitable change of variable* 

(2) m 

= f e ~ nt/m da(t) ( n, m= 1,2, ■■■). 

Jo 

Here a(t) is the non-decreasing bounded function 

a(t) = — ^i(e~ ts ) (0 ^ t < °o). 

Since the functions f(x) and 

r e- xt da(t) 

Jo 

are both continuous for 0 ^ x < oo it follows that 

f(x) = f e~ xt da(t) 

Jo 

in that interval. This completes the proof.t 

14. Interpolation by Completely Monotonic Functions 

We next discuss the relation between completely monotonic functions 
and completely monotonic sequences. { More explicitly, we wish to 
determine what sequences {a n }? are of such a nature that there exists a 
completely monotonic function fix) taking on the values a n at the 
positive integral points: 

fin) = a n (n = 0, 1, 2, — ). 

In order to simplify the statement of the theorem we introduce 
Definition 14a. A completely monotonic sequence {a n }” is minimal 
if it ceases to be completely monotonic when ao is decreased. 

An example of such a sequence is { 1 } T . For if the first element of 
the sequence is replaced by (1 — e) where e > 0, we have 

(-lfA Oc - - e (n = 0, 1,2, - 

n + 1 

* It should be observed that we do not assume /Si(i) to be continuous at t = 0, 
though this could be proved. Since n and m are both positive in (2) it is not 
necessary to compute /?i(0+)* 

f The author is indebted to J. D. Tamarkin for pointing out that the above 
method of proof is essentially contained in Hausdorff [19216]. 
t Compare D. V. Widder [1931] p. 882. 
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This ceases to be positive if n is sufficiently large. On the other hand 
the sequence 2, 2" 1 , 3“\ 4 _1 , • • • is not minimal, for it remains com¬ 
pletely monotonic when the first term is decreased to unity. 

Theorem 14a. A completely monotonic sequence {a n }t is minimal if 
and only if 

a n — [ t n dx(t) (n = 0, 1, 2, * * •), 

Jo 

where %(0 is a non-decreasing bounded function continuous at t = 0. 

We prove first the necessit}^ of the condition. Let %(0) = 0, x(0+) = 
b > 0. We show that {a n }“ is not minimal. Set 

= x(0 “ x(0+) (0 < tS 1) 

*( 0 ) = 0 

Then 

f = f 1 t n d x it) = a n (n = 1, 2, 3, ...) 

Jo Jo 

= x(l) ~ x( 0 +) = av — b. 

Since i p(t) is itself non-decreasing, the set a 0 — b, ai , a %, • * • is itself 
completely monotonic, so that the given set cannot have been minimal. 

Conversely, if x(0) = x(0+) = 0 , then {a n }“ is minimal. For, it is 
easily seen that when x( 0 ) = x( 0 +) “ 0 

lim ( — l) n A n a 0 — f (1 — t) n d X (t) = 0. 

n~*oo 

If bo — a 0 — e, bi = ai , 62 = a 2 , ■ * • , then 


a number which is clearly negative for n sufficiently large. This com¬ 
pletes the proof of the theorem. 

Theorem 146 A necessary and sufficient condition that there should 
exist a function f(x) completely monotonic in 0 ^ x < °c such that 

f(n ) = a n (n = 0, 1, 2, ... ) 

is that {a*}* should be a minimal completely monotonic sequence. 

The condition is sufficient. For, by Theorem 14a, if {a n }“ is minimal 

a n = ffd x (t) « f 1 fd x (t) 

Jo Jo+ 


(n = 0, 1, 2, ...), 
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where x(0 is non-decreasing in 0 ^ t ^ 1 and continuous at t = 0. If 
we set 

(1) fix) = f e- xt da(t) 

Jo 

ait) « -x(e"0, 

clearly/(.r) is completely monotonic in 0 g x < oc ; and 

/(n) = a n (tz = 1, 2, * • * ) 

” x(0+) = a Q . 

Suppose, conversely, that fix) is completely monotonic for x ^ 0. 
Then it has the representation (1), the integral converging for x ^ 0 
and ait) being non-decreasing and bounded by Theorem 12a. Then 

fin) = a n = f e~ nt daii) in = 0, 1, 2, ...), 
Jo 

and {a n }o is a completely monotonic sequence by-Theorem lid. 

To show that it is also minimal we have 


a n = lim I 

JR—+oo Jq 


£ dait) 


-f: 


f dp it) 


(n = 0,1, 2, ...) 


The function Pit) is undefined at t — 0. If 0(0) is defined as — a(oo) ? 
we have Pi 0) = 0(0+) and 


dn 



(n = 0, 1,2, ...)• 


The proof is now completed by an appeal to Theorem 14a. 


15. Absolutely Monotonic Functions with Prescribed Derivatives at a 

Point 

We treat in this section a related problem, the determination of an 
absolutely monotonic function with prescribed derivatives at a point.* 

Theorem 15. A necessary and sufficient condition that there should 
exist at least one absolutely monotonic function fix) on the interval — oo < 
x S 0 such that 

f W ( 0-) = a„ (» = 0, 1, 2, • • ■ ) 

* A proof of Theorem 15 independent of the Stieltjes moment problem was 
given by S. Bernstein [1928]. 



166 


ABSOLUTELY MONOTONIC FUNCTIONS [Ch. IV 


is that the quadratic forms 

n n 

(l) 23 23 a i+j I*I? ) 


23/ 2-/ 23 ^+J+1&£? 

3 =0 i =0 j =0 


(n = 0, 1, 2, • •.) 


should all he 'positive. 

The condition is necessary. For, if fix) is absolutely monotonic in 
— cc < x S 0, then 


(2) fix) = f e*‘da(t) (-co < x g 0), 

Jo 

where a© is non-decreasing. If 

f t k da(t) = co 

Jo 

for some integer we should have 

lim f (k) (x) = co 

ar—0— 

contrary to assumption. Hence by Theorem 4.3 of Chapter II 

(3) a n = [ t n da(t) {n » 0, 1, 2, ...), 

and the forms (1) must be positive by the theorem of Stieltjes, i.e., 
Theorem 13a of Chapter III. 

Conversely, if these forms are positive, then by the theorem of Stieltjes 
there exists a function a(t) which is non-decreasing and such that (3) 
holds. Define f{x) by (2): it is clearly absolutely monotonic on (-°°,0) 
and its successive derivatives take on the prescribed values. 

Corollary 15. A sufficient condition that there should exist at least 
one absolutely monotonic function f{x) on the interval — co < x S 0 such 
that 


f W i 0) = a n 


{n = 0, 1, 2, -.. ) 


a Q > 0, 


ai > 0, 




a 3 

ai 

a 2 

ao 

ai 





> o, 

ax 

a 2 

a 3 

ai 

a 2 






a 2 

O'Z 

a 4 



ai 

a 2 

a 3 

a i 

a 2 1 





V 

o 

a 2 

a 3 

a 4 

a2 







a 3 

a4 

a 3 
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16. Hankel Determinants whose Elements are the Derivatives of an 
Absolutely Monotonic Function 

A result which is closely related to the previous one is the following. 
Theorem 16. If fix) is absolutely monotonic in — °c < x < 0, then 
for any negative x 


fix) £ 0, 


fix) fix) 
fix) f"(x) 


( 1 ) 


fix) fix) 
fix) fix) 


fix) ^ 0, 

For, by Bernstein’s theorem 


^ 0, 


£ 0 , 


fix) 

fix) 

fix) 


fix) 

fix) 

fix) 

^ o, 

fix) 

fix) 

fix) 


fix) 

fix) 

fix) 


fix) 

fix) 

fix) 

^ o,.... 

fix) 

fix) 

fix) 


fdait) 


(— 00 

< X < 0) 


with ft ) non-decreasing. Hence 

i £/“«(*> m, - f fit mo o 

i= 0 2=0 JO \i—0 / 

( 2 ) 

t ±f + 1 + 1 ) (x)M = f e*‘t(± btfdait) Z 0. 

t=0 2=0 JO \i =0 / 


Since the forms (2) are positive,* the determinants (1) are non-negative. 

If f(x) is completely monotonic for 0 S x < & and if in the deter¬ 
minants (1) the function f k) ix) is replaced by (— l) k f ik) (x), the deter¬ 
minants are then non-negative for all positive x . 

Corollary 16. If fix) is absolutely monotonic in — °o < x ^ 0 and 
not identically zero , then fix) is logarithmically convex for negative x; if fix) 
is not a constant , then 


fix) ^ fix) ^ nx) ^ 
fix) =f\x) =f"ix) 


For, to prove that fix) is logarithmically convex we have only to 
show that 

^ d 2 log fix) _ fix)fix) - fix)fix) ^ A 

(3) dx> fix) = 0> 


But this follows from (1). 

If fx) is not a constant then no derivative of fx) can vanish for 
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negative x. For, if it did the analytic non-decreasing character of that 
derivative would then make it identically zero. That is, f(x ) would be 
a polynomial 

n 

fix) = 2 dhX k 

A-=0 

with non-negative coefficients. But such a function or its derivative 
would become negative in the neighborhood of x = — <» unless constant. 
Hence we may write (3) as 

fix) > fix) 
fix) “/"(*)' 

Applying the same argument successively to fix), f'ix), ■ • • we obtain 
the desired result.* 


17. Laguerre Polynomials 

We wish now to give another proof of Theorem 12a by use of Laguerre 
polynomials.! In this section we collect certain facts about these poly¬ 
nomials which we shall need. We take as our definition of the Laguerre 
polynomial L n {x) of degree n 

(1) Ux) =¥-Je~ x x n ] 

n ! dx n 


( 2 ) 


= v (A (-*)* 

k=o W k\ 


From this definition it is seen by use of integration by parts that the 
Laguerre polynomials form a normal orthogonal set with respect to the 
weight function e~ x : 


(3) 


f e *L„(x)L m (x) dx = 0 
Jo 


m 9 ^ n 


= 1 m — n. 

From (1) it is clear, by use of Rollers theorem that L n (x) has exactly n 
real positive roots. We prove first 
Theorem 17a. For any non-negative value of x 

W I Lnix) | g e xl 2 (n = 0, 1, 2, • ■ • ). 


* Compare S. Bernstein [1928] and G. Doetsch [19376] p. 270. 
t See D. V. Widder [1935]. 

t Compare G. Szego [1939] p. 159. The theorem was proved first by G. Szego 
[1918]'. 
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This is a consequence of the fact that the weight function e~ x is 
monotonic. Let the n roots of LJx) be Xi, x 2 , • • • , x„ arranged in 
order of increase. Then integration by parts gives 

f e~‘[L n (t)?dt = 1 - e~ x [L n {x)f + 2 f <T‘ L»(t)L»(t) dt. 

Jq Jq 

We need only show that 

Fix) = f e~‘L„(t)L' n (t) dt = — 

Jo 


[ e ‘L n (t)L' n (t) dt g 0 (0 < x < «). 

Jx 


Since L n (.t)L n (t) is clearly negative for (0 g t < Xi) and positive for 
(x n < t < *) the result is obvious in these intervals. But if 2 ^ k ^ n 


F(x) = fe-‘[Q{t)f 
Jo 



dt 


+ [* e-‘Q(t)Q'(t) 
Jo 


~Lnjtf I 2 

.Qit). 


dt 


(5) 


Fix) = - f 

Jx 




("Ln(f)l 

1- 

C 

1_ 

Qit) J 

IQit )J 


+ 


f 

Jo 


‘Q(t)Q'(i) 


Ln(t)' 

. Qit) J 


dt 


Qit) = it - Xk)ii - X k+1 ) it - Xn) 


The integrand in the first integral (5) is positive for t > Xk-\, that in 
the second is negative for t < Xk, so that Fix) g 0 for Xk~i S x g Xk. 
Thus the result is completely established. 

Theorem 176.’" The series 


Kix, y,t) = ^ L n ix)Lniy)f 


k=0 


converges for (0 ^ x < oo) 7 (0 ^ y < °o) and (0 ^ t < 1) to the value 


K(x,y,t) - A. 


v> (2Vra<) 


Here Joix) is Bessel’s function 


Joix) = 


fv (-DY«v n 

n!n! \2/ 


* Compare G. Szego [1939] p. 98, where references are given. The present 
proof follows G. H. Hardy. 
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We evaluate first the generating function for the Laguerre poly¬ 
nomials 


( 6 ) 


k(x, t) = E LMf. 


By virtue of Theorem 17 a the series converges for (0 ^ 111 < 1). 

The Laplace transform of L n (x) is easily obtained from (2), 


ts -f -1 


—sx—txKl—t) 


d: 


0 ), 


> 1 / 2 ). 


> 0 ). 


(7) fe~ sx Ux)dx= (S n+1 ir 

•10 

so that by integration of (6), easily justified, we have 

[ e~ 3X k(x, t) dx — -- 

Jo S ts 

But 

> = j _ r e -** e 

s — ts + t 1 — t Jo 
Hence by the uniqueness theorem 

U " A - ]_ ~‘ Xia ~° (0 g X < 00, jf| < 1) 

We apply the same method to K{x, y, t). By (7) 

f e~ sx K(x, y,t)dx = -jt L n (y ) 

Jo S n=0 

ts - t 


( 8 ) 

On the other hand 


s — st + 


1 / 2 ). 



(yt) n 


> 0.) 
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Replacing s by s + £(1 — t) 1 in this last equation and multiplying it by 
(1 — t)~ l e~ vU1 ~‘ ) , we obtain 


(9) 


i r 
1 - t Jo 


s — st T i 

at least for a > 0. But (8) and (9) give us two determining functions 
for the same generating function. Equating determining functions 
gives the desired results. There is no difficulty in justifying the term 
by term integration employed. 

18. A Linear Functional 

Let f(x) be completely monotonic for 0 ^ x < co ? 


/(0+) < qo. 

We define a linear functional I operating on functions of the form 
e-*P(x) = e~ x E a k x k 

k =0 


by the equation 

(1) 7I«-*P(af)] = E^(-l)V <B (l). 

/;=0 

Observe that if we knew f(x) to be a generating function 

M = r 

Jo 

a fact which we shall prove here independently of previous proofs, we 
should have 


ne-P(x)] = 

Jo 

This interpretation of the operator I may serve as a guide to the dis¬ 
covery of the results of the present section, results which we must prove , 
however, directly from the definition (1). We need the following pre¬ 
liminary result. 
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Lemma 18 If Pipe) is a polynomial which is non-negative for 
(0 ^ x < oo) then 

(2) P(x) = .4 2 (z) + B\x) + xC\x) + xB\x) 

where A{x), B(x ), C(x), and D(x) are real polynomials. 

This is well-known,* but we give a proof for completeness. Clearly 
the coefficients of P(x) must be real, and hence any imaginary roots 
must occur in conjugate imaginary pairs. Any real roots of odd multi¬ 
plicity must be negative Hence 

P(x) = II [(» - + $1 II(* + T<), 

i—1 i=l 

where the , ft, y ,* are real (not necessarily distinct) and the y ,• are 
positive. The result is trivial if there is just one factor in the second 
product. For, by Lemma 11, Chapter III, the first product, being a 
positive polynomial, is the sum of squares of polynomials, Q 2 (x) + R 2 (x). 
Hence we have 

[Q 2 (x) + R\x)][x + y] = [VyQf + [VyR? + x{Q 2 + R 2 }. 

It is now clear that we have only to show that if P(x) has the form (2) 
then (x + y)P(x) has the same form. But, if P(x) is defined by (2), 
then 

(x + y)P(x) = [yA 2 + y B 2 + x 2 C 2 + x 2 D 2 ] + x[A 2 + B 2 + y C 2 + y D 2 ]. 

Again apptying Lemma 11, Chapter III, we have 

{x + y)P{x) « L 2 + M 2 + x[Q 2 + R\ 

where L, M, Q and R are re^l polynomials. This completes the proof. 

Theorem 18a. If P(x) is a non-negative polynomial for (0 ^ x < oo) 
then I[e~ x P(x)] is non-negative 

By virtue of the lemma we have only to show that for any real poly¬ 
nomial 

P(x) - £ a k x k 
o 

we have 

I[e~ x P\x)\ = i±(- 

X==0 3=0 

I[e~ x xP\x)] = ti(- 

i =0 3 =0 

But this follows from Theorem 11/. 

* Compare G. P61ya and G. Szego [1925], vol. 2, p. $2. 
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Theorem 186. If P(x) is a polynomial such that 

(3) P(x) < e x (0 ^ x < oo), 

then there exists a polynomial Q m (x) of the form 

which is greater than P(x) for 0 ^ x < oo. 

For, if n is the degree of P(x), there exists a number R such that 

(4) P(x) < Q n +i(x) (x £ R). 

Since Q n (x) approaches e x uniformly in (0 ^ x ^ R), for any positive e 
there is a positive integer q such that 

e x - e < Q n +q(x) (0 g x g R). 

Suppose the e chosen so that 

P(x) < e x — € (0 ^ x ^ R), 

which is possible by (3). Then 

(5) P(x) < Q n + q (x) (0 ^ x ^ R). 

Since for each positive x the sequence {Q»(rc)*}r is increasing, we see 
from (4) that (5) also holds for x ^ R, and our theorem is proved. 
Theorem 18c. If P{x) is a polynomial and if 

P(x)e~ x SM (0 ^ x < oo ), 

then 

I[P(x)e~ x ] S Mf( 0). 

Observe first that M is not negative since P(x)e~ x tends to zero as x 
becomes infinite. If rj is an arbitrary positive number, then 

P(x) < Me x + t) (0 ^ x < oo). 

By Theorem 186 there is a polynomial Q m (x) such that 

P(x) < MQ m (x) + 7 j . 

By Theorem 18a 

m 

I[e~ x P(x)] SlE(-1 



174 


ABSOLUTELY MONOTONIC FUNCTIONS [Ch. IV 


The inequalities are only strengthened if the finite sum is replaced by 
the corresponding infinite series, which by Theorem 3a converges to 
/(0). That is, 

^ Mf( 0) - 

Since i? was arbitrary, our result is established. 

Corollary 18c. If 


then 

(n = 0, 1, 2, . -. ). 

This follows at once from Theorem 17a. 

Theorem 18rf. The series 

A t (y) = 2 h n L n (y)t n 

n =0 

converges for (0 ^ y < «, 0 g t < 1), and 

( 6 ) 0 ^ My) S. g y < gf<l) 

By Theorem 17a and Corollary 18c 

My) | ^ 


Since the series 


c 1 L n (x)L n (y)t n 

converges uniformly in (0 g x < x) for fixed y and t, and since 
K(x, y, t)e x , its sum, is non-negative by Theorem 176, it follows that 
for any positive y there is an integer m 0 such that for all m > m 0 

m 

+ Z t n > 0 (0^i<«) 

By Theorem 18c 

^/(0) + X) > hnL n (y)t n ^ (m > 

n=0 


0 . 

Since y was arbitrary, our result is established. 
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19. Bernstein’s Theorem 

We can now give a new proof of Bernstein’s theorem. We assume" 
that the functions/(x) and A t (y ) are defined as in section 18 and prove: 
Theokem 19a. The integral 


f e zv A t (y) dy 

Jo 

converges for x > 1/2 and 

f{x) = lim f e~ xy A t {y)dy (1 ^ x < 2). 

t-* 1- Jo 

By §17 (7) we have 

f e~ xv A t (y) dy = f e~ xy E \»L n {y)fdy 

Jo Jo 71=0 


( 1 ) 


= yv/M 

_ _ n r.n+l 


(1/2 < x). 


To justify the term-by-term integration we have only to employ Theo¬ 
rem 17a and Corollary 18c and observe that the integral 


e~ xy e yl2 dy 


converges for x >1/2. 

The series (1) can be transformed as follows: 


- " n+l x rTZn \ 


x n+l 


,\n n 

x) S U 


n\.T(l) 
k\ 


( 2 ) 


= Z 


k\ 

1 ) 




(tx — t) k 


k\ ( x+t-tx 


(1 s x 


To justify the interchange in the order of summation we need only show 
that the double series converges absolutely. This follows since 

00 

(3) E 

Here we have used the obvious inequality 

0 g (-1 r-CT Sg /(0) (k = 0, 1, 2, ■ ■.). 
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*«= OO Ate)/ -(N 

lim f e~ xy A t (y)dy = £/—ryJ (x - 1 )* = f(x). 
£—1- Jo k=0 Kl 


But the dominant series (3) converges for (1 ^ x < 2, 0 ^ t < 1). 
Finally, by letting t approach unity in (2) we obtain 

v^d) 

e tvyjuy - z- 

Jo 

This step is justified since the series (2) converges uniformly in 
(0 g t ^ 1), as one sees by the relation 

V /<»( 1) (tx - tf „ v n , (x - D* 

to kl (x + t - tx) k + l to K J K 


kl 




This completes the proof. 

Theorem 196. If f{x) is completely monotonic for 0 ^ x < o© } then 


f(x) = f e xt dot(t) (0 ^ x < oo ) 7 

Jo 


where a(t) is hounded and non-decreasing in (0 S t < 00 )• 
For, set 


a,(x) = f e v At{y) dy 
Jo 


(0 g X < oo). 


By Theorem 18d, a t {x) is non-decreasing, and by (1) 

0 ^ a t (x) £ Xo = /(1). 

By Helly's theorem we can choose a sequence of positive numbers {£*}* 
tending to unity and a bounded non-decreasing function j3(z) such that 

lim a ti (x) = @(x) (0 ^ x < oo). 

i-+ oo 

Then by Theorem 19a 

f{x) = lim f e ~ ( *~ 1)v da t .(y) = lim f e~ zv A t {y)dy (1Si< 2). 

i~*oo J 0 £ —►!.— Jo 

In the usual way this gives 

Six) = Ce-^ddiy) 

Jo 


(4) 


f e-* v d«iy) 
Jo 


(1 g x < 2), 


where 
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But the integral (4) represents an analytic function at least for x > L 
Since f(x) is completely monotonic for 0 < x < cc it is analytic there 
Consequently the integral (4) must converge for £ > p by Theorem 56 
of Chapter II. Finally, we see that a(y) is bounded, for otherwise 
qj(oc) = qo. This would imply, since a(y) is monotonic, that /(0+) = 
co, contrary to hypothesis. This completes the proof. 


20. Completely Convex Functions 

By analogy with the completely monotonic functions of S. Bernstein 
we introduce the class of completely convex functions according to the 
following definition. 

Definition 20 A function f(x) is completely convex in an interval 
(a, b ) if it has derivatives of all orders there and if 

(* = 0,1,2,...) 


in that interval. 

For example the functions sin x and cos x are completely convex in 

/ 7T 7T \ 

the intervals (0, t) and respectively. We shall show that any 


such function is necessarily entire.* We need two preliminary results. 
The first is a familiar result of J. Hadamard.f 
Lemma 20a. If f(x) is of class C 2 in an interval (a, 6) and if 


Mi = u.b. |/ (W (z) | 

a<>x<Zb 


(fc = 0, 1, 2), 


then 


( 1 ) 


b — a 2 


For, by Taylor’s theorem we have 

fib) - fix) = ib- x)f'(x) + /"(*) (x<Z<b) 

f(a) - fix) = (a - x)f (x) +/"(’?) — 2 ~ (a<y < x). 


Subtracting these two equations gives 

fib ) -fia) = ib- a) fix) +/"(£) -f'iy) 


* See D V Widdcr [1940]. The proof here presented was given later by R. P. 
Boas. 

t See T. Carleman [1926] p. 11. 
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From this, inequality (1) is immediate if we choose for x a value at 
which f{x) attains its maximum Mi . 

Lemma 206. If f(x) is of class C 2 and if f(x) and — fix) are non- 
negative in (< a , b), then 

(2) Six) s j-L [ fix) dx b). 

0 a Ja 

For, suppose that 

u.b. f(x) = fc) (a ^ c g b) 

Then by comparing the area under the curve y = fix) with the area of 
the triangle with vertices (a, 0), (6, 0), (c, /(c)) we obtain (2). 

We are now in a position to prove the result stated above. 

Theorem 20. If fix) is completely convex in an interval (a, b ), it is 
entire . 

By consideration of the function/(a + (6 — a)x) one sees that there 
is no restriction in replacing the given interval by the interval (0, 1). 
Integration by parts gives 

f f(x) sinirxdx = —Idl/® — ~ [ f'ix) smirxdx, 

JO • 7T 7T* Jq 

so that 

—~ f fix) sin tx dx S [ fix) sin ttx dx. 

TT JO JO 

Since the function —f(x) is also completely convex the same result 
gives 

\ f f C4) (%) sin t rxdx S f fix) sin 
m Jo TT Jq 



Repeating the process we obtain 

—[ f m (x) si mrxdx g [ fix) sin 

TT Jq Jq 

Now let 8 be any positive number less than f. Then 
0 ^ (- 1 )* 

sin 




uniformly in (8, 1 — 6). By use of Taylor’s formula with remainder we 
recognize at once that the power series expansion of f(x) must converge 
for all x and converge to f(x) in (Q, 1). This proves* the theorem. 

* We have in fact proved a little more: that f(x) is at most of order unity, 
type t r. 
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TAPBERIAN THEOREMS 

1. Abelian Theorems for the Laplace Transform 

The theorems which we shall treat first are called Abelian because they 
are generalizations of a familiar result of Abel. This states that if f(x) 
is defined by the series 

os 

f(x) = 2 On*" (i x | < 1), 

n=0 

the series converging for x numerically less than one, then 

00 

lim f(x) = 2 a n 

x—>1— n=0 

whenever the series on the right converges. 

An integral analogue of this result is that if f(s) is defined for real 
s > 0 by the convergent integral 

f{s) = [ e~ s ‘a(t)dt, 

Jo 

then 

lim f ($) = [ a(t) dt , 

6-*0+ Jo 

provided the integral on the right converges. Another form of the 
result would be that if* 

f(s) = [ e~ st da(t) (s > 0), 

Jo 

then 

lim /($) = lim a(t) 

«—*0+ t~*OQ 

whenever the limit on the right exists. It is this and similar results 
which we wish to prove in the present section. We shall assume, unless 
otherwise stated, that s is a real variable. 

* We remind the reader that in Laplace-Stieltjes integrals the determining 
function a(t ) is assumed to be normalized (see Section 8 of Chapter I). 
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Theorem 1. If 

( 1 ) f(s) = f e~ !, da(t) 

Jo 

then for any y 0 and any constant A 

(2) fim | s y f(s) - A | ^ fiin | a(t)t~ y T(y + 1) - A \ 
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(s > 0 ), 


(3) 


lim | s 7 /(s) - A | g lim | a(t)t 7 r( y + 1) - A |. 


*-> 0+ 


Since the integral (1) converges for s > 0, we have by Theorem 2.3a 
of Chapter II 


f(s) = s r 
Jo 


dt 


s y f(s) — A = s 7+1 jfY“[c 
If T is any positive number, then 


it) 


At 7 


I s 7 /(s) — A | gs 7+1 [ T e-‘ 
Jo 


a(t) 


r(Y +1). 

At y 


\dt. 


t(y +1) 

J T 


dt 


*(*)- 


At y 


T(y + 1) 


\dt 


(4) I s 7 /(s) - A I g u.b. I a«)r(Y + l)r 7 - A 

OrS isr 


Jm 


a{t) — 


At y 

r(T +1) 


dZ. 


For any positive e we can find* a constant M such that 


whence 


oT+l 


t/y 


<*«)- 


a(f) — 


T(y + 1) 


At y 

T(y + 1) 


< Me“ 


(0 ^ < < «), 


d< < 


Ms' 


T+l 




$ — 6 


(s > e). 


The right-hand side of this inequality approaches zero as $ becomes 
infinite, so that we have from (4) 

lim | s y f(s ) — A j S u.b. | a(t)T(y + l)r Y — A |. 


See Theorem 2.2a of Chapter II. 
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The left-hand side being independent of T we allow T to approach zero 
and obtain 

lim | s y f(s) — A | ^ lim | a(2)r 7 r(y + 1) — A |. 

8—►CO t~* ►0-f 

We have thus established (3). In a similar way we have 


Jq 


«»- 


Af 


r(7 +1) 


dt 


+ u.b. | a(f)r( T + 1 )t~ y - 'A | 

T£t< oo 


lim ] s y f(s) — A | ^ u.b. | a(0r(y + l)t y — A |, 

3-+0+ T<kt< oe 

from which (2) follows by allowing T to become infinite. 
Corollary la. If for some non-negative number y 


*(t) 


Af 


t(y +1) 


(<-> 00 ) 

(t —»o+), 


then 


Note that if A 


fie) 



0 we must write 


(«-> 0+) 
(s —> oo ). 


a(t) = o(t y ) 

M = * 0 ' 7 ). 

In particular we note that the existence of a( oo ) implies /(0-f) = a( oo). 
Also/(<*>) = a(0+). 

Corollary 16. If (1) converges for s > <j c and if 



fA Afe"‘ 

W T{y + 1) 

(i-> «>), 

then 

f(s) ~ Acrc 

n> (S- 0' c ) v+1 

(s —»• or 4 +). 

For, 



(5) 

/(s + <r c )= f e H dj3(t) 

Jo 

(s > 0) 

m = 

jf e~’ cU da(u) — a(t)e~’ cl + <r c J 

e ’■%(«) dit. 
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Under our present hypotheses it is easy to see that 

Aa c ? +1 

r(y + 2) 

so that Corollary la is applicable to the integral (5). 
Corollary lc. If (1) converges for s > 0, then 

lim a(t) ^ lim f(s) S lim a(t). 

i—*00 fi-*0+ t-* 00 

t —*0+ s—*oo 2—*Q-f- 


(t~> 00 ), 


The proof of this requires only slight modifications of the argument 
above and is left to the reader. 


2. Abelian Theorems for the Stieltjes Transform 

We consider here the equation 

It will be shown* in a later chapter that if (1) converges for a single 
positive value of s it converges uniformly in any closed interval of the 
positive $ axis not including the origin and that then 

(2) #(£) == o(0 (f —* 00 ). 


In order to study the asymptotic behavior of /($) at $ = 0 and at s = °o 
as determined by the properties of a(t) we need the following result. 
Lemma 2. If the integral (1) converges for $ > 0 ; and if T > 0, then 


(3) 


lim 

0+ 


L 


*(t) 


T (S + 0 P+1 


dt 


= r«w 
J T t p+1 


dt. 


It is clear from (2) and the convergence of (1) that the integral on 
the left-hand side of (3) converges. Since 


(4) 


/; 


a(t) _ r ait + T ) 

(s + ty +i I {s + T + ty+ i 


it follows from the result stated above that (4) converges for s + T > 0 
and hence uniformly in a neighborhood of s = 0 7 from which (3) follows. 

Theorem 2a. If (1) converges for s > 0 and if 0 < y ^ p, then for 
any constant A . 


lim 

«-*o+ 


I s T /(s) 


lim 

<-*o+ 


d p ~ y 


- A 


Theorem 2c and Corollary ZaZ of Chapter VIII. 
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T(y)T(p -7+1)' 


7 («) ~A = s y P f 

Jo 


I. (s + 0' +1 

r a(t) - AcT* 
p Jo (s + ty +i c 


(s > 0) 


This follows from the familiar formula 


r f , r(0 - a - l)r(« +1) (a > -1) 

Jo (s + ty r(/3)s lJ_ “ _1 09 > a + 1). 


Hence if T > 0, 

|s7(s) - Al 5 u.b. - 

osisr I cv^ 

Making use of Lemma 2 we have 


A\ + s y 


r a(t) - Acf~ y 
t (s + ty+ i ( 


lim | s y f(s) — A | ^ u.b. 


0 ^ t<T I Ct p 7 


Since T was arbitrary it follows that 


lim | s y f(s) — A | ^ lim 


<-o+ ct'-r 


l»7(«) -A \ Zs y p 


*(t) - Acr y 
(s + ty+ i 


dt + u.b. 


rgf<« | Ct p 


f r [a(0 - Acry 
Jo (s + t )'-*- 1 


- .JP-T+1 J 0 
= 0 ( 1 ) 


fl«(0 - 

Jo 


Acr y I dt 


(s —* co). 


Hence 


lim | sV(s) - A | ^ u.b. 

T^t< 00 


lim | $ Y /($) - A I ^ lim —1 . 

S -+00 t -+00 Ct fi 7 


This concludes the proof of the theorem. 
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Corollary 2a. If for 0 < y ^ p 

oi(i) ^ Ac£ p ~ 7 

then 


/(«) 


A 


(«-» 00 ) 

~» 0+)j 


(S —> 00 ) 

(«-><)+). 


The case in which y = 0 requires special attention. The mere con¬ 
vergence of (1) implies that a(t) = o(t p ) (t—> oo). 

Theorem 26. If (1) converges for s > 0 and if p > 0, then 


If we set 


lim /(s) = 0. 

s—*co 

m = -/" «“> 


then 


/(a) = ~ + p(1 - ») f 

Jq 


t (l+«)o 

“ (t + 1)'’ -1 


(0 ^ t < 00), 


(s + t ) 


o+l 


18 (f) df. 


For any T > 0 and any s > 1 

(«+ lr 1 


p( 1 - s) / 
Jo 


+ i) p+l 


0(f) df 


p(s — 1) 


s p+1 


[ (f + l)' 1 1 /3(f) I dt + u.b. |/3(f)|. 

JO Tg £<oo 


Hence 


lim 

3—►OO 


p(l — s) f 

Jo 


(t + 1) 


p-1 


/3(0 & 


^ lim | pit) |. 


Jo (s + 1)' +1 

Since /?(°o) = 0 the theorem is established. 

3. Tauberian Theorems 

The converse of Abel's theorem, stated in Section 1, is not true. 
That is, the series 

fix) = 2 a n x n 

n=0 


(1) 
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may converge for | cc | <1 and f{x) may tend to a limit as x tends to 1 
without having the series 

00 

^ 0*n 
n=0 

convergent. The example f(x) = (x + l) -1 shows this. 

Another example, showing the failure of the converse of Abel’s 
theorem in its integral form, is 


Here 


Yet 


/(s) = j- = ( e Sl d(sini) 
S 2 + 1 Jo 


(s > 0). 


lim f(s ) = 0. 
8 — 0 + 


/' 

Jo 


d(sin t) 


diverges. It was A. Tauber [1897] who first gave a conditional converse 
of Abel’s theorem. He proved that if (1) converges for | x \ < 1, if 
a n = o{ri~ l ) (n oo) ? and if /(1 —) = A, then 

00 

i = E a». 

71=0 


We prove the integral analogue of this result. 

Theorem 3a. If a(t ) belongs to L in (0, i7) for every R and if the integral 


f(s) = f a{t)e 8t 

Jo 


dt 


converges for s > 0, then the conditions 


(1) 


imply 


lim f(s) = A 
8 — 0 + 

a(t) = o0) (i—oo), 

/(0+) = [ a(t)dt = A. 


To prove this we note first that under the hypotheses of the theorem 
we have 


1 

t 



udu = 0 ( 1 ) 
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Now consider the difference 


[‘ a(u) du — f a(u)e~ ult du = f a(u){l - e~ ult ]du - f a(u)e~ ul 
Jo Jo Jq Jt 


h + u. 


17i j = j f o I a M I udu = o(l) 

|J 2 | ^ u.b. |a(u)M| f -e~ u/t du 

t<U <00 J t 'll 


Hence 


It follows that 


S u.b. | a(u)u |. 


lim | h | ^ lim | a(t)t j = 0. 

t —>00 t~* 00 


(£->• °°), 


/ a(u) du = lim / a(w)e su du = A. 

Jq s—*■04- Jo 

This proves the theorem. 

Note that in the example given above a(t) was cos t which fails to 
satisfy the condition a(t) = o(r x ). 

A more general result is contained in: 

Theorem 3b. Let 


f(s) - f e~ st da{t) 

Jo 


converge for $ > 0, and let 

( 2 ) 


lim /($) = A. 

s—►04- 


if and only if 


lim a(t) = A 


/3(£) = [ uda(u) = o(t) 
Jo 


(t —> oo). 


k(J) = / a(iO dw, 
Jo 


Note that if 
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then a(t) = o(t '), (t —■> «), implies that 


/‘ 


ua(u) du = o(t) 


(t 


°°), 


so that Theorem 3a is included in Theorem 3b. 

To prove the theorem we assume without loss of generality that 
A = 0. First suppose that (3) holds and prove (4). This is obvious 
from the equation 

/3(0 = ta(t) — [ a{u) du. 

Jo 


Conversely, assume (4) and prove (3). Now 


(5) 


i: 


1 da{u) 


/•CO su 

/ — dp(u) 

J l u 

-/3(l)<f 8 + s f /3 JA e - m du+ [ e~ su du. 
J1 U j l u~ 


By Corollary la 

lim sf ^ e ~ su du = 0. 

s-*04 J1 U 

By (2) 

lim [ e" su da(u) = — lim [ e~ su da(u) = 

$—►04- J 1 s—*04 Jo 


Consequently (5) shows that 

(6) lim [ e ~ su ^Adu = /3(1) - a(l). 

a-*-04 Jl U~ 


But by (4) we may apply Theorem 3a to the integral (6) and obtain 

fMdu-t 3(1) -«(1). 

J 1 u~ 

Integrating by parts, we have 

a(oo) = 0, 

which is what we wished to prove. 

If we choose a(t) a step-function with jumps at the positive integers 

this becomes a familiar result of A. Tauber [1897]. It states that a 
00 

series £ a * which is summable in the sense of Abel to the number A 

k=0 

converges to A if and only if 

n 

y ka k = o(n) 


(n —» oo). 
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4. Karamata’s Theorem 

It was Little wood [1910] , who first showed that the condition 
a n — o(n” 1 ) in Tauber’s theorem could be replaced by the condition 
a n = 0(n“ 1 ). We consider the integral analogue of the theorem and 
give an ingenious proof of J. Karamata [1931]. 

4.1. We shall prove first the following preliminary result. 

Lemma 4.1. If g(x) is continuous almost everywhere in (0, 1) and is 
bounded there, and if y > 0, then for every e > 0 there exist polynomials 
p(x) and P(x) such that 

p(x) < g(x) < P(x) (0 ^ x ^ 1) 

fY^IPOr*) -p(e~*)]dt < e. 

f o 

First suppose that 

g(x) = 1 (0 5J a < # < £ 1) 

= 0 (0 g x £ a, $ g x ^ 1). 

Let 7 } be an arbitrary positive number. Clearly there exists a continuous 
function h(x), which may coincide with g(x) except in the neighborhood 
of the points a and ft, such that 

g(x) ^ h(x) (0 S ® S 1) 

I* e-'lKe-') - gie-^f-'dt < 7>. 

Jo 

By the Weierstrass approximation theorem there exists a polynomial 
Q(x) such that 

| Q(x) - h{z) | <rj (0 g * S 1). 

Set 


P(x) = Q{x) + t j; 

then 

g(x) g h(x) < P(x) 


f e'U 7 ' 1 [Pie’ 1 ) - gie- 1 )) dt ^ f 1 Q(0 - &(«“*) | dt 

JQ JO 

+ r e^f' 1 [h{f') -gie 

Jo 
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In a similar way we can determine the polynomial p(x) < g(x) such that 

f^-W) - p(e~ l )]dt <y+ 2 v f e _l t 7 * 1 dt. 

Jo Jo 


Since the right-hand sides of these last two inequalities can be made 
arbitrarily small, our lemma is true for the step-function g(x) just con¬ 
sidered. It is consequently true for any step-function with a finite 
number of jumps, for any such function is a linear combination of func¬ 
tions of the type just treated. 

We turn now to the general case. With a positive c we can determine 
positive numbers <5 and R so that 


(1) 


2 M f e'H y ~ l dt +2 M f e^f^dt < c/6 
Jq Jr 


M - u.b. | g(x) 


Since g(e~ t )e~ t t' Y ~ 1 is -Riemann-integrable in ( 8, R ) we see from the 
definition of an integral that there exist two step-functions g x (x ) and 
g 2 (x), each with a finite number of jumps such that 

(2) <?i(<T‘) ^ g(e -*) ^ <? 2 (e“‘) (8^t£R) 

(3) f h(0 - giie^e^t^dt < c/6. 

Js 


If we complete the definition of < 71 ( 2 ) and g 2 {x) by the equations 

g2{e ~ l ) = M (0 ^ t < 8, R < t < <*) 

9 i(e~ l ) = -M (0 ^ t < 8, R < t < *>), 

inequalities ( 2 ) hold for all positive t , and by the first part of the proof 
there exist polynomials p(x) and P(x) such that 

p{x) < gi(x) g g{x) g g 2 {x) < P(x) (0 ^ re ^ 1 ) 

(4) f e~ l [P(e- 1 ) - g 2 (e- t )] f~ l dt < c/3 
Jo 

(5) f ^(e- 1 ) - p(Oj ^ < c/3. 

Jo 

From ( 1 ) and (3) we have 

WO - gi(e~ t )]t y ~ 1 dt < c/3. 
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Combining this with (4) and (5) there results the required inequality 

f e-'lPCe'*) - pie-'W^dt < e. 

Jo 

4.2. We turn now to the proof of the following theorem due to 
Karamata. 

Theorem 4.2. Let a(t) be non-decreasing and such that the integral 
/GO = fe~ st da(t) 

Jo 

converges for s > 0, and for some positive number y let 

a) 

Let g(x) be of bounded variation in (0, 1). Then 

(2) f e- st g(e-“) da(t) ~ I -L f g{e~ l )r l dt 

Jo s y T{y) Jo 

s varying through the set of points for which the integral on the left exists. 

Let a(t) be continuous except perhaps in the set of points x 0 , Xi, 
X 2 , • • • and let g{e~ l ) be continuous except perhaps in the points y Q , 
2/i, 2/2 , * • • ■ Denote by E the set of points yi/x 2 (i, j = 0, 1, 2, • • •). 
If $ is not in E the integral on the left of (1) exists since a(t) and g(e~ s( ) 
will have no common discontinuities. Since E is a countable set its 
complement is dense in (0, °o) so that s may approach zero or become 
infinite while remaining in the set of points for which the integral on 
the left of (2) exists. 

Let € be an arbitrary positive number. Determine polynomials 
(Lemma 4.1) p{x) and P(x) so that 

p{x) < g{x) < P{x) (05*51) 

(3) A. f e-'r'iHe- 1 ) - p(e -1 )] dt < *. . 

T(t) Jo 

Since a(t) is non-decreasing we have 

(4) Ce-^dait) ^ r e~ 3t g(e- st )da(t) ^ f e~ at POT*) daff). 

Jo Jo Jo 

s mf•■**-*** 


(s —>-0+) 

(s-» »). 


(s-*0+) 

(s —> co ) } 


( 5 ) 
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If we replace s by (n + l)s in (1) we obtain 


/' 


1 da(t) 


(n + l)*s* r( T )s 7 Jo 


f 

Jo 


e~‘e~ ni i r 


~ l dt 


for any positive integer n, whence 

for any polynomial P(x). From (4) we have 


( 6 ) 


( e t p(e l )t y 1 dt ^ ljm s y [ e 8t g(e st ) doft) 
(7) Jo Jo 


T(y) 


s r h)l’ e ~‘ He ~ V '‘ dl ’ 


s approaching zero or becoming infinite in the set complementary to E. 
From (3), (5) and ( 6 ) we see that 

- s ‘g(e~ st )da(t) = -L £ e ~ l g{e~‘)r l dt, 


the desired result. 

4.3. From this result by specializing g(x) we may obtain the following 
Tauberian theorem. 

Theorem 4.3. If oft) is non-decreasing and such that the integral 

f(s) = f e~ 8t da(t) 

Jo 


converges for s > 0 , and if for some non-negative number 7 


then 


f(s) 


A 

s T 


(s -» 0 +) 
(s-> »), 


(1) 


a(t) 


AC 


r(7 +1) 


It is no restriction to take A = 1 . First suppose 7 = 0. 
is non-decreasing it either approaches a limit or becomes 
t —> «. From Corollary lc the latter case would imply 


(t-> oo) 

«-»0+). 

Since a(t) 
infinite as 


lim f(s) = oo 
«->o+ 


' contradicting our hypothesis. The finite limit which a(t) must approach 
is then certainly unity. A similar argument applies to- the case t—* 0+, 
s —> co , 
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If 7 > 0 we choose the function g(e *) of Theorem 4.2 as follows: 

g{e~‘) = e* (0 ^ t < 1 ) 

= 0 (1 < t < oo). 


Then the conclusion of Theorem 4.2 is precisely (1) provided t approaches 
its limit through the set of points where oc(t ) is continuous. Obviously 
this restriction may be removed since a(t) is rnonotonic. 

4.4. We prove now a very useful theorem due to Hardy and Little- 
wood [1912] in its original form. We employ the slightly more general 
form of Landau* 

Theorem 4.4. If f(x) has a second derivative in the interval 0 < x < co 
and if for some real value of a 


( 1 ) 

( 2 ) 


fix) = o(x“) 


f"{x) < 0(0 


Or -» 0+) 
(x-+ 00 ), 

(x —>0+) 
(x-f oo ), 


then 


(3) 


fix) = oOO 


(x > 0 -f 
(x -> oo). 


Let 8 be an arbitrary positive number less than unity and let x be 
positive. By Taylor’s remainder theorem 

(4) /(x ± 8x) -/(x) =F 5xf'{x) = S -£-f"(x ± 68x ) (0 < 6 < 1). 


By ( 2 ) there exists a constant M such that 

(5) f"{x d= 98x) < M(\ ± es)°- 2 x a “ 2 g Mx“" 2 (1 + O (a 5; 2) 

:£ jlfx“~ 2 (l - 5) 0,-2 (a ^ 2). 

By ( 1 ), (4), and (5) we obtain 

o(x a •) =F 8xf(x) ^ x a (l + 5) a 2 (a ^ 2) 

^ *«(1 - sy~ 2 {a ^ 2 ). 

A 


E. Landau [1929] p. 58. 
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Hence 

—^ (1 + 5)“ -2 = Ijm x'-Jix) ^ lim x^ a f{x) 

z 

£ ^ (1 + 5) 0-2 (a £ 2) 

~ (l - 5 )“" 2 ^ lim x l ~ a f{x) g lE^-yOr) 

z 

4 5 ( 1 - *T* (« ^ 2 ). 

Since 5 is arbitrary we have in either case 
lim x 1 ~*f(x) = 0, 

which is equation (3). 

It is obvious that in condition (2) the direction of the inequality may 
be reversed. 

Corollary 4.4a. If condition (1) is replaced by 

f(x) ~ Ax a 

then (3) becomes 

f(x) ~ aAx*~\ 

This follows at once from the theorem by consideration of the function 
fix) - Ax*. 

Of course if a = 0 our conclusion becomes 

fix) = O 0 *- 1 ). 

Corollary 4.46. If fix) is of class C' in 0 S x < oo and if for some 
non-negative number a 

Fix) = f ft) dt ~ Ax* (x —* oo) 

Jo 

(xf(x)Y ^ 0 (0 ^ X < oo), 

then 

(x —> oo ). 


f(x) ~ aAx 
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This is a result of Landau.* It is no restriction to take 4=0. Then 


G(x) = - [ tf(t) dt = - xF(x) + f F(t) dt = o(x a+1 ) (x -> oo) 
Jo Jo 

G"(x) ~ - (xf(x))' £ 0 (0 ^ x < oo). 

Hence G{x) satisfies conditions (1) and (2). Then (3) becomes 

xf(x) = o(x a ) (s-->oo), 

which is what we wished to prove. 

4.5. In Tauber’s theorem, i.e., Theorem 3a, the condition 

a(t) = o(t~ l ) ' (t-+ co) 

is stronger than necessary, as Littlewood first showed for series. We 
show the analogous result for Laplace integrals in this section. 
Theorem 4.5. If 

f(s) = fe~ st da(t ) 

Jo 

converges for s > 0, if 


/0) -*A (s -> 0+), 

and if there exists a constant K such that the function 

(1) 1 3(t) = Kt + [ uda(u) 

Jo 


is a non-decreasing function of t in (0, <*>), then 

(2) «(*)-> A (<-**). 


We note first that Theorem 3a is included in the present result. For, 
if 


a(t) = / a(u)du 
Jo 

a(t) = oir 1 ) (t-**), 


then 


(3) * 1 + a(t)t ^ 0 

at least for large values of t. Evidently the behavior of a(t) for small 
values of t is unimportant in Theorem 3a provided only that /($) is 


See E. Landau [1906] p. 218. 
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defined for s > 0. Hence we may suppose that (3) holds for all t, so 
that 18 (t) is non-decreasing for K = 1. 

To prove the theorem we have 



/(s) = [ e st doc(t) 

Jo 

(s > 0 ) 


/"(«) = 

Jo 

(s > 0) 


r°° K 

= / 

Jo s 


Since (3(t) is non-decreasing we have 



rw ^ -§ 

s 

(s > 0). 

By Theorem 4.4 


(s —► 0+). 

Hence 

fe-'m) =--/'(s)~- 

Jq S S 

(s —* 0+). 

By Theorem 4.3 

KO ~ AT 



/ ucla(u) = o(/) 

Jo 

(<-» 00 )■ 

By Theorem 35 this implies that 



a(t) —» A 

(< «), 

and this is what we 
Corollary 4.5a. 

were to prove. 

77ie condition (1) 0 / Theorem 3 a may be 

replaced by 


O 

All 

v <3 

(*—>■ «j). 

Corollary 4.55. 

u 



/(s) = E a„e- M 

n=l 



lim /(«) = A, 

s—0+ 


converges for s > 0, if 
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and if a constant K exists such that 

(4) a n > (n = 1, 2, • • •), 

then 

00 

^2 a n = A. 

n —1 

Otherwise expressed this result states that a series whose terms 
satisfy (4) cannot be summable in the sense of Abel unless it converges. 
It follows from the theorem since (4) implies (1) if a{t) is a suitable 
step-function. 

4.6. By way of generalizing Theorem 4.3 we add the following result. 
Theorem 4.6. Let the integral 

f(s) = f e~ st da(t) 

Jo 


converge for s > 0 and let constants K, A, and y > 0 exist such that the 
function 

@(t) = «(0 + Kt y 


is non-decreasing in 0 S t < and such that 


f(s) 


A 

r><j — 


Then 


cdf) 


At* 

r(7 +1) 


(s —> 0+) 
(s —> °o). 


(t—> 00 ) 

(t —> 0+). 


To prove this we have only to apply Theorem 4.3 to the function 


f * " dfi(t ) = /(s) + 

Jo 


KT(y + 1) 


s'* 


A + KT(y + 1) 


si' 


The conclusion is 

«(*) + Kf = m 

a(t) 


.4 + KT(y + 1) y 
T(y + 1) 

Af 

r(7 + 1) 


(s -*• o+) 

(s —* 00 ). 


(t~> 00 ) 

(t —> 0+). 


This proves the result. 
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5. Tauberian Theorems for the Stieltjes Transform 

In this section we shall prove a Tauberian result concerning the 
Stieltjes transform which we shall need in a later chapter. It is ob¬ 
tained by application of the foregoing results about the Laplace trans¬ 
form. However, we first prove a lemma about the Stieltjes transform 
which is due to Hardy and Littlewood.* 

Lemma 5. If <j>{u) belongs to L in (0, R) for every R > 0, if the integral 



<p(t) 
s -f* t 


dt 


converges, and if 

G(t) = / U(p(u)du = o(j) 

Jo 

(t-* 00 ), 

then the relation 

*•>-7 

(S -*■ oo ) 

implies 

[ <p(t) dt = A. 

Jo 


Write 



r ^ 

JO s + t 

, r Mit . [<&*+., 

JO Jfl S T t J 

c %* 

s t 


— 7 i(s) + 7 2 (s) + 7 3 ($). 



Since we wish to show that 7i tends to A as $ becomes infinite we need 
only prove that 7 2 and 7 3 tend to zero. This results from the following 
relations 


~h(s) 


GW , f x 

2s + 1 


m 

(s + t)- 



m 

(s + ty 


dt 


(0 < X < s) 


h | ^ 


GW) 

2s 


, X , 
+ — u.b. 


| G(t) | + log 


2s u 

tTJT, u b - 
A ts 


GW 

t 


Allowing first s and then X to become infinite, we have 


lim | h | ^ log 2 lim 

x-*-oo i —>00 


GW 

t 


=» 0. 


Hardy and Littlewood [1930] p. 34. 
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Treating h(s) in a similar way we have 


T / s 6(8), f 6(<) , f 

73(s) --2T +s J s P(I+l) di+s i 3 

|/a(s)|^|^- ) [ + log2 s l 
lim | /.(a) | g (log 2 + ^ lim ^ 

S —♦•00 \ £/ f—*00 


G(t) 
s i(s + t) 2 


dt 


G(t) 

+ 5 u.b. 

Git) 

t 

** s<| 2 <oo 

t 


= 0 . 


This completes the proof of the lemma. By its use we establish the 
following result also due to Hardy and Littlewood.* 

Theorem 5 a. Let <j>(f) belong to L in (0, R) for 'every R > 0, and let 
the integral 

r vm 


/(») = / 
Jo 


s + t 


dt 


converge . If constants K and A exist such that 


( 1 ) 

4>{t) > -Kt 1 

(0 s 15 < 00 ) 

( 2 ) 

/(s) ~ As -1 

(«-*■ °°), 

then 

f <p(t) dt = A, 

Jo 



Consider the function 

g{s) = s 2 /(s). 

It is clear from ( 2 ) and ( 1 ) that 

g(s) ~ As 

and that 


'(s) =2 [ 
Jo 


K 


'<rny '*><“>-t 


By use of Theorem 4.4 we obtain at once that 

g'(s) A 

That is 

2 sf(s) + s 2 f(s) A 
s 2 f'(s) -> 

* Hardy and Littlewood [1930] p. 33. 


{s —> oo ) 


(s —* oo). 

(S~> *>), 
( 8 “> «). 
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From this we see that 




Jo (s + t ) 2 \S/ 

But the integral on the left can be expressed as the product of two 
Laplace transforms, 

(3) f 7 ~L •„ dt = [ e~ su #( u) du 

Jo (s + ty Jo 


r 00 

t(u) = / e u ‘t<p(.t)dt. 
Jo 


One sees this by interchanging the order of integration, a step which is 
valid by virtue of (1) and Fubini’s theorem. 

By (1) we have 

> -- (0 5 u < <*>). 

u 

Hence we may apply Theorem 4.6 to the integral on the right-hand side 
of (3) and obtain 

1 r u 

/ A\ A 1 . # / A T. /•* \ / ^ \ 


[ tf(t) dt = o(l) 
- Jo 


(u-»0+). 


The second derivative of this function is 


mu) = ~ 3 f m dt - L(«) + i\u). 

U* Jo u 


By (1) we have 


-\p(u) < 


This with (4) shows that 


*'(«) < 

u- 


H(u) < 0 ( 


(u -> 0+), 


so that we may again apply Theorem 4.4 to the function (4) and obtain 


'/'(w) ~ [ ty(t)dt = of-') 

U- Jo \uj 

m = j[ dt = 0 0 


(« -*• 0+) 


(« -► 0+). 
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Again, using (1) and Theorem 4.6 we have 


f t<p(t) dt = o(u) 
Jo 


(u —> OO ). 


Now applying Lemma 5 we obtain the desired result 


f <p(t) 

Jo 


dt = A. 


Another result of this type which we shall need in a later chapter is 
Theorem 5b. Let <p(t) belong to L in (0, R ) for every 'positive R , and 
let the integral 


f(s) = [ 

Jo 


Jo (s + ty- 

converge. If (pit) is bounded in (0 ^ t < «»), then the relation 


implies 


f(s) ~ — 

s 


I <p(u) du ~ At 
Jo 


(s —> 0+) 


0 t 0 +). 


Clearly we have by Fubini’s theorem that 


where 


/(«) = f e * v ydy [ e vt cp(t)dt (0 < s < *>) 

Jo Jo 

/(*) = f e~‘ v yg(y)dy, 

Jo 

g(y) = [ e~ yt <p(t) dt. 

Jo 


Let M be an upper bound of | <p(t) |. Then 

I yg(y) I < M 

Set 


(0 < y < »). 


a{y) = [ ug{u) du. 
Jo 


Then a(y) + My is non-decreasing, and we may apply Theorem 4.6 to 
the integral (6) to obtain 


a (y) ~ Ay 
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But 


a"(y) = f e- yt <p(i)[l - yt]dt 
Jo 

a”(y) I < (0 < y < oo). 


Hence we may apply Theorem 4.4 to obtain 

a (y) ~ A 

g(y)~~ 00 J- 

y 

By v i r tue of Theorem 4.6, applied to the integral (7), we now prove (5). 
This completes the proof of the theorem. 


6. Fourier Transforms 

In the proof of Wiener’s general Tauberian theorem we shall need 
certain facts about Fourier transforms which we collect in this section. 
The first is a combination of Plancherel’s theorem and ParsevaFs 
theorem. 

Theorem 6a. If F(x) belongs to L 2 in (— °o, <*>), then there exists a 
function f(x) belonging to L 2 in (— , oo) such that 

(2) i r a 

1) /(*) = l.i.m. “ 7 =- F(t)e~ ixt dt 

a—*oo *v J~a 
1 j I* o° —ixt 1 

2) 

(2) 1 r a 

3) F(x) = Li.rn.- 7 iT Me ix ‘dt 

a—*'co V J—a 
i w r 00 A xt _ 1 

4) 


5) f\f(.x)\ i dx= r\F(x)fdx. 

J— 00 J— oo 

The proof of this is to be found in any text on Fourier transforms. 
The function /( x) is uniquely determined up to an additive function 
which is zero almost everywhere. 

Theorem 6&. If f(x) belongs to L in ° o, oo) then F(x) y defined by 

the absolutely convergent integral 

( 6 ) F ^~vrX e ‘“ md ‘- 

is continuous for all finite x. 
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This follows since 

lirn f e ixt f(t) it = [°° it 

X~*a J—oq J— oo 

for every real number a. It is permissible to take the limit under the 
integral sign since f(x) belongs to L. 

Theorem 6c. If f(x) and g(x) belong to L in (— <x> f oo) and if h(x) 
is the resultant , 

h(x) = j^J(x - t)g(t) it, 
then h(x) belongs to L and 

vb L 1 m ldx = V^L lf(x) ldx 7 rjj 9(x) 1 dx ■ 

For, by use of the Fubini theorem 

vb L* ^^ dx - b I* dx /«~ ^ 11i dt 


(7) 


-if 

27T j-oc 


I git) | it [ | /(* - 0 I dx, 

J—oo 


from which the result is immediate if we set x — t equal to a new variable. 

Theorem 6 d. If f(x), g(x), and h(x) are defined as in Theorem 6c 
and if F(x ), G(x), H(x) are their respective Fourier transforms as defined 
by (6), then H(x) = F(x)G(x). 


For, simple computation gives 
-fj xt Mdi fj xy g{y)dy = 1 J 

r°° 

r°° 

j J(t) dt J 

1 e w+v) g(y) dy 
— 00 

1 

r“ 

-CO 

I 

2tt v 

j jit) dt j 

1 e ixu g(u - t) du 

— oo 


r°° 

r 

l 

“ 2tt « 

/ 

'—CO * 

/ /(<)?(« - 0 
l—oo 


The change in the order of integration is again justified by Fubini’s 
theorem. 

Theorem 6c. If f(x) belongs to L in (— oo, co) and if F(x) is its 
Fourier transform , defined by (6), then for almost all x 
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For, 


JL_ 

2r 




e ivl f(y)dy 


1 

2 irR 




But this is essentially the same integral considered in the proof of 
Theorem 9.3 of Chapter II. It approaches f(x) as R becomes infinite 
for almost all values of x. 

Corollary 6e. If F(x) is identically zero, then f(x) is zero almost 
everywhere . 

By use of this theorem or otherwise one may easily show that if A (a) 
and 8(x) are the functions defined below, then each is the Fourier trans¬ 
form of the other. 


A Or) = 1 — | x | | x | ^ 1 

= 0 \x\£l 

s(2i) - ^ (¥.)’ (-»<*<“)• 

We shall need this pair of functions later. Note that 8(x) belongs to L. 
In fact 



7. Fourier Transforms of Functions of L 

We consider in this section functions which are Fourier transforms 
of functions of L. That is, the} r can be represented by absolutely con¬ 
vergent Fourier integrals. For brevity we give this class of functions 
a name, and we introduce an operator on functions pf the class by the 
following definitions. 

Definition 7a. A function F(x) belongs to the class A if and only if 
(1) 


fw 


di 


< 00 . 


where 
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Definition 76. 
tion (1), its norm, 


If F{x) belongs to the class A and has the represents - 
F(x) ||, is 


Concerning functions of the class A we prove: 
Theorem 7 a. If Fi(x) and F 2 {x) belong to A, then 


(2) 

*) + TO) || 

g || TO) || + || TO) 

(3) 

TO)TO) || 

i || TO || II TO II- 


The inequality (2) is evident, and (3) follows from §6 (7). 
Theorem 76. If Fi(x) and F 2 {x) belong to A and if || F 2 {x) || is less 
than unity, then 


+toIi ~ i - ii-roir 

It must not be supposed that [1 + F 2 {x) p 1 always belongs to A. 
In fact this is false if F 2 (x) is identically zero. Since 

F 2 (x) | £ || F 2 (x) 


we have 

( 4 ) 


By Theorem la 

(-1 YF 1 (x)[F i (x)] n = 


where f n (x) belongs to L. But the series £)/ n (0 converges in mean to 

n=0 

a function f(t) since 


fn(t) dt 


I” (p = 
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Hence 


Fi(x) 


Hz) 

1 + F 2 (x) 


Theorem 7c. If F(x) belongs to A and a is constant, then 

II aF(x) || = | a | || F(x) || ' 

II F(ax) || = || F(x) || (a^O). 

The proofs of these results may be easily supplied. The function A(z) 
defined in §6 belongs to A. In fact 

II Mx) II = 1. 

As another example which we shall need, consider the function 


Here € is a positive number. Clearly 


= 2 — —' 

€ 

= 0 (\x I ^ 2e). 

By Theorems 7 a and 7c 

( 5 ) g 3, 

so that the norm of P e (x) has a bound independent of e. Since A(rc) 
is the Fourier transform of d(x) we have 


where 

(6) P*(t) = ep(ef) = 4e5(2e0 - ed(et) 

Theorem 7 d. If p t {t) is defined by (6), then for every real y 
■V) lim f I P*(t - y) - p,(t) | dt = 0. 
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This follows since pit), as defined by (6) belongs to L. For,* 

p(t ~ ey) - 


8. The Quotient of Fourier Transforms 

In general the quotient of two functions of class A is not a function 
of class A even though the denominator does not vanish. For, the 
quotient of a non-vanishing function by itself is unity, a function which 
can not belong to A, as one sees by use of the Riemann-Lebesgue 
theorem. If in addition the function in the numerator vanishes out¬ 
side an interval the quotient does belong'to A . 

Theorem 8. If H(x) and K(x) belong to A, if K(x) does not vanish 
and if H(x) vanishes outside an interval, then H(x)/K(x) belongs to A. 

To prove this we shall need: 

Lemma 8. If F(x) and G{x) belong to A and are the Fourier transforms 
of fix) and g{x) respectively, then for any constant a 


[Fix) - Fia)]G(x - a) || 


= I f 1/(01 dt f I ~t) - g(*>) I dx. 

ATT J— oe J—oo 


For, the following are pairs of Fourier transforms 


G(x — a) 


e^gix) 


F(x)G(x - a) 


7 7 xte- iax f g(x - t)f(i)e M dt 


F{a)G(x -a) e~' ax g(x) e iat /(t) dt 

[F(x) - F(a)]G(x -a) - t) - g(x)] dt. 

From this last pair and the definition of the norm the inequality (1) 
follows by use of Fubini’s theorem. 

We return now to the proof of Theorem 8. Suppose that H(x) 
vanishes when \ x\ ^ 2X. Let N be a positive integer. Set 

x n = —2X + 3 m in = 0,1, • * *, N). 


23 Pe( x — Xn) (—2X ^ X ^ 2X). 

n—Q 

* See, for example, N. Wiener [1933] p. 14. 


= 4X 
e 3 N 

Then 

1 = 
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Since H(x) vanishes outside the interval (-2X, 2X), we have for all x 

, n) U(x) _ v H(x)PXx - x n ) 

K} K(x) h K(x) 

We will show that if N is sufficiently large each term of this series 
belongs to A. 

Now 


(3) 


H(x)P e (,X - X n ) 

m 


H{x)P e (x — X n ) 

K(x n ) + [K(x) - K(x n )]P 2( (x - 


(—00 < x < oo). 


For, if j x — x n | S 2e both sides of this equation are equal to zero. If 
| x — x n | g 2e, then P 2e (x — x„) = 1 from which equation (3) is evident. 
Hence we must show that 


_ H(x)P c (x - x n ) _ 

\K{x) - _ y c (x - Xn) 

K(x n ) 

belongs to A. By Theorem 7b this will follow if 
L_ 

\K(Xn) 

By Lemma 8 

\\[K(x) - K(x n ))Pu(x - Xn) 

^ ^ / J ^ I / J ~ 

% §7 (5) and §7 (7j M t approaches zero with e. Hence if ^ is the mini m um 
of K(x) in (—2X, 2X), we can choose N so large that 

II [£(*)- Xn)\\^ 

for n — 0, 1, 2, - • • , N . That is, every term of the series (2) belongs to 
A . Thus our theorem is proved. 
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9. A Special Tauberian Theorem 

We now prove a Tauberian theorem of a very special nature, but one 
that will prove useful in the proof of Wiener’s general theorem. We 
first introduce the functions 

(£) < x > «> 

k\(x) = 2\8(2Xx) ^ 0 (-QO < # < co) ; 

where A(rr) and S(x) are the functions which were defined in section 6 . 
By Theorem 7c 


We introduce several classes of functions. 

Definition 9a. The function f(x) belongs to the class of slowly oscillat¬ 
ing functions in (— °°, °°) if it is defined there and if 

lim [f(y) - fix)] = 0 . 

y-X-* 0 

X—*00 

For example, any function which has a bounded derivative belongs 
to the class. 

Definition 96. The function f(x) belongs to the class S of slowly de¬ 
creasing functions in (— oo, °°) if it is defined there and if 

hm [ f(y) - /(s)l ^0 (x -+ oo ? y = y{x) > x). 

y-x—O 

Any increasing function belongs to S. Any function having a deriva¬ 
tive which remains greater than some* negative constant belongs to S , 
as does any slowly oscillating function. 

It is easily seen that if f(x) belongs to S and is greater than a positive 
number 8 (less than a negative number— 8) for arbitrarily large x, then 
it is greater than 8/2 (less than —8/2) in infinitely many non-overlapping 
intervals of fixed length lying on the positive rr-axis. 

Definition 9c. The function f{x) belongs to the class B if it is bounded 

in (— co t oo). 

Theorem 9. If f(x) belongs * to SB and if for every X > 0 
lim - 7 = f fa(x — t)f(t) dt = A, 

x —►co V ZtT J — oo 

then 

( 1 ) lim f(x) = A. 

X —*'00 

* This notation means that fix) belongs both to S and to B. 
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Since 



it is no restriction to assume that A = 0. Suppose that (1) were false. 
Then there would exist a positive number 5 such that either f(x) > 5 
or f(x) < — 8 for arbitrarily large x. Let us assume the first of these 
alternatives and deduce a contradiction. The second case will be left 
to the reader. By the remark following Definition 96 there exist in¬ 
finitely many non-overlapping intervals (x — f, x + f) on the positive 
z-axis on which f(x) > 8/2. Then 

8 f x+r 

- / k x (x - t) dt 

£ J x—t 


L 


h{x ~ t)J{t) dt > 


— u.b. k\(x — t) dt 

—00 g i goo 

> 8 f k\(t)dt — 2 u.b. |/(0 | [ k\(t)dt 

Jo J r 

r 2\r 

> 8 / 8(t) dt - 2 u.b. |/(0 | / 5(0 dt. 

Jo J 2\f 

As X becomes infinite the right-hand side tends to \Z2tt8/2. Hence 
we can determine a X 0 such that 

^k[j^-0f(t)dt > l 

Allowing x to become infinite through the infinite set of values of x in 
question we have 

0 ^ 5/4 > 0 , 

a contradiction. 


10. Pitt’s Form of Wiener’s Theorem 

We are now able to prove Wiener's fundamental Tauberian theorem 
in a form due to H. R. Pitt [1938a].. 

Definition 10a. The function f(x) belongs to the class W if it belongs 
to L in (— oo ? oo) and if its Fourier transform F(x) does not vanish there. 
For example the function 

fix) = <r e Y 

belongs to W. For, it is clearly integrable in (— oo) 
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Theorem 10a. If g(x) belongs to W, if a(x) belongs to SB and if 

(1) lim J g(x - t)a(t) dt = A J g(t) dt, 
then a(oo) — A. 

It is clearly no restriction to assume that .4=0. By Theorem 9 we 
need only show that 

(2) lim f k x (x — t)a(t) dt — 0 

X—+OG J— 00 

for every X. By Theorem 8 we see that K\{x)/G(x) belongs to A. 
Here G(x) is the Fourier transform of g(x). Let K\(x)/G(x) be the 
Fourier transform of r x (Q. Then by Theorem 6 d the function K\{x) is 
the transform of the resultant 


But it is also the transform of k\(x). Hence by Corollary 6e 

1 r 00 

h{x) = 7 /^ / g(x - t)r\(t) dt. 


By the Fubini theorem 

r 00 1 r* 

(3) J h(x — t)a(t ) dt = J r\(t) dt J g(x — u — t)a(u) du. 


But 


/ g(x — u — t)a(u) du S. u.b. | a(x) | / | g{t) | dt, 

v—co — oo<as<oo J— oo 


so that we may take the limit under the first integral sign on the right- 
hand side of (3). Applying (1) to (3) we obtain (2), and the proof is 
complete. 

It is convenient to state this result after an exponential change of 
variable. For this purpose we introduce 
Definition 106. The function f{x) belongs to the class S* on (0, oo) 
if it is defined there and if 

lim [/(y) - f(x)] ^0 -> oo, y = y { x ) > x, y ~ -* f). 


The new form of the result is contained in 

Theorem 106. If a(x) belongs to S*B on (0, °o), if g(x) belongs to L 
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and is such that 


then 


f r g (t) 

Jo 


dt 9 * 0 


(-QO < X < 00) # 


dt 


lim - f g a(t) dt = A f g(t) 

X —>oo X Jq y*C/ "0 

implies a( oo) = A. 


11. Wiener’s General Tauberian Theorem 

We now obtain Wiener’s general Tauberian theorem. 

Theorem 11a. If gi(x) belongs to W, g 2 (x) to L, and p(t) to B in 
(— oo 5 oo) 7 and if 


lim f gi(x - t)p(t) dt = A f g^t) dt , 

£-*oo V— 00 ‘■'—00 


( 1 ) 
then 

( 2 ) lim f g 2 (x — t)p(t) dt = A f g 2 (t) dt. 

X—+O0 J— 00 V—oo 

For, we have only to apply Theorem 10a taking < 7 ( 2 ) = gi(z) and 
a(z) = f g 2 (x - t)p(t) dt. 

00 

It is no restriction to assume that A = 0 . Clearly a(x) is bounded. 
Our result will be established if we can show that a(x) belongs to S and 
that §10 ( 1 ) holds. But 

| a{y) - a{x) \ g u.b. | p(t) | [ | g 2 (y - x - u) - g 2 (-u ) | du. 

—00 < t < 00 v— 00 

The right-hand side approaches zero with y — x since* g 2 (x) belongs to L. 
Finally, 

/ oo /.OO -00 

gi(x — t)a(t) dt = / g x {x — t)dt / g 2 (t — u)p{u) du 

00 •/— 00 J— oo 

= / ?i(x — t)dt / g 2 (u)p(t — w) dit 
00 00 

= / g 2 (u)du / gn(:r — i)p(i — w)d< 

00 v— qo 

= f gz{u)du f gi(x — t — u)p(i) df. 

J—oo J— 00 

* See, for example, N. Wiener [1933] p. 14. 
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By (1) the inner integral approaches zero boundedly as x becomes infinite. 
Hence §10 (1) is established. The conclusion of Theorem 10a gives (2). 

Another form of this result is obtained by an exponential change of 
variable. 

Theorem 11 b. If gfx) and g%(x) belong to L, p(x) to B in (0, oo), if 

[ g\{t)t x dt 0 (— °o < £ < c 0 ) 

Jq 

and if 

rji) P m-Ar 

S-oo x Jq 

then 

lim - [ gt (-} p(t) dt = A f g 2 (t ) dt. 

x —*oo X J 0 \*£/ Jq 

It should be observed that the condition gi e W in Theorem 11a is a 
necessary one. Suppose that it were not satisfied, that 


for some xo . Choose gz{t) so that it belongs to W and choose p(t) — 
e irot . Then 

f gi(x — t)p(t) dt = f gi(t)e txo(x ~° dt = 0 (— <* < x < <*). 

J —00 J— cc 

Hence A = 0. But 

f g 2 (x — t)p(t) dt — f g->(t)e‘ xc(x ~ l) dt 

J— oo J— 00 

= e iloX J 

This function clearly approaches no limit as x becomes infinite. That 
is, the conclusion of Theorem 11a does not apply if gi(x) is not assumed 
to belong to W. 

12. Tauberian Theorem for the Stieltjes Integral 

Another result of Wiener is also contained in Theorem 10a. To state 
it we must first introduce Wiener’s class M. 

Definition 12. The function f(x) belongs to the class M if it is con¬ 
tinuous in the interval — <=o < x < and if 

L U.b. \f(x) I < 00. 

n=>—co n<s<n+1 

It is obvious that a function of M belongs to L. 
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Theorem 12. If g x (x ) belongs to MW, if g 2 (x) belongs to M, if a(x) 
is of bounded variation in every finite interval and is such that the function 

r x+l 

/ I da(t) I 

belongs to B, and if 

lim / g x (x — t) da(i) = A / g x (t) dt, 

£—►00 J—00 J—oo 

then 

lim / g 2 {x — t)da(t) = A / g 2 (t)dt . 

£—►00 —00 J—OO 

To prove this set 

a(rr) = / ~ 0 d#(£). 

J—OO 

This integral exists for all z since 

• / | $r 2 (a; - i) 11 da (0 | g X u.b. |g 2 (0i/ ! da(f) | < °o. 

J—oo n=—oo n^ 4 <n+l J^—n —1 

Moreover 

a(z + y) - a(x ) = / [^(a: + y - i) - 0 s(x - <)] da (0 

J—oo 

I a(z + y) - a(x) | g / | 0 2 (j/ + w) — 0 2 (w) 11 rfa(a: — u) | 

J— 00 

y»£+l oo 

^ u.b. / |< 2 a(ti)| 2 u.b. | ^ 2 ( 3 / + u) - g 2 (u) |. 

—00 <£<oo J £ n=— 00 n^u<n+l 

The series on the right converges uniformly for y in some neighborhood 
of y = 0. Each term of the series approaches zero with y so that 

lim [a(x + y) — a{x)] = 0 . 

y—O 
£-►00 

so that a(x) is a slowly oscillating function. Now 

/ <*> «°0 . ~GQ 

giix — t)a(t) dt = g x (x — t)dt / g 2 (t — u) da(u) 

oo J — oo J — oo 



§13] 


ONE-SIDED TAUBERIAN CONDITION 


215 


The change in the order of integration is justified since 
[ I gi(x - t)\di f | g 2 (t - u) 11 da(u) | < 

J— 00 V— CO 

Again changing the order of integration we have 

/ oo -so *oo 

gi(x — t)a{t) dt = / g 2 (t) dt / gi(x — u — i) da{u). 

00 J—00 J— 00 

By hypothesis 

lim / gi(z — u — t) da(u) = A / gi(t) dt, 

X —*oo J— oo J— oo 

and the integral on the left has a bound independent of x. Hence, by 
Lebesgue’s convergence theorem 

lim f gi(x — t)a(t) dt — A l gi(t) dt f dt. 

z —*00 J— CO CO j— 00 

All conditions of Theorem 10a are satisfied so that 
lim a(t) = A / g 2 (t) dt, 

t —+00 V— 00 

and our result is established. 


13. One-sided Tauberian Condition 

For the applications of Theorem 11a, it is frequently convenient to 
suppose that p{t) is bounded only on one side. That the theorem is no 
longer true without further hypotheses is seen by the following example. 

p(x) = e x 

gi(x) = e~ x (l - 2x) (x > 0) 

= 0 (s < 0) 

g 2 (x) = 1 (0 < x < 1) 

= 0 (x ^ 0, x ^ 1). 


Then p(x) is bounded on one side but not on both, gi(x) belongs to W, 
g 2 (x) to L , and 


i' 00 r 00 

h(x) = / gi{x — t)p(t)dt = e — 2 t)e x 1 dt = 0 
J- 00 Jo 

A 2 (^) = f g 2 (x — £)p(0 dt = e x [ e~ l dt. 

J- oo Jo 
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The functions hfx) and h{x) do not approach a common limit as x 
becomes infinite. 

The case when pit ) is bounded on one side can be treated by the 
following theorem due to H. R. Pitt [19385], 

Theorem 13a. Let 


gi{x) ^ 0, g x {x)tW (-oo < x < oo) 

(2) p(x) ^ -c 

(3) g 2 (x) e M 


except that giix) may be discontinuous at a set of points of measure zero, 
and let the function 


(4) 


hfx) 


= fgxix 
J — 00 


t)p{t) dt 


exist for all x and belong to B. Then 


(5) 

lim 

f g x (x - t)p(t) dt = A 

[ gi{t) dt 


x-*oo - 

'—00 « 

J~~OQ 

implies 

lim I 

X~*oo J- 

r « 

gz{x - t)p(t) dt = A 1 

-00 J 

f gi(t) dt. 
— 00 


We note first that it is no restriction to take A = 0. Our second 
remark is that we may assume g x (x) continuous. For, the function 


1 

g{x) = f 
V 7T J_ M 


e y 'g x {x - y)dy 


satisfies conditions (1) and is also continuous. It is clearly positive and 
integrable. To show that it belongs to W we have 


1 


\/ IT 




gi(t) dt 


*dy 



—ixt „ / 

e M 
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To show that (5) is satisfied when gi(x) is replaced by g{x) we have 

r 30 l r™ f* 3 - 2 

J g(x - y)p(y) dy = p(y) dy J ^ e ‘ gi(x - y - t)dt 

= ^ J e~‘ dt J 0 i(x - y - t)p(y)dy 

= / e~ t2 fii(x — t)dt. 

V 7T J—oo 

Since /u(a;) is bounded this last integral exists. By use of (2) and 
Fubini\s theorem the interchange of the order of integration is justified. 
Since lh(x) is bounded we may take the limit as x becomes infinite under 
the sign of the last integral and obtain the limit zero as desired. We- 
now replace g(x) by gi(x) and assume it to be continuous. 

Finally we observe that we may assume that 

[ gi(t) dt = 1 , 


for this can always be brought about by multiplying gi(t) and g^{t) by 
suitable constants. 

Now consider the function 

1 1 f 5 

p(y) dy = - p(x + y)dy, 

0 Jo 

where 5 is an arbitrary positive constant. Since gi(x) belongs to W it 
is not identically zero. Hence there exists an x 0 such that 


0i(*o) = f > 0. 


By the continuity of gi(x) 


for all 6 sufficiently small. 

c + h(x + x 0 ) = 

> 


0 i(x) ^ f/2 (x 0 — 5 ^ x g x 0 ) 

By ( 2 ) 

f ffi(y)lp(x + so - y) 4- c] dy 

J—oo 


f r r o 

- / [p{x + Xo - y) + c]dy 



S y [c + h (x 
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Hence for each sufficiently small positive <5 the function S$(x) is bounded. 
By (2) it is clear that if D > <5 > 0 we have 

(•y+S 

dt 


f [p(x + y) + c] dy = - f [p(x + y) +c]dy [ 

Jo 0 Jo J y 

•i i»D+5 *t ~D+8 

^ - dt [p(x + y) + c] dy = / [Sj(a: + y - 5) + c] dy 
0 Jo Jts Jo 

f [po +y) + c]dy 
Jo 

S f [S s (x + y - 6) + c]dy = f y) + c] dy. 

Js Jo 


Hence 


( 6 ) 


[jS s (a: + y) + c] dy 

l r D+5 

^ S D (x) + c ^ ^ j [S s (x + y — S) + c] dy. 
But we can show that 

lim / gi(x - y)S s (y ) dy = 0. 

a:—*00 J— oo 


(7) 

For 


f - 2 /)[Sj( 2 /) -F c] ch/ = f gi(x -y)dy\ f [p(u + y) + c] du 
J- 00 J-00 0 Jo 

1 r 5 r 00 

= 7 du [p(u + y) + cjg^x - y)dy 
0 Jo j— 00 


1 r * +5 

= 5 L + C 1 du ' 


(z «), 


so that (7) is evident. 

We are now in a position to apply Theorem 11a to the function Ss(x). 
Choosing the function g 2 (x) of that theorem as a suitable step-funption 
we have for every D > 0 


x —►oo JLy J o 

Hence inequalities (6) show that 


1 C D 

lim = 1 [(Sj(x + y) + c] dy = c. 

x —►00 J-J J 0 


i r D 

lim n / fate + y) + c]dy = c 

aj-^oo -L/ Jo 


lim jSdOe) = 0 . 
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In particular 


Since 


/•ar+l 

lim Si(x) = lim / p(f) dt = 0. 

>oo x->oo Jx 


[ | g 2 (x - t) | [p(t) + c] dt 
J—oO 

/ *+!■ oo 

[p(t) + c]dt X) u.b. 

- n—oo n£x<n+ 


it follows from (3) that 


h 


fa) - [ 9 fa - 

J—oo 


exists for all x. 

Let e be an arbitrary positive number. By (3) we can determine 
N = N(e) such that 


—N —1 oo 


Z + Z f u.b. | g s (x) | < e. 


-oo n=iV 


Then 


*(*) - J gt(v)p(a 


= u.b. | Si(x) + Z ^ u.b. 

—00<x<00 


< e u.b. 

—00<»<00 

Since gt(x) is Riemann integrable we can determine step-functions qi(x) 
and qi(x') such that 


= gt(x) ^ q t (x) (—IV.g x g N) 


Then 


- y) + c] dy g 


y) + c] dy. 
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By decomposing the extreme integrals into others over intervals in 
which the functions qi(y) and q 2 (y) are constant and by use of the fact 
that 

lim S D (x) = 0 


we obtain 


r N f N 

lim / qi(y)([p(x -y) + c]dy = c qi]j)dy (i = 1, 2) 

-_ M J-ir J-n 

/ N _ 

qi(y)dy ^ lim / gi{y)[p{x — y) + c]dy £ c I qa(y)dy 

N x~*oo J—N J-—N 


lim 


f N 

^ C / [q 2 (y) - g 2 (y)] dy. 

J-N 

Since the left extreme is negative, the right positive, and since the two 
extremes differ by at most the arbitrary positive number ce , we have 

(9) lim I gi{y)p{x - y)dy - 0. 

a:—*■00 J-JV 


But by use of (8) and (9) we see that 



lim j hi(x) | S € 


y) dy + / 92 (y)v(x - y) dy 

J—N 

u.b. 


Hence 


lim = 0. 


This completes the proof. 

For the application of the foregoing result it is convenient to state 
it in a form in which the interval (- oo, oo) is replaced by (0, oo). 
Theorem 136. Let 

( 10 ) 


(ID 


0i(x) i 0, gi(x) e L 


(0gi< oo), 
(—oo ^ x < oo), 
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(12) p(z) ^ -c (Ogi< *), 

(13) ga(x) be continuous almost everywhere on (0, «), 


(14) 


S U.b. a:|gr 2 (*) I < 00 , 

n y*<j.n + l 


(15) h(x) = - f ffi(-) p(t) dt exist and be bounded for (0 < x < °o). 
# Jo \x J 

if /ii(°°) 


Um '[ 9i( t ^)p( t )dt = 

x-*<x> X Jq \X/ 


Jo 


This result follows from Theorem 13a by an exponential change of 
variable. 

14. Application of Wiener’s Theorem to the Laplace Transform 

As an example of the way in which Theorem 136 may be applied we 
prove the following result, which is contained in Theorem 4.3. 
Theorem 14. If p(t) ^ 0 for Q ^ t < oo and is such that the integral 


Jo 


converges for all x > 0 and if 

[ e~ x ‘v(t)dt A 
Jo x 


then 



~ Ax 


We see by Corollary la that 

lim - f e~ t/x p(t) dt = 0. 
z-+oo X Jq 


lim - f p(t) dt — 

X-.CO X Jo 


0. 


Obviously 
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Hence it is no restriction to suppose that p(t) is identically zero in (0, 1). 
In Theorem 136 choose 

gi(x) = e~ 

g,(x) = 1 (0 g * g 1) 

= 0 (1 < X < oo). 

Conditions (10), (12) and (13) of Section 13 are obviously satisfied. 
Condition (11) holds since 

f 

Jo 

Condition (14) becomes 

OQ 

23 u.b. z! 0 2 (x)| = 

7i=:—co « n <a:<&e n+1 

Finally (15) is satisfied since 

hi(x) = - e~ ilx p(t)dt 
x 

is clearly continuous in the interval (0 < x < °o) and approaches finite 
limits when x approaches zero or becomes infinite. It approaches A as x 
becomes infinite, and since 

h(x) 1 e (x ~ 1 e~‘p(t)dt (0 1), 

it is clear that hi(x) approaches zero with x. All conditions of the 
theorem are satisfied and when we apply it we obtain the desired result. 
One could easily obtain more general results by altering the choice of 
gi(x) and g*(x). Since no new principles are involved and since we have 
already obtained the results by Karamata’s method, we content our¬ 
selves here with the above special case. It should be observed that 
Karamata’s method is much simpler than Wiener's for the particular 
Laplace kernel e~ t/x . The great importance of Wiener’s methods and 
results lies in their extreme generality. 

15. Another Application 

As another example of the use of Wiener’s theorem let us prove the 
following special case of Theorem 4.4. Here again the complete theo¬ 
rem could be obtained by Wiener’s method, but since we have already 
obtained the result by a simpler method we content ourselves here with 
the special case by way of illustration. 
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Theorem 15. If fix) has a continuous second derivative for positive x 
such that 

(1) /"(*) = 
and if 

(2) fix) ~ - (x— >°o), 

X 

then 

(3) fix) - - ^ (x->Oo). 

We note first that (1) implies the existence of the integral 

f f\t)dt ix > 0), 


so that f'i oo) exists. It must be zero for otherwise we should have 


fix) /(1) - 1 (V(o *-/'(») 

X X j l 

(*-»■ °°), 

/(^) —' /'( 00 

ix — * o°) 

contrary to (2). Hence 


-fix) = frit) dt, 

J x 


and from (1) 


(4) fix) = 


Now consider the equation 


H ' 1 

i 

cs* 

II 

1 

* 8 


obtained by integration by parts, making use of (3) and (4). 
rem lib choose 

In Theo- 

= 2 it - i)r* 

(« > 1) 

= 0 

(i ^ 1) 

= 2 r 3 

(<> 1) 

= 0 

« ^ 1) 


pit ) = t 3 f"it) (0 < t < =0). 
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Clearly gi(t) and g 2 (t) belong to L on (0, «)• In fact their integrals 
over that range are both equal to unity. Also p(t) belongs to B by (1) 
and 


Then 

i £ lh Q Pit) dt = 2x J~ (t - x)f"(t ) dt 

and 

= 2.r 2 fm dt = -2x 2 f(x) 

j X 

This gives (3) at once. 

16. The Prime-number Theorem 

As a further application of Wiener’s theorem we prove the 'prime- 
number theorem. This states that the number t(x) of primes not greater 
than x is asymptotic to x/lo g x as x becomes infinite. It was conjec¬ 
tured by Gauss and first proved independently and simultaneously by 
Hadamard and de la Vallee Poussin in 1896. The methods employed 
then depended on a knowledge of the function 



in a region of the complex s-plane. Wiener was the first to give a proof 
of purely Tauberian character and one which involves the behavior of 
£(s) merely on the line a = 1. It is this proof which we shall give here. 

16.1. We begin by proving several lemmas of elementary nature. 

Definition 16.1a. The function w(x) is defined by the equation 

7r (x) — yZ l (0 ^ x < 0 O). 

p= x 

The notation means that the number of units to be added together is 
the number of positive primes p not greater than x. The integer one is 
not considered to be a prime. Thus 

7r(l)=0, 7 t( 2) - 1, 7r(5) — 3, 7 t(5.7) = 3.' 

Definition 16.16. The function A (ft) is defined by the equations 
A (ft) = log p ft = p m 

= 0 ft 7^ p m 


(m = 1,2, 3, •*•). 
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For example, 


A(l) = A (6) = A(14) = 0 

A (3) = A(27) = log 3. 

Definition 16.1c. The function \f(x) is defined by the equation 

H A(n) (0 g x < o o). 

n <^z 

For example, 

^(1) = o iK2) = log 2 iZ'(S) = log (2 3 -3-5-7). 

Definition 16. Id. The function d(x) is defined by the equation 

0) = 2] log p (0 ^ rr < to ). 

< 


For example, 

0(1) = 0, d(2) = log 2. 0(8) = log 2.3.5-7. 

It is clear that 


where n is an integer such that 

(2) 2 71 ^ x < 2 n+ \ 

Theorem 16.1. The function \f(x)/x is bounded, 

(3) 

If we can prove that 

(4) 

the theorem will follow from (1) ancl (2). For, there will exist a con¬ 
stant A such that 


\p(x) S Ax + A\/x + • • • + AyJx < Ax - 


V 

log 2 ' 


from which-(3) is evident. 

To prove (4) we observe that if m is an integer, the binomial coefficient 


(m + 1 )(m + 2) • • • (2m) _ (2m) 1 
ml ml ml 

is an integer less than (1 + l) 2m . It is divisible by all the primes 
between m + 1 and 2m . Hence 

n v< 2 2m , 

o 
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or 


for any integer k. That is, 

0(2*) - 0(2 4-1 ) < 2 k log 2 (* = 1,2,...). 

Summing with respect to k we obtain 

d (2 fe ) < 2 fc+1 log 2. 

For any x we can determine an integer k such that 2 fc_1 < x S 2*. Then 

0(a) ^ t»(2*) < 2 &+1 log 2 < 4x log 2. 

This completes the proof of the theorem. 

16.2. We now show that to prove the prime number theorem it will 
be sufficient to prove that is asymptotic to x as x becomes infinite. 
Theorem 16.2. The following relations connect t(x) and \f/(,x ): 

^ lim^ 

£—►00 X 

Note first that if we define [x] as the largest integer not greater than x 
we may write 


For, by the definition of 

= Z! log P : 

pVl^x 

it is clear that for a given prime p ) log p is to be added as many times as 
there are terms in the sequence 

v,v\---,v r (p r i X < p r+1 ), 

that is [log x/log p] times. Since [x] is not greater than x we have 
yp(x) < Yj log x - 7r(x) log x 

jm ^ li 

£—*•00 X x —►00 X 

To complete the proof of the theorem set 
V = 
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Then 


log x 

log x — 2 log log x* 


function by 

Definition 16.3. The function h(x) is defined by the equation 

= f x ~~ M) = jr 

Jl /2 t nix n 

We show in this section that it is bounded. 

Theorem 16.3. The function h(x) is bounded, 

h(x) — 0(1) (x —* oo). 

To prove this we use the familiar fact that the highest power of a 
prime p contained in m l is 


^ y 


log?/ 5 


tt(x) log X < 1 

log X 


< . - + 


X—+C0 X X-+00 X 


16.3. We now introduce a new 


This makes it clear that 

it = n pK>[p] + - 


ml 


p <Lm 


log m 


!= T. I-' 

*Y)Ti 

p n £m J 


log p 


(1) log ml = E = / \j~\ 

h/2 L I J 

By use of Stirling 5 s formula and Theorem 16.1 we have from equation (1) 

fm) (m—> oo). 


/' 

hr 


m 

r dm 

= m log m ■ 


* 1/2 t 

d\A 

+ 

11 

ll 

r l p, 

t 

m 

J 1/2 t“ 



r dt _ 



J 1/2 t 


But 
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Hence 

/ m 

/2 

16.4. We next consider the number r(m) of divisors of an integer m. 
Definition 16.4a. The junction r(m) is defined by the equation 

z 

dim 

The notation means that a number of units equal to the number of 
divisors d (unity and m included) of m is to be added. For example 

r(l) = 1, r(2) = r(3) = 2, r(12) = 6. 

Definition 16.4b. The function Tim) is defined by the equation 


m 

T(m) - Z r («)- 

n= 1 

Theorem 16.4a. If v = 

We give a graphic proof of this result. Consider the number of 
points, both of whose coordinates are integers, in the region R -of the 
£?/-plane defined by the relation 

xy g m, x > 0, y > 0. 

We call these points lattice points. The number of them on the curve 
xy = k (k an integer) is clearly r(k), so that the total number is T(m). 
We now count them in a different way. 

The number of lattice points of R on a line x — k (k an integer) is 
[m/k]. Hence the number in the region 

Ri : l ^ x S v, 1 S y S m/x 

is 


by symmetry there is an equal number in R 2 : 

1 ^ y ^ v, 1 g £ ^ m/y. 
Since there are no lattice points in the region 

xy x > v y > v, 
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(became (y + 1 ) > m), we see that the number of lattice points in R 
is the t im of the numbers in Ri and less the number v in the square 

l ^ x ^ v 1 ^ y < v. 

This gives the number stated in the theorem. 

Theorem 16.46. If we denote Euler's constant by y, then 

( 1 ) T(n) = n log n + ( 2 y - l)n + 0(V«) (ft ■ >)• 

By Theorem 16.4a we have 

(2) T(n) = 2 n ^ 0(v) — v. 

1C 

But it is a familiar fact* that 


(3) r = log n + 7 + (n—> w). 

k—l /C 

Substituting (3) in (2) we obtain (1). 

16.5. In this section we show that the function f (s) does not vanish 
on the line a = 1 . This is really the vital point of the proof. Later 
in applying W iener’s theorem it will be necessary to show that a certain 
kernel belongs to W, and it is precisely the non-vanishing of f (1 + ir) 
that will prove this. 

Theorem 16.5. The function f($) is not zero on the line cr — 1: 

+ ir) 0 (~ co < r < co). 

Consider the function 


By expanding the nth factor of the product 


n 


1 


l ~v7 


in powers of p n s and multiplying the resulting series together^ we see 
easily that 


N 1 . 

E 1 , V -L. 
»-1 n 


1 ), 


so that 


Compare P61ya and Szego [1925] vol. 1 ,. p. 197. 



230 TAUBERIAN THEOREMS [Ch. V 

and 

(1) . log f(«) = X log l). 

1 J — 

It is thus clear that f (s) has no zeros for <x > 1. 

The real part of log f ($) is seen to be 

X) X — Pn™ COS (tot log Pn). 

n=l in—1 

Hence 

log <(> = X — pr" w+<) {f + cos (mr log p„) + | cos (2mr log p„)}. 

m=l W 

But 

f + cos x + | cos 2z = f [1 + cos a;] 2 ^ 0, 

sc that 

(2) SO, 1. 

Since 

OQ 

-X 


(! 3 )r(s) X ^ 3n _ 2)* ' (3n _ i)* (3„). 


both series converging to analytic functions for a > 0, one sees from 
tl u first equation that f(s) is analytic for a > 0 except perhaps at 


1 + 


log 2 


(fc — 0, ±1, ±2, • • •) 


and from the second that f(s) is analytic for <r > 0 except perhaps at 


2km 

iog3 


(fc = 0, ±1, ±2, ...). 


That is, f(s) must be analytic for <r > 0 except for a simple pole at s = 1. 
If f(s) had a zero at s = 1 + fro, r 0 ^ 0, we should have 


| f(l + e + = O(e) (e —»0). 

I f(1 + « + 2iV 0 ) | 1 ' 4 = 0(1) 


contradicting (2). Hence f(l + ir) vanishes for no value of r. 
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16.6. We next introduce a function f[x) defined for x > 0 by the 
Lambert series 



and prove 

Theorem 16.6. The function fix) defined by (1) satisfies the relation 

—2y 

Expanding the general term of the series (1) in power series we obtain 
fix) = IE {A(») - lje-”" 1 (x > 0). 

n—1 m=l 

Since 

A(n) — 1 = 0 (log n) (n oo), 

it is clear that the double series converges absolutely for x > 0. Hence 


where the latter summation is extended over all the divisors of n. But 
if n is factored into prime factors 


then 

2 = on log ; oi k log v k = log n 

dl n 

Cn = log n — r(n) 

n 

S Ck = log n! - Tin) 

k— 1 

= —27 n + 0 (a/ n) 

by Stirling’s formula and Theorem 16.46. Now by Corollary la our 
result is established. 

16.7. We are now ready to apply Theorem 106. Take 


df 

dt\ 1 - 
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Then integrating by parts gives 

fix ) = f 7 —~~ t dh{t) = - f h(t)g(xt)dt. 
Jo 1 6 «^0 

By Theorem 16.6 

Now gf(a:) belongs to L. In fact g(i) is never oositive and 




The last step is obtained by integration by parts. The integrated term 
vanishes at t = 0 by virtue of the factor t\ at t — °o by virtue of the 
factor e~\ By a familiar formula of Riemann 


Hence 


f 

Jo 


J.—XI 

t 9 



(xi — 5)r(l — 


(*r > 1). 


5) 


= — 1 (x = 0). 

Since we have already seen that h(t) belongs to B we need only show 
that it belongs to S* to apply Theorem 106. For this we have 

h(y) - h(x) = £ > 

x<in^y Tl x 71 

By §16.4 (3) it is clear that the right-hand side of this inequality tends 
to zero as x becomes infinite, y/x approaching unity. Hence 


- h(x)} £ 


That is, h(x) belongs to S*. 
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The conclusion of Theorem lOfe is that h(<x>) = —27 or 

f 7 dim -w} = -2 7 . 

h /2 t 

But in the proof of Theorem 36 we saw that if a(°o) = A, then 


/ u da{i o = o(t) 

Jo 

(t -*■ «). 

This result applied here gives 


V 

II 

£ 

1 

(n — > co) 

i p(ri) ^ n 

(n —* oo). 

By Theorem 16.2 the proof of the prime-number 
complete. 

theorem is now 

17. Ikehara’s Theorem 


Another method of approach to the prime number theorem is through 
a complex variable Tauberian theorem due to Ikehara* [1]. 

Theorem 17. If $(!) is a non-negative , non-decreasing function in 
(0 S t < oo) such that the integral 

Co 

II 

o'——-s 

8 

gw 

(s = a + ir) 

converges for a > 1, and if for some constant A and some 

function g(r) 

(1) lim /(s)-= fif(r) 

5 — 1 


uniformly in every finite interval ( — a ^ r ^ a), then 


lim <p{ t)e~ l = A. 

t —>-co 


Set 


a(t) = e"V(0 

(l > 0) 

= 0 

(t ^ o) 

A(t) = A 

«> 0) 

= 0 

« 0) 


(2) Ix(x) = I h(x - t)[a(t) - A(t)]e “dt, 


* Compare also N. Wiener [1933] p. 127, Theorem 16. 
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where e is a positive number and k\(x) is the function defined in Section 9 
for every positive X. Since K\(x) is the Fourier transform of h(x), 
we have by Fubini’s theorem 

-j /» 00 /»2X 

hix) = i- [a«) - A(t)]e-“dt KAy)<T iv ^ t) dy 

&7T J— oo J—2\ 

xv dy f [a(t) - A{t)]e~‘ t+iyt dt 

J— oo 

il+t-iy)- 

By (1) 

lim /(I + € — iy ) - — = g(y) 

c -+ 0 t € vy 

uniformly in (-2X ^ y S 2X). Hence 

(3) lim I x (x) = ~ I'* Kx(y)«*"g(3i) ay. 

e->0+ ATT J -2\ 

But by Coiollary lc 

A r 00 a r°° 

(4) ' lim —?=- / h(x - t)e~“ dt = —j=- / k\(x - t) dt. 

Writing the integral (2) as the sum of two integrals we have 

(5) I\(x) = j f h(x - t)a(t)e~ u dt - j h(x — i)e~ et dt. 

We see by (3) and (4) that when e approaches zero the first integral on 
the right-hand side of (5) approaches a finite limit, which we shall 
call C. Since the integrand of this integral is non-negative, the integral 

f k x (x — t)a(t) dt. 

Jo 

must exist. For, otherwise we should have by Corollary lc that C = °°, 
contradicting the above result. Applying Corollary lc to the integral 
(2) we see that 

1 r 

lim/xGr) =; ^ 7 =- J k x (x — — A(t)]dt, 

so that by (3) 



- A(t)]dt. 
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By the Riemann-Lebesgue theorem the left-hand integral approaches 
zero as x becomes infinite. Hence 

1 r K 

(6) hm 77 == I h(x - t)a(t) dt = A 

for every positive X. If we can show that a(t) belongs to S and to B, 
then by Theorem 9 we shall have 

lim a(0 = A 

t-+ 00 

and the theorem will be established. 

To show that a(t) is slowly decreasing we have for 5 > 0 

a(x + 8) - a{x) = e~ x [e~ s <p(x + 8) - <p(x)] 

^ e~ x <p(x)(e~ s - 1) = a(x)(e~ s — 1) 
since <p(x) is non-decreasing. If a(x) is bounded then clearly 
lim [a(x + 8 ) — a(z)] ^ 0, 

X —* oC 

S— *0+ 

and a(x ) belongs to S. 

Finally to show a(x) bounded we have by (6) for every positive X 
1 r x 

^ 7 = J a(x — t)2X8(2Xt) dtA (x ■ 


Hence there exists a number x 0 such that 


Since the integrand is positive 


On account of the increasing character of a{t)e l we have 


_ 1 _i__L 

_ Vx +s 


-Vx 


5(0 dt < A + 1 (x 


or 


L 

-~ 7 =~ a(x)e 2v ^ [ ~_8(t)dt < A + 1. 
V 2ir j—y'x 
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Hence 


a(x) < 



(x > x 0 ). 


Since the left-hand side is independent of X we may let X become infinite 
to obtain 


0 ^ a(x) ^ A + 1 (x > Xb ). 


This completes the proof of our theorem. 

This theorem enables us to prove the prime-number theorem very 
simply.* By differentiating both sides of equation §16.5 (1) w r e have 

=£ ±Pn mS hgp n (,> 1 ) 

= y A (n)n~ 

71 = 1 


(7) = s I" e~ s ‘t(e‘) dt (<r > 1). 

But we saw in Section 16.5 that f($) is analytic for <r ^ 1 except for a 
simple pole at s = 1 and has no zeros for a ^ T. Hence the function 

res) i 

- 1 

approaches a limit uniformly in ( — a ^ r ^ a) for every positive con¬ 
stant a as a approaches unity through values greater than unity. Since 
^(c 1 ) is surely non-negative and non-decreasing we are in a position to 
apply Theorem 17 to the integral (7). The conclusion is that 

tie 1 ) ~ c~ (t 0, 

or 

\p{x) ~ X {x 00). 

As we have seen, this result is equivalent to the prime-number theorem. 
* Compare G. Doetsch [19376]. 



CHAPTER VI 

THE BILATERAL LAPLACE TRANSFORM 
1. Introduction 

By the bilateral transform we mean a Laplace integral whose limits 
of integration are — °o and + », 

(1) f(s) = f e~ at da(t). 

J—oO 

Here we assume that a(t) is of bounded variation in every finite interval. 
In particular, if a(t) is an integral of a function the integral (1) 
becomes 

(2) /(a) = [ 

J— oo 

We say that the integral (1) converges if and only if the limits 

lim J e~ st da(t) , 

r° 

lim / e st da(t ) 

R-+oc J-2t 

both exist. The sum of these limits is then defined as the value/(s) of 
the integral (1). 

We say that a(t) is normalized in (— °o 5 oo) if and only if a(0) = 0 and 

(3) a(t) = a{t+) + ait ~ ] (-»<*<»). 

z 

It should be observed that a function normalized in (0, °o) and zero 
in (— oo ? 0) is not necessarily normalized* in (— °o 7 °o). 

When the integral (1) converges for a given value of s we have 

( 4 ) f(s) - fe' 8t da(t) + 

Jo Jo 

* This difficulty might be avoided by adopting the convention a(—«) = 0 
instead of <x(0) = 0. But then we should be excluding the important class of 
functions for which a(—*>) does not exist. Moreover, the convention adopted 
enables us to reduce more easily the study of the bilateral integral to that of the 
unilateral integral treated in Chapter II. 
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Thus the study of the bilateral transform is reduced to that of the sum 
of two unilateral transforms in one of which the variable s has been 
replaced by — s. We can consequently derive results concerning (1) 
from those of chapter II. However, in some cases the proofs are much 
more complicated than might be expected from the relation (4). In 
other cases the proofs are trivial, and the theorems are recorded merely 
for convenience of reference. 

2. Region of Convergence 

Since the unilateral integral converges in a right half-plane, it is clear 
from §1 (4) that the region of convergence of the bilateral transform is a 
vertical strip of the complex s-plane or modifications thereof. The 
bilateral transform is clearly the continuous analogue of the Laurent 
series 

(1) F(t) = E a**", 

7t=—00 

as one sees more clearly after the transformation z = As the region 
of convergence of (1) is the region between two concentric circles, it is 
natural to expect that the region of convergence of §1 (1) is a vertical 
strip. We have in fact: 

Theorem 2. If the integral 

( 2 ) f(s) = f e~ st da{t) 

j— 00 

converges for two points Si = <ti + in and s 2 = <r 2 + ir 2 {n < or 2 ), then 
it converges in the vertical strip < a < <r 2 . 

This result follows in a trivial manner from Corollary la of Chapter 
II. It is clear from examples given there that the strip may become a 
right-half-plane, a left-half-plane, or the entire plane. In fact if both 
integrals §1 (4) have the same axis of convergence the strip may reduce 
to this single vertical line. For example, the integral 



converges absolutely on the whole line <r = 0 and nowhere else. Finally 
the integral may have as its region of convergence certain parts of a 
vertical line. Thus if (f>(t ) — | t\~ 1!2 ? then the integral §1 (2) converges on 
the line or = 0 except at the origin, and diverges at all points off this line. 

If the integral (2) converges in the strip c r' c < <x < <r" and diverges for 
cr > ar c and for a < cr c then each of the lines <r — v c and <r = a” is called 
an axis of convergence and each of the members cr'c and <j" c is an abscissa 
of convergence. 
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3. Integration by Parts 

We here obtain sufficient conditions for the integration by parts of a 
bilateral Laplace integral. As related results we state first two theorems 
regarding the behavior of a(t) at + cc and at — oo. 

Theorem 3a. If the integral 

(1) /(*) = f e- st da(t) 

j— 00 

converges for s = s 0 = 7 + id with 7 > 0 then a(— cc) exists and 

a(t) = o(e yt ) (t co) 

<*00 — a(— 00) = o(e yt ) (t—> — 00). 

This result follows from the decomposition §1 ( 4 ) by use of Theorems 
2 . 2 a and 2 . 2 b of Chapter II. 

Theorem 36. If the integral ( 1 ) converges for s = $ 0 = 7 + id with 
7 < 0 then a (00) exists and 

a(t) — a(oo) = o(e 7i ) (£ —> 00) 

<*(0 = o(e 7 *) (£ —> — 00). 

’ The proof is similar to that of Theorem 3a. Both theorems fail if 

7 = 0. 

We give the conditions for integration by parts mentioned above. 
Theorem 3c. If the integral (1) converges for s = <s 0 = 7 + with 
7 > 0 and if a( — 00) = 0 , then 

(2) f(so) — So f e~ 8Qt a(t) dt. 

J—oo 


For, by Theorem 2.3a of Chapter II 

( 3 ) f e~ 3Qt da(t) = So r e~ Soi a(t)dt - a( 0 ), 

Jo Jo 

and by Theorem 2.36 


(4) 


[ e SQt d[-a(-t)] = So f e Soi a(-t)dt+a(0). 
Jo Jo 


Adding equations (3) and (4) gives equation ( 2 ). 

A companion result is: 

Theorem 3d. If the integral (1) converges for s ~ s 0 = 7 + '65 
7 < 0 and if a(o 0 ) = 0 , 


/(« 0 ) 


so 


/‘ 


-SO* 


a(0 dZ. 
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This follows from the previous result by a change of variable t = —u. 
Observe that the restrictions regarding a{^>) and a( — oo) in these two 
theorems are not serious ones, since these numbers are known to exist 
by virtue of Theorems 3 a and 36. Hence the vanishing of the one 
desired can always be brought about by the addition of a suitable con¬ 
stant to the determining function. Of course such addition has no effect 
on the generating function. It must not be supposed that ( 2 ) holds if 
y = 0. Thus if a(t) is the constant unity for non-negative t and the 
constant zero for negative t , the integral ( 1 ) clearly exists for all s and 
has the value unity. But if s 0 = 0 + i 


so 


[ e~ soi a(t)dt = % [ 

J- oo JO 


e~ u dt, 


a divergent integral. 


4. Abscissae of Convergence 

We might obtain a variety of formulas analogous to those of Section 2 , 
Chapter II, for determining the region of convergence of a bilateral 
Laplace integral from its determining function. We content ourselves 
with the most useful of these. The others are easily obtained when 
needed by use of the decomposition §1 (4). 

Theorem 4 . If 

lim f 1 log | a 00 | = k 9* 0 

t —*oo 

lim r 1 log | a(f) | = Z 5 ^ 0 

with k < l, then the integral 

(1) f e~ at da(t ) 

00 

converges for k < <r < l and diverges for <r < k and <r > Z. 

The proof of this result follows in an obvious way from Theorem 2 . 4 a 
of Chapter II and is omitted. 

It is clear that when the integral ( 1 ) converges in a proper strip, then 
it converges uniformly in any closed bounded region inside the strip 
and not touching the boundary of the strip. Moreover, there is also 
uniform convergence in a Stolz region corresponding to a point of the 
boundary of the strip at which ( 1 ) converges. Hence it is clear that 
the integral ( 1 ) represents an analytic function f(s) at interior points 
of the strip, that 

f\s) = (-1)* r e~“t k da(t) (k = 0 ,1, 2, • •.) 
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at such points, and that /(s) is continuous at those boundary points of 
the strip at which (1) converges. 

We say that the integral (1) converges absolutely if the integral 

e~ c, \da(t)\ = e~' l du(t) 

CO J— CO 

converges. Here the function u(t) is the variation of a(x) in the interval 
0 ^ x ^ t if t is positive, is zero if t is zero and is the negative of the 
variation of ot(x) in the interval t ^ x ^ 0 if * is negative. Clearly u(t) 
is a non-decreasing function in ( — °o 5 oo) which vanishes at the origin. 

We now define abscissas of absolute convergence <r' a and c” in the ob¬ 
vious way. With the above definition of u(t) we have: 

Theorem 4 b. If 

iim f 1 log u(t) = k t* 0 

<—*oo 

lim r 1 log [— u(t)] = 1^0, 

<-*—00 

and if k < Z, then cr' a = Jc and a" — Z. 

5. Inversion Formulas 

We obtain first an inversion formula for the bilateral Laplac.e-Lebesgue 
integral §1 (2). 

Theorem 5a. If <j>(t) belongs to L in every finite interval , if the integral 

M - f 

converges absolutely on the line <r = c, and if is of bounded variation 
in some neighborhood of t — t Q , then 

( 2 ) 


For, as was done in equation §1 (4), write (1) as the sum of two 
integrals /i(s) and / 2 ($) corresponding to the intervals (0, oo) and 
(— oo 7 0), respectively. If t 0 is positive we have by Theorem 7.3 of 
Chapter II 


lim 

r—*oo 


^ l>c+iT 

2iri Jc—iT ^ 


lim 

T-+ oo 27 Tl 



from which (2) follows at once. 
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If k is zero, the same theorem gives 


hm — 

T -*oo 27T2 



lim 


o_: 



and our result is obtained by adding. The case to negative follows in a 
similar way, or by a change of variable. 

We turn now to the general Laplace-Stieltjes integral. 

Theorem 56. If a(t) is a normalized function of bounded variation in 
every finite interval , and if the integral 


f(s) 


f 


1 da(t) 


converges in the strip k < a < Z, then for all t 


e sl ds = \ 

| a(t) — a{oo) (c < 0, k < C < l). 


To prove this result we appeal to Theorems 7.6a and 7.66, Chapter II. 
Write/(s) as the sum of the two integrals fi(s) and f 2 (s) as in the previous 
proof. If t is positive we have 


(4) 

(5) 


^•c+ 


(c > 0) 

= a(t) — a(°°) (c < 0) 


lim . 

T-foo ZtTI 


iTTl J c—iT 


S 


(OO) 


= 0 


(c < 0). 


Adding (4) and (5) we have (3). The case in which t is negative is 
treated in a similar way or is obtained by a change of variable. Finally, 
for the case t — 0 we have 


( 6 ) 


lim . 

T-+oo 27 Tl 


J_ [° +i 

27 T% J c—-il 




(7) 


2 

a(0-) 


(c > 0) 
(c <0) 
(c > 0) 
(c < 0). 


2 
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Adding (6) and (7) gives us (3) with t = 0 since [a(0+) + «(0-)]/2 
is equal to a( 0) by our definition of normalization. 

As an illustration of this theorem take /(s) = 1 so that a(t) may be 
taken —1/2 for — °o < t < 0 and +1/2 for 0 < t < It is easily 
seen by Cauchy’s theorem, or otherwise, that 

1 r 1+iT e st 

lim — / — ds = 1 = a(f) -<x(- ot) (t > 0) 

T—*cc 27T2- * 1 —iT S 


= 0 = a(t) — «(— oo) (t < o). 

We have chosen a positive c, so that the theorem is verified in this 
special case. In a similar way we have 

1 r 1+iT e st 

lim — / — ds = -1 = a(t) — a(co) ( t < 0) 

T-* oo Z’K'l J-l—iT S 

2 2 - «(“) ^ = 

= 0 = a(t) — a(oo) (f > 0), 

so that the theorem is again verified for this negative value of c. 

6. Uniqueness 

The inversion formulas established in the previous section enable us 
to discuss the uniqueness of the representation of a function by a bilateral 
Laplace integral. It is to be noted that Theorem 6.3 of Chapter II 
does not yield a uniqueness theorem for the bilateral transform, so that 
a different approach is required. 

Theorem 6a. If a\ (t) and a 2 (t) are two normalized functions of bounded 
variation in every finite interval such that 

( 1 ) [" e^daxit) = f e~ st da 2 (t) 

J— oo v— oo 

in a common strip of convergence k < <x < l, then ai(t) = <22 OO for all t. 
For, we have from Theorem 56 

(2) ax(t) — «i(— oo) = on(t) — a 2 (— 00 ) (- cc < t < cc) 

if the interval (k, l) includes points of the positive axis and 

(3) cti(t) — ai(co) = a 2 (t) ~ a 2 (>) (~ oo < t < oo) 

if the interval (k, l) includes points of the negative axis. Since ai(0) = 
os(0) = 0 it follows that of X (— oo) = a 2 ( — <») in (2) or di(o°) = a 2 (v>) 
in (3). This proves the result. 
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We can obtain a similar result for the Laplace-Lebesgue integral. 
It is not proved, however, from Theorem 5a, but directly from Theo¬ 
rem 6a. 

Theorem 65. If <t>i(t) and fait) are of class L in every finite interval 


and such that 


(4) f\~ st <k(t)dt= J 

dt 

in a common strip of convergence k < a < l, 
for almost all t. 

For equation (1) becomes equation (4) if 

then 4>i(t) is equal to 

on(t) = / 4>i{u)dtu 

(—00 < t < 00) 

a.%{t) = / 4> 2 (ii)du 
Jo 

(—CO < t < oo). 


By equations (2) or (3) we have a[(t) = a' 2 (t) at all points where these 
derivatives exist. But for almost all t 


so that the result is established. 

7. Summability 

Regarding the summability of the inversion integral for a bilateral 
Laplace transform we have: 

Theorem 7a. If <j>(t) belongs to L in every finite interval and if the 
integral 

/(s) = [ e~ st <f>(t) dt 
J— oo 

converges in the strip k < a < l, then the integral 

•i /»c+£°° 

(1) A. f(s)e H ds ( k<c<l) 

2iTT% j c—ioo 

is summable (C, 1) to [$(£+) + <t>{t —)]/2 for any t where $(£+) and 
4>(t—) exist. 

This result follows in an obvious way from Theorem 9.2, Chapter II. 
In particular, (1) is summable to at all points t where (f>(t ) is con¬ 
tinuous. 

Theorem 75. The integral (1) is summable (C, 1) to <j>(t) at all points 
of the Lebesgue set for <t>(t). 
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This follows from Theorem 9.3, Chapter II. From this it is clear 
that (1) is summable to $(t) for almost all t. In particular it gives a 
new proof of uniqueness, Theorem 66. 

8. Determining Function Belonging to Ir 

We here extend the results of Section 10, Chapter II to the bilateral 
transform. 

Theorem 8a. If for two numbers k < l 


f e* u \4>it)\*dt< ao, 

J— 00 

then 

( 2 ) /. R 

.i.m. / e~ st cj>(t)dt 

R —*cc R 


exists for k ^ a ^ l and defines an analytic function f(s) for k < cr < l. 
Moreover , 



e 


—st 


the mtegral converging absolutely for k < a < l, and 
( 2 ) 


(2) 

l.i.m. /(cr + ir) = f{l + ir). 

Here the notation l.i.m. indicates mean square convergence. Thus 

( 2 ) 

l.i.m. F R (s) - F(s) 

R~~* x 

for k S <r S l means that for any such <r 

lim f | Fr(<t + ir) — F(a + ir) | 2 dr = 0. 

R —+oo oo 

The theorem follows in an obvious way from Theorem 10, Chapter II. 
Theorem 86. If f(s) is defined as in Theorem 8a, then 

( 2 ) -ct r c+iT 

l.i.m. —. / f{s)e st ds = <f>{t)e ct 

T— •■oo ATCl Jc—iT 


(fc £ c £ Z) 
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and 

= 7T f I 2 * 0. 

T J 

This result is a direct consequence of the Plancherel theorem, or may 
be obtained in an obvious way from Theorem 10.1, Chapter II. 

9. The Mellin Transform 

This is the transform 

f(s) = f dt 

Jo 

It was used by Riemann and Cahen but was first put on a rigorous basis 
by H. Mellin [1902] and now bears his name. It may be obtained by an 
exponential transformation from the bilateral Laplace transform and 
hence requires no special treatment here. It is, however, useful for 
reference to have the results recorded in the Mellin form. 

In the integral 

(1) f(s) = t da(t ) 

«*—o< 

we make the change of variable e~ i = u and obtain 

(2) f(s) = 
where 

/3(u) = — a (log u -1 ). 

We shall refer to (2) as the Mellin-Stieltjes transform. If a(t) is an 
integral of the integral (2) becomes 

o) As) = 

Jo + 

where 

= <t> (log M _1 ). 

This is the classical form of the Mellin transform except that we are 
here considering the integral as a Cauchy limit at its lower limit of 
integration. 

Theorem 9a. If the integral 


(4) 


dt 
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converges absolutely on the line a = c, and if \f/(t) is of bounded variation 
in a neighborhood of t = x (x > 0), then 

/»c+iT 

„ 

t —oo Jc-iT 2 

This follows from Theorem 5a. Since belongs to L on (0, 

we may clearly replace (3) by (4). 

Theorem 96. If the integral (2) converges for <t' c < a < a", then 


lim 


J. 

2 


(OO) 


(c < 0) 

for any value of c ^ 0 between and v". 

This is a corollary of Theorem 5b. 

Theorem 9c. If u k $(u) belongs to L 2 on (0, 1) and u l \p(u) to L 2 on 
(1, oo ) } with k < l, then 

( 2 ) »R 

l.i.m. / w s “V(w) du 

R-* oo Jfl“ 1 

exists for k ^ <r ^ l and defines a function f(s) which is analytic in the 
strip k < a < l. Moreover , 

jf(s) = u 8 )du (k < a < l ), 

Jo 

the integral converging absolutely , and 
(2) 

1.1. m. /(cr + fr) = < 

( 2 ) 

1.1. m./(<r + fr) = /(i + it). 

a — *1 — 

Theorem 9d. ///($) is defined as in Theorem 9c, then 

r i v c r c+ir 

im / ^(w)w c — — / /($)a S ds 

--♦00 Jo I 2x2- Jc-iT 

and 

du = ^ ^ ^ r 

These two theorems are corollaries of Theorems 8a and 86. In 
particular if c = 1/2 we see that the function 

^ M+iT 
2 iri Ji/2-ir 

converges in the mean to \p(u) in the interval (0, oo). 
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10. Stieltjes Resultant 

Let a(i) and 0(0 be two functions defined for all real values of t. 
We define their bilateral Stieltjes resultant. 

Definition 10. The bilateral Stieltjes resultant of a(t) and 0(0 is the 
function 


y(t) = f a(t — u)d/3(u) = f @(t — u)da(u) 
J—oo J—oo 


when these two integrals exist and are equal. 
If a(t) is continuous for — oo < t < °c, if 


\d/3(u) | < °o, 0(-~ oo) = 0, 


and if a(oo), a(— oo) exist with a(— °o) = 0, then the integrals (1) 
exist and are equal, so that the resultant of <x(t) and 0(0 exists. Any¬ 
one of the following pairs of end conditions would suffice: 

[a(— oo) = 0 j|3(°°) =0 | 0(ao) — 0 

! 00 ) = 0, |a(oo)=0, (0( — oo) = 0. 

Note that it is the Cauchy value of the integral on the right-hand side 
of (1) which is known to exist under our assumptions. It need not 
converge absolutely. By symmetry the conditions imposed on a(t) and 
0(0 may be interchanged. 

Let us next consider the case in which both a(t) and j 3(t) are of bounded 
variation in (—oo, oo), 

(2) [ \da(t)\ < oo, f |e?0(O! < 00 . 

J— oo j— OO 

Then a (dt ) and 0(=fc oo) exist. It is no essential restriction to assume 
that a(— co) = 0( — oo) — 0. 

Let P a be the countable set of points where a(t) is discontinuous 
(possibly a null set), and Pp the set where 0(0 is discontinuous. Define 
P a +p as in Section 11 of Chapter II. We now.prove: 

Theorem 10. If a(t) and 0(0 are of bo'unded variation in (— oo, oo) 
with discontinuities in the sets P a and Pp respectively , and if a(— °o) = 
0(— 00 ) = 0, then the Stieltjes resultant y(t) of a(i ) and 0(0 exists for 
all t not in P^+p . 

For, if t is not in P a+ p, then a(t — u) and 0(w) cannot have a common 
point of discontinuity for any v in (— oo, oc). Hence for t not in P a +p 
the integrals 

f R pR 

a(t — u) dj3(u ), / 0(i — u) da(u) 
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exist for every R and S by Theorem 14, Chapter I. The limits of these 
integrals as R becomes positively infinite and S becomes negatively 
infinite exist since 

f \a(t — u) f |/3(i! - u ) | |d<x( 

•/—CO J— OO 

That aft) and /3(0 are bounded follows from the inequalities 

I <a(0 | ^ [ | da(u ) |, 10(Z) 1 ^ [ | d0(w) | 

and (2). Finally one sees that the two integrals (1) are equal by inte¬ 
gration by parts. Notice that these two integrals might exist and be 
unequal but for the assumption that a(— oo) = /3( — oo) = 0. This 
happens, for example, if 

ot(t) = (— cc < t < oo) 

(* £ 0) 

= 1 (* < 0 ). 
Both integrals exist, but they differ by unity. 

11. Stieltjes Resultant at Infinity 

We next investigate the behavior of the resultant of two functions 
of bounded variation for large values of the variable. 

Theorem 11. If a(t) and (3(t) satisfy the conditions of Theorem 10, 
then 

f a(t — u) dfi(u) —> a{ )j8( w ) 

J—CO 

£/ze variable t becoming infinite through the set complementary to P a+ $ . 

Consider first the case in which t is becoming positively infinite. It is 
clear from the assumptions §10 (2) that /3(°o) and a(<») exist. Let 
V$(t) be the variation of f3(u) in the interval —°o < u S t. Then it 
will clearly be sufficient to prove that 


lim / [a(t — u)' 
t —*-00 J—00 


— a(oo )]df$(u) — 0, 


or that 


lim / | ait — u) — 

t —►oC J —00 


a(») 


= 0 . 


( 1 ) 
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Let e be an arbitrary positive number. Choose R so large that for all 
t not in P a+ s 

pec 

/ | a(t — u) 

J R 

This is possible since / 3(t) is of bounded variation and a(t) is bounded. 
Next determine t 0 such that for all t not in P a+ p but greater than t Q 


For such t 


a(t — u) — a( 


u g R). 


( 2 ) f | a(t — u) — a( | dVp(a) 

J—00 

Combining (1) and (2) we have the desired result. 

The case t —> — oo may be treated by applying what we have just 
proved to the integral 


[a(u + t) ~ a(co)]4/3(co) - p(-u) 



a(t — u) d(3(u). 


Corollary 11. If a(t) and p(t) are of bounded variation in (— *>, oo ) 7 
then 


lim — u) d/3(u) — 

This follows by applying the theorem to the functions a(t) — a(— co) 
and /3(t) — /?(— oo). 

12. Stieltjes Resultant Completely Defined 

We show next that the resultant of two functions a(t) and /3(£) of 
bounded variation in (— oo, co) can be defined in the set P a +& in such 
a way as to be of bounded variation in (— co ; co). 

Theorem 12. If a(t), fi(t) and y(t) are defined as in Theorem 10, 
then y(t) may be defined in the set P a +p so as to be of bounded variation in 
(— co ; co) and so that the total variation of y(t) is not greater than the 
;product of the total variations of a(t) and f3(t). Moreover y( — oo) — 0, 
t( co) = 0 i( oo)/5(oo) t 

By breaking a(t) and fi(t) into their real and imaginary parts and 
then decomposing each of these into the difference of two non-decreasing 
functions we see that y(t) is a linear combination of integrals of the form 

c(t) = f a(t — u) db{u) y 
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where a(t ) and b(i) are bounded non-decreasing functions vanishing at 
— co and continuous except in P a and , respectively. Since c(t) 
is non-decreasing, y (t) has right-hand and left-hand limits at all points 
and may be defined in P a+ $ so that 

( 1 ) 

Then if U < U < ■ ■ ■ < t n are any points not in P a+3 we have, as in 
the proof of Theorem 11 . 2 b, Chapter 'll, that 

W-l 

23 I y(U +0 — y(U) | g 

i— 0 

By a limiting process we see by virtue of ( 1 ) that the same inequality 
holds if some or all of the U lie in P a+3 . It thus becomes clear that 
7 (t) as now defined is of bounded variation in (— oo) and that its 
total variation is not greater than 7 a (°o) 7 ^( 00 ). By Theorem 11 

lim 7 (t) = 0 , lim y(t) = a(oo)/3(oo) 

if the variable is restricted to lie in the complement of P a+3 . But 
by ( 1 ) the same is true if t varies through all real values. 

If the restriction a(— 00 ) = #(— co) = 0 is omitted, then by Corol¬ 
lary 11 

7(00) = a(oo)[ 0 (oo) - /?(- oo)], T (- 00) = a (- °o)[/ 3 (oo) - /?(- co)]. 

13. Preliminary Results 

Before discussing the product of two bilateral Laplace integrals we 
need several preliminary results. 

Theorem 13a. If for some non-negative constant c 

r e- ct \d«(t)\ 

J— 00 

and if a(— = 0, then e~ ct a(t) is of bounded variation in (— 00 , 00 ) 

and vanishes at ~~ °o. 

The result is trivial if c is zero. If c > 0, let V a {t) be the variation 
of a{x) in (— 00 < x S t), vanishing at — 00 . By Theorem 3c 

dV a (t) = c J 

By the same theorem 

(3) e~ ct a(t) = [ e~ cu da(u) — c f e~ cu a{u)du, 

J— 0O J—OS 
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so that e ci a(t ) clearly vanishes at — °o. Since a( — ° o) = 0, we have 

(4) ]«(<) | ^ V a (t) (- 00 < t < oo). 

From (3) and (4) we see that the total variation of e~ ct a(t) does not 
exceed 

f e ct | da(t) ] + 

and by (2) this is equal to twice the integral (1). This completes the 
proof of the theorem. 

Theorem 135. If for some non-negative constant c 

(5) r e~ ct | da(t) | < oo, f e~ cl \ W) ! < «, 

and if a(— oo) = (3(— oo) = 0, then the Stieltjes resultant y(t) of a(t) 
and (3(t) exists and e~~ ct y(t) is of bounded variation in (— °o, co), vanishing 
at — oo. 

If c = 0 the result is contained in Theorem 12. If c > 0 we see by 
(5) that the function 

B{t) - 

is of bounded variation in (— oo, oo) and vanishes at — oo. By Theorem 
13a the function a{t)e~ ct has the same property. Compute the Stieltjes 
resultant of these two functions. It is 

:i)dB(u) = f e~ ct a(t — u) d(3(u) = e~ ct y(t ). 

J—00 

By Theorem 12 this exists for all t (with the usual definition at the 
points where the Stieltjes integral is not defined). Also the total 
variation of e~ ct y{t) does not exceed the product of the variation of 
a(t)e~ ct by the variation of B(t), and e~ ct y{t) vanishes at — oo by 
Theorem 12. 

14. The Product of Fourier-Stieltjes Transforms 

Let a(t) be of bounded variation in (—°°, oo). Then its Fourier- 
Stieltjes transform is 

F(x) = f e ixt da(t), 

J— oo 

and this integral is clearly absolutely convergent for all real x. We 
wish to discuss the product of two such functions Fix). We shall need* 

* Compare S. Bochner, [1932], p. 70, Theorem 20. 



§14] 


FOURIER-STIELTJES TRANSFORMS 


253 


Lemma 14. If for each positive number R the function \p R {t) is non¬ 
decreasing and bounded, and if 


( 1 ) 


lim = y(t) (—00 < t < 00) 

R—*<x> 


( 2 ) 

then 

(3) 


lim i 

R—>oc 


lim 

R —►oo 


f e ixt dUD = f 

j— 00 J— 00 


Axt 


dy(t). 


Clearly y(t) is non-decreasing, and bounded so that the integral on 
the right-hand side of (3) exists. Set 


and express it as the sum of three integrals l' R , Ir , I'r corresponding 
to the three intervals of integration (— oo, —^4), (—A, A) and {A, 
respectively. Here A is an arbitrary positive constant. Then 


I In 


Hence 


y (01 = \b(—^ 


/■ 

" A 


7(4). 

Then* - by Theorem 16.4 of Chapter I and by (2) 
lim —A) — 2y{— « 

R-+o o 

But the right-hand side of this inequality can be made arbitrarily small 
by choice of A, whereas the left-hand side is independent of A. Con¬ 
sequently the latter is the number zero, and our proof is complete. 

By use of this lemma we can prove the fundamental theorem regarding 
the product of two Fourier-Stieltjes transforms. 


* The Helly-Bray theorem is applicable here, for if R is sufficiently large we 
have by (2) 


+ 1, 


so that the set of functions fa(t) is uniformly bounded. 
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Theorem 14. If a(t) and p(t) are of bounded variation in ( — oo ? oo) 
and if y(t) is their Stieltjes resultant , then 


(4) e ixt da(t) 



( co < x OO). 


It will be sufficient to consider the case in which a(— co) = 
oo) = 0. For, subtracting a constant from a(t) and one from 
fi(t) only alters y(t) by the addition of a constant, so that equation (4) 
is not altered at all. Also by decomposing a(t) and /3(t) first into real 
and imaginary parts and then into monotonic functions we see that 
there is no restriction in assuming that a(t) and j3(t), and hence y(t), 
are non-decreasing. 

Set 


F b (x) = f e ixt da(j) r e ixt d0(t) 

J—R J—R 

= e -2 ***' [> da(t - R) [" e <xl dfi(t - R). • 

Jo Jo 

Then by Theorem 11.5 of Chapter II (with s Q = —ix) ) we have 
Fr(x) =e~ 2xRi f e ixt d<p R {t) = e ixt d<p R (t + 2 ft), 

J 0 J-2R 

where 

<Pn(t) = [ a(t — ft — u) dfiiu — ft) 

Jo 

pt+R 

(5) (p R it + 2R) = / a(t - y)dp(y). 

J-R 

Set 

= <p*(t + 222) (-2ft ^ i) 

- 0 (« £ -2ft). 

It is to be understood of course that we are following the conventions 
of Chapter, II in the definition of <p R (t ) at a point t where the integral 

(5) is undefined. Then 

(6) F r (x) = [* e ixt dUt). 

•*—oo 

From (5) we have for all t 

lim = f a{t — y ) <20 (y) = y(f). 

R—+OQ v— 00 
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If we may let R become infinite under the integral sign of (6) our theorem 
is established. To establish this point we use Lemma 14. From its 
definition it is obvious that \p R (t) is a non-decreasing function of t and 
that 4^r{— 00 ) = 0. Let us compute ^a(oo). By Theorem 11 


Now 


Set 


Then 


7(00) = a( co )/3( oo ). 

/ t+R 

a(t - y)d${y). 

R 


y > -R 
= £S{ — K) y S ~R 

y > -R 
y ^ -R. 


0 t*{y) = a(y) 
= 0 


pt-ttt /.oo 

/ a(t - y) dfi(y) = / a*(t - y) dp*(y). 

J —22 J — 00 

By Corollary 11 

^ s (oo) = lim a*(t - *(«>) - 0*(- «)] 


Hence 


lim 1^(00) = a( co)/ 3 (°o) = 7C 


That is, hypothesis (2) of the lemma is satisfied, and our proof 
is complete. 

Corollary 14. If <f>(t) and \p(t) belong to L in (— °°, 00 ), then 
r e ixt <p(t) dt f dt — [ e ixt co(t) dt, 

J— QO J—00 J— CO 


«(i) = / - u)^(m) dw. 


where 
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This follows if in the theorem we take 


a(t) = J <fi{u)du, 

/ CO p t~~U /.« p t 

if>(u) du / <p(y) dy — <p(u) du / <p(y — u) dy 

OO «/— OO V— 50 J —00 


and by Fubini’s theorem 


y.(t ) = [ «( 

J—oO 


so that the result is established. It can also be proved very easily 
directly by Fubini’s theorem without appeal to Theorem 14. 

15. Stieltjes Resultant of Indefinite Integrals 

We discuss here the resultant of two functions defined by indefinite 
integrals of the form 

A(x) = f e~“da(t). 

Theorem 15. If a(t), 0(t) and y(t) are defined as in Theorem 136, 
and if 

A(x) - f e~ ct da(f), B(x) ~ f er ct d0(t), C(x) = [ * e~ ct dy(t) 

o—oo W —00 J —00 

for some non-negative constant c, then C(x) is the Stieltjes resultant of 
A(x) and B(x ). 

The result is trivial if c = 0. If c > 0, by §13 (5) the functions 
A(x) and B(x) are of bounded variation in (—oo, qo). Hence their 
Stieltjes resultant is defined by 

[ A(t - u) dB(u) = j" c~ cu d^u) f U e~ cy da(y) 

j—00 J-OC J—00 

= f dj3(u) f e~ cv d v a(y — ti). 

J— 00 J— 00 

Since a(—°o) = 0, we may apply Theorem 3c to the inner integral. 
Then 

A(t — u) dB(u ) = J d0(u) £«(« - u)e~“ + c J e~‘ v a{y - 

(1) = y{t)e~ ct + c f d&(u) f e~ cv a(y — u) dy 

•/-“CO J— 00 

= y{t)e~ ct + c f e~ 

J—00 


(2) 
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if it is permissible to interchange the order of integration in the iterated 
integral (1). By Theorem 15 d, Chapter I, this will be so if 

(3) J = f | dfi(u) | f e~ cy \ a{y — u)\dy < », 

*/— QO J— 00 

But 

-c 

by Theorem 3c. Inequality (3) follows by §13 (5). 

Since by Theorem 136 the function y(t)e~ ct is of bounded variation 
in (— 02 } co) } vanishing at — co 7 we may integrate by parts in (2) again 
using Theorem 3c. Thus 

[ A(t — u) dB(u) = f e- cy dy(y). 

J—OO J — cC 

This shows that the definition of C(x) given in the statement of the 
theorem has a meaning and that C{x) is the resultant of A(x) and B(x). 

16. Product of Bilateral Laplace Integrals 

We can now express the product of two absolutely convergent bila¬ 
teral Laplace-Stieltjes integrals as another Laplace-Stieltjes integral. 
Theorem 16a. If the integrals 

/(s) = [ e~“da(t), g(s) = [ e~“dp(t) 

J— qo J— oo 

converge absolutely for a common value of s, then for that value 

(1) f(s)g(s) = f e-“dy(t), 

J— 00 

where y(t) is the Stieltjes resultant of a{t) and 0it). 

If s is zero or pure imaginary the result is Theorem 14. Let the real 
part of s be c, the imaginary part —x, s = c — ix. Suppose first that 
c is positive and define A(t), B(t), C(t ) as in Theorem 15. Then 

f(s)g(s) = [ m e~dA® f e ixt dB(t), 

J— 00 J— 00 
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By Theorem 15 the function C(t) is the Stieltjes resultant of A(t) and 
B(t). By Theorem 14 

J(s)g(s) = ^ e ixt dC(t) = r e- ct+i *‘dy(i) 

J — oo «/— oo 

= f e~ st dy(t), 

J— 00 


so that (1) is proved for positive c. 

If c is negative we have by a change of variable 

/(s) = (V ( - s>t d[-a(-*)], 

j— CO 

and since — c is positive we have by the previous case 
f(s)g(s) = fY ( - s)i da(f) 

J— CO 

where gi( 0 is the Stieltjes resultant of — a(— t) and — /5(— t) 

c o(t) = f a( — t + u)d/3( — u ) - f a( — t — u) dp(u) 

J— oo J— oa 

— f ait — u)dfi{u) ~ y(t) 

J—oo 

Hence 


/(s)g(s) = - [ e 1 sU dy(-t') = [ e s ‘dy(t), 


so that the theorem is completely established. 

The case of the Laplace-Lebesgue integral may be treated as a special 
case of the Laplace-Stieltjes integral. We prefer to treat it directly 
by classical methods. 

Theorem 166. If the integrals 

f(s) = f e~ st (pit) dt, g(s ) = f e~ st \p{t)dt 

j— OO J— 00 

converge absolutely for a common value of s, then 
fis)g(s) = [ e~ s ‘oo(i) dt, 

J — oo 

where 

( 2 ) co(t) = / (p{t — u)\piu) du. 
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For, 

/(s)ff(s) = [ <p{t) dt 

J—00 

= f (pit) dt f e~ su \p(u — t) du 

J— 00 «/— 00 

= J e~ su du J i p{u — dt 

— f e~ su u(u) du. 

J— 00 

To justify the interchange in the order of integration we use Fubini’s 
theorem, which is applicable since 

f | <p(t) [ dt f e~ au \ \p(u — t)\du 

J— 00 j— 00 

= f e~ at | cp{t) | dt f e~ ffi | \p{t) | dt < <*>. 

j — 00 J— 00 

It is understood of course that oo(t) is defined by (2) almost everywhere. 


17. Resultants in a Special Case 

As an example of the usefulness of the methods of the present chapter 
we compute the successive iterates of the Stieltjes kernel.* As we shall 
show, the problem is essentially that of computing resultants. Set 


( 1 ) 

(2) 


git) — ^ = - 

yKJ 1 + er* 

g n (t) = / g n ~i(t - u)gi(u) du (n = 2, 3, 4, • - •). 
J—ao 


It is easy to verify that the integral 

/(«) = [ e~ s ‘g(t)dt 

J— 00 

converges absolutely for 0 < <r < 1. Hence we are in a position to 
apply Theorem 1 6b. It is thus clear that th,e functions are defined 
almost everywhere and that 

(3) [/(*) r - e~ st gn(t) dt (0 < <r < 1). 

J—CO 


See D. V. Widder [1937], 
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We compute the left-hand side of this equation explicitly and obtain a 
new Laplace integral representation for it with an explicit determina¬ 
tion of the determining function. By the uniqueness theorem this 
latter must be g n {t). 

Theorem 17a. If g(t ) = (1 + then 

t = _I_ (0 < <r < 1). 

sm ~ 

For, expanding g(t) in powers of e~ l gives us 
f e~ s ‘g(t) dt = f e~ st £ (-1 ) k e~ kt dt - f e" £ (— 

J- oo JO J 0 &- 1 


If it is permissible to put the limit sign in front of the integral sign we 
may integrate term by term to obtain 

(4) f e~ s ‘g(t) dt = lim £ (0 < cr < 1). 

J- oo A r -+oc k=>—N S “T K 

To show the validity of the above operation we have for (0 g t < °o) 

But 

2 


so that we obtain our result by application of Lebesgue’s limit theorem. 
But is is well known* that the right-hand side of (4) is x/sin tts. This 
completes the proof of our theorem. 

Corollary 17a. If n = 1,2, ... and 0 < a < 1, then 


) in) o oo 

= / e~ s ‘t n g(t)dt = re! £ 
J-oo ktZ a 


(- 1 ) 

(s + fc) n+r 


This is obvious formally by differentiation. The formal operations 
are easily justified. Of course, if n = 0, the equation still holds if the 
series is interpreted as in equation (4). 

Theorem 176. If F(s) is defined as 


(5) 


F(s) - 


' See, for example, W. F. Osgood [1923] p. 509. 
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then 


To show this we compute gi(t) explicitly. By (2) we have 

_!_L_ d 

1 + 1 + e~ u 

Using the method of partial fractions, this gives 


_ f±\ 

yaw 


t 

1 - e-*‘ 


But now (3) and (5) give (6). 

Corollary 176. If n = 1, 2, • - - and 0 < a < 1, then 


(-! %) 


r 


dt 






We can now prove our principal result. 

Theorem 17c. If g n (t) is defined by (1) and (2), 


(7) 


1 - er 
X 


,2n—1 


2 n , 2 n 


( 2 »- 1 )! 


2« — 3)1 


( 8 ) 


X 


U 


2n+l,2n+l 


+ A 


2 n+l ( 2n-l 


(2n — 2)! 


the constants A n , n we defined by the expansion 


(9) ( — = An.n + i4n,n-l5 

\S111 7T$ 

To prove this we make use of the Mittag-Leffler* development of the 
function (?r/sm tt s) n . The principal part of this function at the origin 
is obtained at once from the expansion (9). Denote it by Q n (s 


s n 


See, for example, W. F. Osgood [1923] p. 540. 
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Then the principal part at the integer $ = h is (—1 ) k Q n (s + k) if n is odd 
and is Q n ($ + k) if n is even. Hence 

= i QUs + k) 

\sm its J fc—oo 

/ \ 2n+l ao 

( . T - ) = X) ( — l) A 'Q2ft+l(s + fc)j 

\Sin 7TS/ fc- - 

where 


cc 


E (-«* 


A.2n+l,l 

s + k 


is understood to mean 


lim 

N-+ oo 


JV 


E 




2 n+1,1 


S + fc 


= A : 


2n+l,l " 


sm 7rs 


Hence by use of Corollaries 17a and 176 we have 

( 7r v k r e~ si .r„ ^ n_1 

VihT7s/ ~ L r^F‘ 4 L 2 "' 2,1 (2n — 1)! 


+ • * ■ + A 2 : 


sm ts 


[°° e~ st r 

/ - A2n-|-l f 2?i+l 

J~oo 1 + 6 1 L 


f’ 


(2n)! 


+ • • • + A 


2n+l 


■] 


dt . 


Finally by virtue of (3) we have two determining functions for the same 
generating functions. By the uniqueness theorem we may equate these 
two determining functions to obtain (7) and (8). 


18. Iterates of the Stieltjes Kernel 
The Stieltjes transform 

/(«) = f „ , h dt 

JO S T" k 

will be discussed in detail in Chapter VIII. If this transform is applied 
to itself one obtains 


s 1 Jo s 1 Jq t u 



<p(u)du 

Jo 


dt 


The inner integral H 2 (u, s ) is the iterate of the Stieltjes kernel 
H(u, s) = (u + s) -1 : 


#2 



H(u, s)dt. 
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The successive iterates are defined by the equations 

H n (u, s) = f H n ~i(u , t)H{t, s) dt (n = 3, 4, • • •)• 
Jo 

One may easily obtain an explicit expression for the function s) 
by direct integration of the integral defining it. It is found to be 

u — s 

The higher iterates can also be obtained by use of the functions g n (t) 
of section 17. Thus 


Jtf, e») = £ 


' e u H n -i{e x , e u ) 

, e u 4- e y ’ 


In particular we see that 

(3) H(e x , e y ) = H^e*, e y ) = e~ y g(y - x) 

= e~ x g(x - y). 

Also from (2), with n = 2, and (3) we have 

- *) j.. 


= e v / g(y - u)g{u - x) dv 

J— 00 

= e~ v / g(y - x - u)g{u) du 

J—oo 


= e v g 2 (y - x) = e X g 2 {x - y). 

We can now apply induction to prove 

(4) H n (e x , e v ) = e~ v g n (y — x) = e~ x g n (x - y). 

For assume that (4) holds for n — 1 and substitute in (2). We obtain 

H n (e x , e v ) = e~ v [ g(u - x)g n -i{y - u) du 

J—oo 

= e~ v / g(u)g„-i{y - x — u)du 

V—00 

= e~ v gn{y - x) = e~ x g n {x - y). 
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Hence (4) is completely established. We have thus proved 
Theorem 18a. If 

Hi(x, y) = (x + j/) _1 


H n (x, y) = [ Hn-i(x, t)Hi(t, y) dt 

(n - 2, 3, ■ 

..) 

?i( 0 = (1 + e - ') -1 



g n (t) = / g n -i(t - u)gi(u ) du 

J— oo 

5" 

II 

5° 


H n (e x , e v ) = e~ x g n (x - y) = e~ y g n (y - x) 

(n = 1,2, ■ 


By use of Theorem 17c we can now prove 

Theokem 186. If H n (x , y) is defined as in Theorem 18a, then 



(n = 1, 2, • 



(n = 0, 1, 2, 



where the constants A n ,k are defined hy the expansion 

( ~ ) “ A n n ”1“ An,n— 1$ d" An,n— 2$~ “f 

\sin -its/ 

For, we have 

y) = - g u 

OCf 

and by §17 (7) this gives (5). In a similar way one obtains (6) from 

§ 17 ( 8 ). 

As an example, let us compute H 2 (x, y ) from formula (5) and compare 
with (1). It is known* that 

feylk n\ D 


. 31 / n6 , 

where the constants B& are the Bernoulli numbers defined by the sym¬ 
bolic equation 

(B + l) n ~ B n - 0 

* See, for example, K. Knopp [1928] p. 204. 


(B n = B n ). 
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Squaring (1), we see that A 2 2 = 1, and from (5) 


and this checks with (1) . 

Let us also compute H d (x, y ). From (7) we have 


so that A 3 ,z is 1 and A 3il is t/2. Hence 


Ht(x, y) 


•*4-3.1 , A 

s+’y 


2(x + y) 

Incidentally we have thus evaluated a certain definite integral: 


X 


log (g/0 1 dt _ 7T 2 + (log ( x/yf? 

x-tt-ry 2{x + y) 


19. Representation of Functions 


We derive here certain sufficient conditions that a function/(s) can be 
represented as a bilateral Laplace integral.* 

Theorem 19a. Let /($) be analytic in the strip a < <r < /3 and such 
that 

(1) f \f(cr + ir)\dr (a 

J—oo 

Let 


( 2 ) 


lim /(<r + if) 

| r | -+00 


uniformly in every closed subinterval of (a 


(3) 


1 /•a+i'M 

*>(*) = ~ f(s)e x 

jultt j or—i00 


ds 


= 0 

< cr < 13), and set 

(a < <r < — co < x < w). 


Then 



J— 00 


e sx ip(x)dx 


(a < or < /3). 


We observe first that <^>(x) is really independent of cr. This follows at 
once by Cauchy's integral theorem, using the analyticity of f(s) and (2). 


Compare H. Hamburger [1921], p. 416. 
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Let s 0 = era + in be an arbitrary point of the strip (a < a- < 0). Choose 
< 7 i and <rt so that a < < to < < d- By (1) and (3) 

X<T i * 00 

I <p(x) | g t- I I f(<r + i t) I dr = e x,r A(a) 

AT J —oo 

(a < a < 13, — oo < x < oo ) r 

where A(<t) is a non-negative function which is finite for each < 7 . Set 

(4) F(s 0 ) = 


The integral converges since 

f e-'°*Ax) dx«A(v 1 ) f e~ xWr ^ l) dx 
Jo Jo 

f° e-V(i) dx«AM f e^'^dx. 

J —oO J— 00 


Substituting (3) in (4), choosing or = cro in (3), we have 

1 /*°P p<rg-H°0 

F(s 0 ) = ~ / e~ s "*dx /(«)*"& 

AltX J— 00 J ff 0 —foo 

= 4 f dx f f(ao + ir)e MT - T0) dr 
Alt J—00 J—00 

= lim ^ [ dx f /(cr 0 + fr)e tx(T_To) dr. 
R—+OC 27 T J—R J—00 


By Fubini’s theorem this becomes 

F(s 0 ) = lim - f f(<r 0 + it) - 4 rf T . 

f 2 —>00 7 T J— 00 T 7"0 

By Theorem 7.2 of Chapter II this limit is /(<r 0 + £>o), and our result is 
established. 

We prove now two other representation theorems of Hamburger 
[1920a], one involving the unilateral Laplace integral. These theorems 
involve the positiveness* of the sequence of derivatives of the functions 
to be represented. We need a preliminary result. 

Lemma 196. If a(t) is non-decreasing in (0 ^ t < 00), and if for two 
positive constants M and p 

[ fda(t) < Mn\p~ n ' (n - 0, 1, 2, • • •), 


* For the meaning of this see Definition 96 of Chapter III. 
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then 

(-«)" fV 

Jo 

For, by Theorem 5d of Chapter I we have for every positive R and 
any s 


f e~ s ‘da(t ) = Z ( —r fda(t) (| s | < p). 
Jo n =0 nl Jo 


( 5 ) 


/' 

Jo 


“Si! 

c < 


z 


(_,O n 


But, series (5) is dominated by 


Z U! 

n=0 

and is consequently uniformly convergent in 0 ^ R < °o for any fixed 
s in modulus less than p. Hence we may let R become infinite in (5) 
to obtain the desired result. 

Theorem 196. If f(s) is analytic in the strip (a < a - < ft ) and if for 
some real c in (a < cr < ft) the two sequences 

(6) {(—i) w / Cn) (c)}r {(-i)7 (n) W}r 

are positive , then f(s) is analytic in the half-plane a > a and 

(7) /« = 

a(t) is a non-decreasing function. 

By Theorem 13a, Chapter III, there exists by virtue of the positive¬ 
ness of the sequences (6) a non-decreasing function ft(t) such that 

(- 1)7 ( %) = 

Since f(s) is analytic at s = c there exist positive constants M and p 
such that 


|/ (n, (c) I < Mn\p~ n 


z 

n=0 

v (c - s) n r 

7i=o n ! Jo 


(8) 

and the Taylor’s series 


(n = 0, 1, 2, • • • ), 
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converges to (f)s for | s — c | < p. But by Lemma 196 this sum is 
equal for | s — c | < p to the integral 

(9) Ce^dm = re-doit) 

Jo Jo 

a -(() = J‘ e cu d(3{u) 

The integral (9) clearly converges for a > c — p, but by Theorem 56 
of Chapter II, it must also converge for a > a. Then we conclude our 
proof by analytic extension. 

Conversely, it is evident from Theorem 13a, Chapter III, that if (7) 
holds then f(s) is analytic for a > a and the sequences (6) are positive 
for every c greater than a. 

Corollary 196. If the sequences {/ (n) (c)}o° and {/ tw+1) (c)}“ are posi¬ 
tive, then 

f(s) = J e st da{t) (-°° < cr < 0). 


For under the present hypotheses f(—s) satisfies the conditions of 
Theorem 196 in the interval (—/?, —a). 

Theorem 19c. If f(s) is analytic in the strip a < a < ft and if for 
some real c in (a < a <- 0) the. sequence 


{(-l) n f n) (c)}o 

is positive , then 

m = fe~“d a (t) 


(a < a < 0), 


where a{t) is a non-decreasing function. 

By Theorem 10 of Chapter III there exists a non-decreasing function 
13 (t) such that 

(-i)T(c) = f t n am (»- 0,1,2,...) 

J— 00 

As in the previous proof we have (8). Then 

do) [ e n dm sf t u dm M&n) \ P - 2n (»= o, i, 2,...). 

J 0 J— oc 

Also by the inequality of Schwarz and (10) 

1/2 


2M(2n + l)lp~ (2n+1> (ft = 0, 1, • * *)• 
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That is, 

(ID 

and in like manner 

( 12 ) 


/' 

Jo 


C dp(t) g 2 Mn\p~ n 


[° (- tydfict ) 

J—oo 


g 2Mn\p~ n 


(n = 0,1, ■ 

(n = 0,1, •••)- 


By Lemma 196 the inequalities (11) and (12) enable us to conclude 


z* 00 

f e (c ~ s)i 
Jo 



n =- 0 



-s) n r° 

n! J_oQ 


f 

t n 


respectively. Adding and setting 

(13) a(t) = f e cu dp(u) 

Jo 

we have 


- c : p) 


(-«> <t< 


f M ( c ) = /(«) I S — C I < p. 

71=0 

As in the previous proof this equation must hold throughout the strip 
of analyticity. Again it is clear that the converse of the theorem is 
trivial. 

Corollary 19c. If j/ (n) (c)}? is a positive sequence , the result holds. 
For the sequences f/ (7l) (c)}? and {(—l) n / Cn) (c)}“ are both positive if 
one is, as is easily verified by an examination of the defining quadratic 
forms. 

Following the same order of ideas we prove: 

Theorem 19<1 If f(s) is analytic at a real point s = c where the 
sequence 

(14) {(-l)7 CB, (c)}? 
is completely monotonic , then for all complex s 

(15) fit) = f l e~ 3t da(t), 

Jo 

where a(t) is non-decreasing and bounded in (0 ^ t S 1 ). 

For, by Theorem 4 a of Chapter III there exists a non-decreasing 
bounded function (3(t) such that 

(-1)7°%) = f 1 f dfiit) in = 0,1, 2, • • - )• 

Jo 
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Since/(s) is anatytic at s = c 


n\ n=0 

for some neighborhood, | s — c | < p, of c. By Theorem 5d of Chapter I 
this gives 


/« = 

where a{t) is defined by (13) in (0 ^ t £ 1). But this integral defines an 
entire function, so that we can complete our proof by anatytic extension. 
It is obvious conversely that if f(s ) has the representation (15) the 
sequence (14) is completely monotonic for every real c. 

20. Kernels of Positive Type 

In order to obtain necessary and sufficient conditions for the repre¬ 
sentation of a function as a bilateral Laplace integral we need a pre¬ 
liminary discussion of kernels of positive type.* These are the con¬ 
tinuous analogues of positive or semidefinite quadratic forms. 

Definition 20. A real function k(x, y) which is continuous in the 
square (a ^ x ^ 6, a ^ y ^ b) is of positive type there if for every real 
function <p(x) continuous in {a S % gj b) 

(1) j{*) - r f ^ o. 

*>a •'a 

As an example take k(x, y) — g(x)g(y) where g{x) is any function con¬ 
tinuous in (a ^ x ^ b). Note that the integral (1) may vanish without 
having 4>(x) identically zero. Thus in our example we have only to 
choose orthogonal to g(x) on (a, b). 

A kernel is said to be positive definite if it is of positive type and if 
integral (1) can vanish for no real continuous function <f>(x) except 
<t>{x) ss 0. As an example take a = 0, b — tt and 

00 

k(x, y) = e~ n cos nx cos ny. 

n—0 

The integral (1) becomes 

(2) L e- n al 

n=0 

a,n = f <j>(x) cos nxdx (n =* 0,1, 2, • • •)• 


See J. Mercer [1909], p. 242. 



§20] 


KERNELS OF POSITIVE TYPE 


271 


But (2) cannot be zero unless all the a n are zero. But by the complete¬ 
ness of the cosine set on (0, t) this implies that is identically zero. 

We now prove an important result of J. Mercer [1909] which brings 
out the connection between kernels and quadratic forms. 

Theorem 20. A continuous kernel k(x, y) is of positive type if and 
only if for every finite sequence {a;*}? of distinct numbers of (a g x g b) 
the quadratic form 

n n 

(3) Qn = Z Z K*i, Xj )bh 

i~ 0 i=0 

is positive (definite or semidefinite). 

Suppose first that the quadratic forms (3) are positive. Let us prove 
that k(x, y) is of positive type. Choose an arbitrary continuous func¬ 
tion The integral can be expressed as the limit of a sum 

J(4>) = lim £ 2 k(xi, xMxMxi) 

n-* oo n i=0 2=0 

Xi= a + - (b - a) (i = 0,1, • • •, n). 
n 


Choosing 

e 

n 

in (3) we see that J(fi) is the limit of a non-negative function of n, is 
therefore itself non-negative. 

Let us turn next to the converse. Suppose that we could find some 
form (3) which is not positive, with a < x 0 < X\ < • • • < x n < b. 
Then we can choose the fc so that Q n has a negative value -A. Now 
define an auxiliary function S e>1) (x } c). Let c be a point of (a < x <b). 
Let e and y be so small that c — e — y and c + e + y are points of the 
same interval. Now 6 (tV (x, c) is defined as zero in (a g x ^ c - e - y) 
and (c + € + tj g x g b) as unity in (c - y g x g c + y). In the 
rest of the interval it is to be linear and such that it is continuous in 
(a } b). Set 


where e and y have been chosen so small that no two intervals 
(-e - y + Xi , Xi + € + ?j) overlap and such that a < Xq - e - y 
and x n + e + y < b. Set 
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Then we may easily compute J(6 ): 


F n (x, y)dxdy + J i 

n 


where 

Ji = Z E [ [ Kx, y)6(x)6(y)dxdy. 

1=0 2=0 J J 

Qij 

Here g i3 is the region between the square (r; — e — v ^ ^ Xi + e + 

— e — t? <; y S Xj + € + i?) and the square (xi — t] S x S Xi + ??, 
.Xj — 7 ] ^ y ^ Xj + 77 ). Since 

| fl ( s )%) I ^ | €<€/1 


for (x, y) in qn we have easily 

\Ji\ S MM%V + 0 


(§>4 


where M is the maximum of | k(x, y) | in the whole square. 

Since F n ( 0, 0) — — A we can find y so small that 

Fn(x, y) < -A/2 (| x | < 17 , | y | < ■>?). 

Then 

rV /*V 

/ / F n {x,y)dxdy < —2 At?, 

J~T] J—t) 

and 


J(fi) < — 2Anf + M4:e(2r} -j- i 

for all € sufficiently small. ,We can choose e so small that the right- 
hand side of this inequality is negative. For this continuous function 
Six) we see that J(6) is negative, contradicting (1). Hence there can 
be no Q n , with the Xi interior points of (a, b), which can have a negative 
value. Neither can there be a Q n having a negative value even if z 0 
or x n is allowed to be an end point. This is clear by the continuity of 
k(x, y). The proof of the theorem is complete. 

A kernel which is continuous in an open square (a < x < b, a < y < b) 
is said to be of positive type there if it is of positive type in every closed 
square interior to the open square. 

21. Necessary and Sufficient Conditions for Representation 

By way of making the results of the present section plausible let us 
make an analogy with the moment problem. We have already com- 
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pared the Hausdorff moment problem with the representation problem 
for the unilateral Laplace integral. Here we shall then expect to com¬ 
pare the Stieltjes moment problem with the bilateral representation 
problem. We recall that the system of equations 

( 1 ) Mn = f fdm (n = 0,1,2, ...) 

Jo 

has a non-decreasing solution (3(t) if and only if the quadratic forms 

n n n n 

(2) S S Pi+i&ki) 2 122 ~ L 2, • ■ •) 

i— 0 j =0 i=0 j—0 

are all positive. If in (1) the integer n is replaced by a continuous 
variable x and if t = e~ u we obtain 

m (*) = / e~ m datu), 


where 


Clearly a(u ) is non-decreasing when /3(t) is. 

When one changes from the discrete to the continuous one would 
expect the quadratic forms (2) to coalesce into a single double integral 


which would be required to be non-negative for all continuous functions 
£(x). That is, the kernel n(x + y) would be of positive type. We are 
thus led to the following* result. 

Theorem 21. A necessary and sufficient condition that the function 
f{x) can be represented in the form 

(3) fix) = 

where a(t) is non-decreasing and the integral converges for a < x < b, 
is thatf(x) should be analytic there and that the kernel f(x + y ) should be 
of positive type in the square (a < 2x < b, a < 2y < b). 

First suppose that (3) holds. Then ifa<a</?<6we will show 
that/(z + y) is of positive type in the square (a % 2x S &, ol ^ 2y ^ ff). 

* Compare S. Bochner [1932] p. 76, M. Mathias [1923], and D. V. Widder [19345]. 
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Clearly f(x) is analytic in the interval a < x < b. For any continuous 
function we have 
r/3/2 

/ . f(x + dx dy 


rPi* /• Pi 2 /»« 

<j>{x)(p{y) dx dy e~ ix+u)t da{t) 

J a/2 J a/2 «/— oo 

.00 r r ^/2 -12 

= J I J e Xt <f>{x)dx J da(0 ^ 0. 

To justify the interchange in the order of integration we have only to 
observe that the integral (3) converges uniformly in (a g x S &)• This 
completes the proof of the necessity of the condition. 

Conversely, if f(x + y) is of positive type in the square (a S 2x g /3, 
a ^ 2y ^ 0), then by Theorem 20, choosing Xi — (c/2) + zd for some 
number c of {a ^ x < /?), the quadratic forms 

(4) LL/H « + Mib (» = o, l, 2 ; .. o 

i—Q j '=0 

are positive, provided that 5 is chosen for each n so that 

a i c < c +2nd ^ 0. 

In particular, if we set 

(5) = Z (-1) A 

k=i 

and recall that 


we have 


k=i 

n n k 

>E&Z*Z 

7=0 A;=0 i=0 


If the value of £,• from (5) is substituted in (6) the latter reduces in a. 
similar way to 

Z Z A5 +J /(c)i)j i)j. 


(7) 
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Since this form was obtained from (4) it is itself positive. Now replace 
Vi by Vi/S 1 in (7) and let S approach zero. We obtain 


Now by Corollary 19c 



(a < x < b) 


for some non-decreasing function a(t). This completes the proof of the 
theorem. We observe that it would be sufficient to assume that f(x) 
is continuous in (a < x < 6). For, it could be shown, that this with the 
fact that f(x -f- y) is of positive type would insure the analyticity* 
of f{x). 


See R. P. Boas, Jr. and D. V. Widder [19406] and R. P. Boas, Jr. [1941]. 



CHAPTER VII 


INVERSION AND REPRESENTATION PROBLEMS FOR THE 
LAPLACE TRANSFORM 

1. Introduction 

We have seen that the Laplace transform may be regarded as a 
generalization of Taylor’s series. Thus the series 

(1) E(z) = 52 a n z n 

n — 0 

and the integral 

(2) F(z) = [ a(t)z‘dt 

k 


may be regarded as the discrete and continuous aspects, respectively, 
of the same Stieltjes integral 


(3) 


F(z\ = f 

Jo 


1 da(t). 


Making a change of variable we obtain the Laplace-Stieltjes integral 


One familiar determination of the coefficients of (1) 

(5) nP = ak (* = 0,1,2,...) 

involves a knowledge of the derivatives of F(z) at z = 0. By analogy 
we should expect the existence of an inversion formula for (4) which 
depends on a knowledge of the derivatives of f(s ) in a neighborhood of 
s = a;, say along the positive real axis, since such a neighborhood is the 
transform in the z-plane under the transformation z = e~ ! of a right- 
handed real neighborhood of the origin in the z-plane. Such an inver¬ 
sion formula was discovered by E. L. Post [1930] for the case when a(t) is 
the integral of a continuous function <p(t). The germ of the formula is 
contained in a letter from Stieltjes to Hermite dated August 29,1893 (let¬ 
ter 383, pp. 332-334, Vol. 2 of the collected correspondence, Paris, 1905). 
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The general ease (4) was first treated by the author [1934a]. Post’s 
formula is 


( 6 ) 


Since a limit process is involved it is clear that one needs to know 
derivatives of f(s) only for large real values of s. In this sense (6) is 
analogous to (5). 

The present chapter will be devoted to an elaboration of formula (6) 
and to the representation results which grow out of the formula. 


2. Laplace’s Asymptotic Evaluation of an Integral 

In our development of an inversion formula it will be convenient to 
apply an asymptotic method of Laplace [1820]. For the reader’s con¬ 
venience we prove here the results which we shall use. 

Lemma 2. If a < b, 0 < y, then 


For, simple changes of variable give 


Ik 



1 r< b ~ a) V*7 

\/kv Jo 


du 


so that 


Theorem 2a. If 

1. a < a + Tj < b; 

2. h(x) e C 2 (a ^ x g a + y), h!(a) = 0, h "(a) < 0, 
h(x) is non-increasing (a ^ x g 6); 


Let e be an arbitrary number such that 0 < e < —h n (a). Then we 
may choose 5 less than rj and so small that 

(1) A"(a) - e < h''(x) < h"{a) + e < 0 (a ^ x ^ a + 5). 

Consider the integral 
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where Ik and Ik correspond to the intervals ( a } a + 5) and (a + <5, 6), 
respectively. Then 

Itf I ^ 

Since A"(a) < 0 it is clear that h(a + 5) — A(a) < 0. Hence l'k tends 
to zero with 1 /k for any positive 5. By Taylor’s formula with remainder 

e kh " dx (a a - f- 5). 


By (1) 


i 


a 


By use of Lemma 2 

— TV 


Since e is arbitrary we have 


A"(a) + €] 


1/2 


and our theorem is proved. 

Theorem 26. If in addition to the hypotheses 1. and 2. of the previous 
theorem we have 

3 . 4>{x) zL (a ^ x ^ b), <j>(a) ^ 0, 

(2) a(x) ~ / [<l>(u) — <j>(a)]du = o(x — a) (x —> a+); 

then 



By Theorem 2 a we need only show that h tends to zero when k becomes 
infinite. Define e as in the proof of Theorem 2a. Choose <5 so that 
(I) holds and so that 

| a(x) | < e(x — a) (a g x ^ a + 5). 

This is possible by hypothesis 3. As in the proof of Theorem 2a, 
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break the integral I 4 into two parts l[ and l” corresponding to the 
intervals (a, a + 8) and (a + 8, b), respectively. Then 

1 Z* | g ^/ke klHa+5) ~ Han f b [ 4>(x) - <t>(a) | dx 

J<L+8 

= o(l) (k oo). 

Integrating the integral by parts we obtain 

I' k = k w a{a + S )e klHa+S) - Ha)] _ ^/2 f a(x)e kk»c dx 

Ja 

But 

h'(x ) = h”(g)(x - a) (a < £ < x < a + 8), 

so that by use of ( 1 ) we have 

/ a+5 

(x - a)V [-ft"(a) + t]dx. 

; 

Making the change of variable 

k in [—h"(a) - e] ll2 (x - a) = t 

we obtain 

Hence it is clear that 


or, since e is arbitrary, that 

lim I k = 0 , 

k 

and this establishes our result. 

Corollary 26.1. If the conditions of the theorem hold except that 
<j>{a) = 0 , then 

f 4>(x)e mx) dx = o(k~ in e kkW ) (fc -* oo). 

•'a 

Corollary 26.2. If 

1 . a < 6 — 7j < 6 ; 

2 . h(x) eC 2 (6 - n < b), h'(b) = 0 , A"( 6 ) < 0 , fc(x) 

^5 non-decreasing in (a ^ x ^ 6 ); 
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3. <p(x) ei (a g x ^ 6), <p(b ) ^ 0 


ot(x) = f [<p(ii) — (p(b)]du = o(b — x) (x —>b—); 

J x 


1/2 


Corollary 2i>.3. Equation (2) of Theorem 2b may be replaced by 
<t>(a+) = 0(a). 

This is clear since the continuity of <j>(x) on the right at x — a implies (2). 
It is in the form of Corollary 2b. 3 that the theorem is ordinarily stated, 
but we shall have need for the more general result. 

3. Applications of the Laplace Method 

We proceed at once to apply the results of the previous section to an 
integral which will lead directly to the. inversion formula desired. 
Theorem 3a. If 

1. <j>(x) e L (0 < t S x g R) for a fixed t and every larger R; 

2. J e~ cx <t>(x ) dx converges for a fixed positive c; 

3. [ Mu) — <j>(f)] du = o{x — t) (x —> <+); 

then 

e~ kul, u k (piu) du = ^ 

Choose any positive number 8 and set 

a(x) = [ e~ cu cj>(u)du (x ^ t + 5). 

•h+a 

Then by hypothesis 2. there exists a constant M such that 

| a(x) | ^ M (t g x < oo). 

Integration by parts gives 


if k > tc. In this case the above, limit is zero. The function w Y c< ~ fc),l/ * 
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considered as a function of u has a maximum at u = kt/(k — ct ;), a 
number less than t + <5 for h sufficiently large, say for k > h . Hence 


But 

lk+i 

Since 


we have 


lim Ik = lim h = 0. 

lc —*■ 00 k —► 00 


We apply Theorem 2b to the integral 

V fc+1 /. t+5 


taking 


We have 


7 n 1 Hh 

i, e 


kuH u\ 


h{x) = log a; — 


v a: f 
*'(t) = 0 


(< < a:) 


h"(t) = -i < 0, 

so that the desired hypotheses are satisfied. Hence 

v 1/2 
— J ^ 


and by Stirling's formula 


which is what we wished to prove. 
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A result of a similar nature is contained in: 

Theorem 36. If 

L <t>{x) e L (0 < e S x. S t) for a fixed t and every smaller positive e; 

2 . I x r <j>(x) dx converges for a fixed real constant r; 

Jo+ 

3. J [ 4>{u ) — (j){t)]du = o(t — x) 
then 


Choose a positive 8 less than t and set 

/ t-6 

u r 4>(u) du (0 < x ^ t ~ 5). 

Then by hypothesis 2. there exists a constant M such that 

| a(x) | ^ M (0 < x ^ t — 8). 

Integration by parts gives for k > r 


The function in brackets considered as a function of u has its only 
maximum at u = (k — r)tjk and hence is non-decreasing in 0 S u S 
t — 5 for & sufficiently large, say for k > fa . Hence 

7 k+1 i 

\l'k\ = (* > *o)• 

Using the same device as in the proof of the previous theorem we see 
that Ik tends to zero with 1/k since 


By use of Corollary 26.2 we have 
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This completes the proof of the theorem. 

Theorem 3c. If 

1. 4>{x) e L ( R~ l ^ x S R) for every R > 1 ; 

2 . <f>(x)e~ cx dx converges for a fixed c > 0 ; 

3. / <t>(x)x r dx converges for a fixed r; 

Jo+ 

4. J — <j>(t)]du = 0 {\x — t\) 

then 

i /7A* +1 r 00 

lim 7 - 7 ( 7 ) / e~ kult u k <t>(u) du - 

The proof is obtained in an obvious way using Theorem 3a and 
Theorem 3 b. 

Corollary 3c. 1. If hypothesis 4. is replaced by 


4' 


the conclusion holds. 

Of course hypothesis 4/ implies the existence of limits on the right 
and on the left of at u = t. 

Corollary 3c.2. If hypothesis 4. is omitted the conclusion holds for 
almost all positive t. 

For, it is known that condition L implies 4. for the points t of the 
Lebesgue set for the function 4>{u). 

4. Uniform Convergence 

In this section we extend the Laplace method of asymptotic evalua¬ 
tion of an integral to the case in which one function of the integrand 
involves a parameter. 

Theorem 4a. If 

1 . h(x) t C 2 (1 g x g 1 + v, v > 0), h'( 1) = 0, fc"( 1) < 0, 
h(x) is non-increasing in {1 S x ^ 1 + 77 ); 

2 . $(x) e C (0 ^ a ^ x ^ b), <j>{x) e L (a ^ x ^ 6(1 + > 7 )); 
then 

( 1 ) 

uniformly in a g t g b', where b' < b. 

^ x ^ 1 + 7], then a ^ tx ^ b( 1 + 77) and the 
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integral (1) exists by virtue of hypothesis 2. Let e be arbitrary except 
that 0 < e < -/i"(l). Choose o < y and so small that 


(2) h"{x) ~ <Kt) 

when 1 g x ^ 1 + S. The second inequality follows by the uniform 
continuity of <j>(x). For, if 


then a g tx $ b, so that tx is in the region of continuity of <f>(x). Since 
| tx — 1 1 S 8b' for all x in (1 g x ^ 1 + 5), it is clear that 8 may be 
chosen so small that (2) holds. 

Set 

J - dx, 

and write h as the sum of two integrals I'- and /” corresponding to the 
intervals (1, 1 + 5) and (1 + 5, 1 + y), respectively. Then 

— <f>(t) | dx 

l+S 


where A is independent of t in (a g t S &')• To show its existence 
we have 


(3) 


f 

Ju 


dx g - (m) |. - 8). 


The right-hand side is clearly .a continuous function of t in a ^ t S b f 
if a > 0. If a = 0 the same is true, for then is Continuous at 
x = 0 and 


lim i 

t *-+0+ ti 


|» (l+i?) t 

a 


Hence A may be taken as the maximum of the right-hand side of (3). 
Since h"( 1) < 0, we have h( 1 + 8) — h( 1) < 0 and 

lim i" = 0 

k~* oo 

uniformly in (a ^ t g b f ) for any value of & under consideration. 

On the other hand by (2) 
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for all t in (a ^ t ;£ &')• Hence 


lim I k = 0 

h-+zo 

uniformly in a ^ t S bf. The proof is now completed by use of Theo¬ 
rem 2 a. 

Theorem 46. If 

1. h(x) 8C ! (0<1->|^^1), h'( 1) = 0, h"(l) < 0, 
h(x) is non-decreasing in (1 — r) ^ x ^ 1); 

2, <j>(x) eC(0 ^ a g x S b), 4>(x) zL (a(l ~ v ) S x ^ b); 
then 



uniformly in a' ^ t ^ b , w/iere a' > a zj a > 0, a' = a if a = 0. 

The proof is similar to that of Theorem 4a with a slight modification 
in case a = 0. In this case it is clear that if 0 ^ if ^ 6 and 1 — rj ^ 
x ^ 1, then tx lies in (0, b), the interval of continuity of <j>(x). Since 
| tx — 1 1 ^ 56 for all 3 in 1 — <5 ^ a? ^ 1, it is clear that 8 may be 
chosen so small that (2) holds as before. The rest of the proof follows 
mutatis mutandis. 

6. Uniform Convergence; Continuation 

We now apply the result of Section 4 to the Laplace integral inversion 
formula under consideration. 

Theorem 5a. If 

1. <j>{u) e L in (RT 1 ^ u ^ R) for every R > 1; 

2. e~ cu <f>(u) du exists for some positive c; 

3. / u r <p(u) du exists for some positive r; 

Jo+ 

4. 4>(u) 8 C in (a S u ^6) for some positive a; 
then 


-1 e kn,t u k <t>{u) du -> (k ■ 

uniformly in a f S t tk b f } where a < al < b f < b. 

Set 



XXt), 


— (j>(t)]du 
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where the three integrals l' k , l k , I k " correspond respectively to the 
intervals (0, 1 — y), (1 — y, 1 + v), (1 + V* 00 )• Here y is any positive 
number less than unity. 

By Theorems 4a and 4 b the integral I k (t) tends to zero uniformly in 
the interval a’ ^ t S V as k becomes infinite. 

Set 

pi—v /•(!—' v)t 

a(x, t) = J mu) ~ 4>{t)]u r du = — J * [<#>(«) - <f>(t)]u r du. 

Then a(x, t) is continuous in the rectangle Ogzgl , a ^ t S b and 
consequently has an upper bound M there. But 

7„&+l 

licit) = ~ e~ ku u h ^d u a{u, t) 
fc ! J 04 - 

7 A+i /»i —ij 

= -pr / ct(u, t) d u [e~ ku u k 
fcl J 0 + 

The function e~ hu u~ r is increasing in ( 0 , 1 — 77) if k is sufficiently large, 
so that we have for such values of k 

T.fc +1 

| Ilit) | g ~ = o(l) (*-»«). 

That is, Ik approaches zero uniformly in (a, b) as k becomes infinite. 
Finally, set 

t) = f mu) - me~ cut du =\ 

J l+n 1 

By virtue of hypothesis 2. it is clear that fi(z, t ) has an upper bound M' 
in the region Hence 

7 „&+1 /» 

Ik'iO = - V ^ u ’ t)d u [e~ lk - ct)u u k ] {k > cb). 
fCl Ji+ V 

For any t in (a, 6 ) the function in brackets is a decreasing function of u 
in (1 + 77 , 00 ) provided k is so large that 


Then 


k- cb 


, \k 


k k 


so that l'k (t) also tends to zero uniformly in (a, b) as k becomes infinite. 
It follows that the same must be true of I k (t) in the interval a' S t S b', 
and our theorem is proved. 
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We wish to treat next the ease in which is continuous in 0 g 
t < co and tends to a limit as t becomes infinite. In this case the corre¬ 
sponding Laplace integral is absolutely convergent. This fact simplifies 
our discussions considerably. We can also avoid completely the use of 
Theorems 4 a and 46 if we employ the following preliminary result. 

Lemma 5. If <j>(t) is continuous in 0 ^ t < qo and approaches a limit 
as t becomes infinite, then to an arbitrary positive • e there corresponds a 
number r\ such that 

- 4>(t) | < e 


With e given we first determine R such that 

(1) (f, t" ^ R). 
We next determine 8 so that 

(2) t! - t" | < 8) 

for any pair of numbers t' and t" in 0 5* t 3 R . We consider the range 
of t in two parts, (0, 2 R) and (2 R, oo). For any 97 < 1/2 and t in the 
second interval, (2 R, 00 ), we have for— rj ^ x — 1 ^ 77 both tx ^ R 
and t ^ R, so that (1) is applicable. If t is in (0, 2 R) then tx and t 
are both in (0, SR) where (2) is applicable, and if we now choose 77 < 1/2 
and 77 < 5/(2 R), we have 


and ( 2 ) gives 


tx - 1 1 g 2Rv < 8 


< e. 


This completes the proof of the lemma. 

Theorem 56. If is continuous for 0 ^ t < 00 and approaches a 
limit as t becomes infinite , then 

- ) — I e t u k (t>(u) du = 

kl 

uniformly m 0 ^ K °o. 

For, given e we determine 77 as indicated in the lemma, and for this 
choice of 77 we define the integrals /*(£), Ikif), l'k'(t) as in the proof of 
Theorem 5a. Then for 0 ^ t < 00 we have * 

r.k+1 pl+rj 

14'U) V e~ ku u k du< 
kl J 1—,7 



288 


INVERSION OF LAPLACE TRANSFORM [Ch. VII 


Also 


where 


lk+1 pi- 

s 2 «ir /. 

0 du = 

ik+1 

i2M T> L 

e' ku u k du = 

M = u.b. 



(k-> «), 


The last three inequalities are clearly sufficient to prove the uniform 
convergence desired. 

6. The Inversion Operator for the Laplace-Lebesgue Integral 

We now define the following operator, which will serve to invert the 
Laplace integral. 

Definition 6. An operator Lk,t[f(x)] is defined by the equation 


for any real positive number t and any positive integer ft. 

If the operator is to be applicable to a function f(x) for a given 7c 
and t, the function must possess a derivative of order ft in a neighborhood 
of x = k/t. Actually we shall be applying the operator only to func- 
tionfe which have derivatives of all orders for all x sufficiently large. 

As an example, take f(x) = af 1 . Then 


for all positive t and all positive integers ft. 

Theorem 6a. If <f)(u) e L in 0 ^ u S R for every positive 7?, and if 
the integral 

fix) = ^ e~ xu ct>(u)du 
Jo 

converges for some x, then 

( 2 ) ] 

for all positive t in the Lebesgue set for 
For, simple computation gives 

-biTC '*•- 
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We have now only to apply Theorem 3c to this integral to obtain the 
desired result. The number r of that theorem may be taken as zero 
here and c any number greater than the abscissa of convergence of (1). 
The Lebesgue set for <j>{u) is the set of numbers k for which 

f | 4>{u) - 4>{k) | du = o(| t — to ( t —> to). 

For such numbers to hypothesis 4. of Theorem 3 c is satisfied. 
Corollary 6a. 1. Equation (2) holds for almost all 'positive t. 
Corollary 6a. 2. Equation (2) holds at points t where is con¬ 
tinuous. 

Corollary 6a.3. At a point t > 0 in a neighborhood of which <j>(u) 
is of bounded variation 


L k , t [f( 


We shall have occasion to use the following result.* 

Theorem 6b. If a(u) is a normalized function of bounded variation 
in 6 S u ^ R for every positive R and if the integral 


f(x) = [ e xu a(u) du 
Jo 


converges absolutely for some x, then 


(-i ) fc . 


k\ 


f\xkWr = ad) 


Xk = {k + 8 k )/t 

0 g 8 k ^ 1 


(t > 0) 


(k = 1, 2, ...)■ 


Observe that the result is evident from Corollary 6a.3 if 0* = 0 for 
all k. We prove first that 


(3) 


lim (1 -+■ t ) e~ Bk = 1. 

k—* oo \ 


By use of the inequality 

1 — x~ l S log x ^ x — 

we have 


(0 < x < oo ) f 


-el 


^ k log 


' Compare E. L. Post [1930] and H. Pollard [1940]. 
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The result now follows immediately by allowing k to become infinite. 
We have seen that 

7 fc+1 /»« 


7 KTl /» 

U.&M] = l e~ ku u k a (tu)du. 


Set 

7,fc+l /»°° 

J„ = e 9i Vr dw. 

/c! Jo 

By (3) 


so that it will be sufficient to show that 

r &+ 1 n w 

L«[/(*)] -h= TT e~ ku u k [l - e^ )h ]a{tu) du 

AC I Jo 

approaches zero with 1/ft. For, then h will have the same limit as that 
ascribed to L h)t [f(x)\ by Corollary 6a.3. But 

| i _ | g | i _ e l- “ | (0 ^ u < «), 

so that we need only show 

7^+1 /»00 

lim *— e~ ku u k | (1 - e l - u )a{tu) \ du = 0. 

k-+ 00 AC I Jo 

Since the function | (1 — e l ~ u )a(tu) | vanishes at u = 1 we have our 
result by an application of Theorem 3c. 


7. The Inversion Operator for the Laplace-Stieltjes Integral 

By use of the operator Lk,t[f(x)\ defined in the previous section we 
can also invert the Laplace-Stieltjes integral. 

Theorem 7 a. If a(t) is a normalized function of bounded variation 
in 0 ^ t • g R for every 'positive R, and if the integral 

(1) fix) = Ce-d.it) 

Jo 

converges for some x, then 

lim f L k , u [fix)]du = ait) - a(0+). 

k—* oo J 0 

As in the previous section we have for Qz/u) > <r c 



e- hj,u y k da(y) 
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for (k/u) > cr c and u > 0. By Euler's theorem on homogeneous 
functions 

yJL.[ e ~ kylu JL. 1 = — JL[ e ~ kvlu yS\ m 
02/ L u k+1 J du L u k J * 


Hence 


dy. 


This integral converges uniformly in any interval r g u ^ t, where 
r is any positive number and k > a c t. This is seen by use of the relation 


a(v) = 0(0 

Integrating under the integral sign gives 

r t yk+l 

I L ’‘M*)]du= 


(c > U C , c > 0, y —»• oo). 


&{y) —kyit y 

- o 

y 




^+1 r < 

kl Jo 


&(. y ) — ky/r y 


k dy- 


Letting r approach zero, 

(2) [‘ LUf(x)) du = ^ f e~ kvlt \dy- «(0+). 

" 0 + fcl j o y £ 


To prove this it is enough to show that 

T, A+l 1 /* 00 

(3) lim i-j- 4 / Wiy) - cc(0+)]e- k * lr y k - 1 dy = 0. 

r— *-o+ /c! Jo 


But if € is an arbitrary positive number we can determine 8 so small 
that | a(y) — a(0+) | < € when 0 ^ y ^ 5. Then 


T.fc+1 *5 

id h Jo [a{y) ~ ^°+^ vklr y k ~ ld y 


< 6 


(0 < r < oo). 


Also 

7JH-1 1 /*°° 1 

% r U [«(2/)-«(0+)r^/- 1 ^| 

7/3+1 .—5 (&—cr)/r /*«> 

- tt l 1 “ (2/) " “ (0+) 1 e ~ cv y k ~ ld y> 
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where c > <r c , c > 0 and cr < k. The right-hand side approaches zero 
with r so that 

lim 

from which (3) follows at once. 

Now let k become infinite in (2) and apply Corollary 3c. 1 to the 
right-hand integral, taking a(x)/x equal to the function <j>{x) of the 
corollary. Since the integrals 

f e~ cu du, f a(u)du 
Ji u Jo+ 

exist, the hypotheses of the corollary are satisfied. 

It remains to show that 

[ Lk,u[f&)] du = f Lk, u [f(x)\ du . 

Jq+ Jo 


< 00 


(* = 1 , 2 , ..•) 


This will be true if 

(4) ^ \f w (u)\u k ~ l du 

for some positive 1R. But if x > c, x > 0 

f\x) = X j” e~ x X-t) k a{t)dt - «(1)(-1)V 

+ k j" dt + £ e~ xt {-t) k da{t), 

the integrals converging absolutely. Hence by Fubini’s theorem 


du 


J B I f W u I u h ~ l du ^ J* t k I «(t) I dt j” e~ ut u h du + I «(1) | /Vv-\ 

+ k £ t"- 1 1 «(i) | dt e~ ut u k ~ 1 du 

+ f t k \da(t) | j e~ ut u k ~ l du (R> c, R > 0) 
if the iterated integrals on the right exist. But 
[ e^u^du = <r Rt P k (\/t), 

Jr 
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where Pt(x) is a polynomial of degree k. Hence 

r | f\u) | u k ~ l du£ [ e~ R ‘ | ait) I t k P* +1 ( 1 /t) dt 
Jr Jl 

+ [ «( 1 ) | e~ R P k (l) + k J e~ Rt | <*(«) 1 t^P^l/t) dt 

+ f e- Bl t k P k (l/t)\da(t)\. 

Jo 

If R > c one sees by inspection that the integrals on the right exist, so 
that (4) is established. This completes the proof of the theorem. 

In addition to Lk,t[f(x)] it is sometimes useful to introduce a further 
operator. 

Definition 7. An operator S k ,t[f(x)] is defined by the equation 

SUi{x)} «/(») + (-l) 4+l f f k+1 \u) ~ du (fc = 1, 2, .. .)• 

Jk/t Kl 

We shall be applying this operator only to functions f{x) which have 
derivatives of all orders for large x and for which /(«) exists. For 
example, if f(x) = e~ x we have 

(5) S k , t [e~ x ] = 4 f e~ u u k du. 

fc\ Jk/t 

We shall show that &,*[/(£)] also tends to a(t) as A: becomes infinite 
under the conditions of Theorem 7a. Thus in particular 

lim S k ,t[e~ x ) - 1 (1 < t) 

A:—*■00 

= 1 (1 =t) 

= 0 (0 < t < 1 ). 

This could easily be shown directly* by use of the integral (5). We 
now prove: 

Theorem 76. If f{x) has derivatives of all orders in 0 g c ^ x < °o 
arid if the integrals 

(6) f u k f k+l \u)du (k = 0,1,2,-..) 

Jc 

converge, then 

Lk,t[f( x )/ x ] = S klt [f(x)] - (A > tc; k = 1, 2, 

* Compare D. V. Widder [1934a] p. 114. 
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For, we have by integration by parts for any R > x 


k\ 


f +1 \u)du = 




k\ 


kl 


- 1 )! 


Since these two integrals tend to limits as R becomes infinite the same 
is true of R k f (i) (R). In particular if k = 0 we see that /(=c) exists. 
That is, we have 

f(x) - /(«) = o(l) 

/*>(*) =0(0 (*-> »;k = 1,2, ...)• 

By Theorem 4.4 of Chapter V, 

f\x) = o (0 (x-+«>;k = 1 , 2 ,...). 


Hence from (7) we have when x is greater than c 

(- 1 ) k+1 [i/ k+1)( - u)du 


£(_i)i/^W_ /(oo) 

j=o 1 ! 

(-D fc 




k 

(-1 ) 37 - , 

7=0 Jl 

[/(o:)/x] Cfc) ^ +l -/(^). 


Jbl 


Finally, setting a; = fe/£ our result is established. 

Corollary 76. Conditions (6) may be replaced by the condition that 
the following limits exist : 

(8) lim x k f\x) (*-0,1,2,...). 

S-+00 

For, the existence of these limits shows first that 

[ f'(u)du 

* c 

converges. Then by use of the equation 

J* u k f +1 \u ) dw = R k f k \R) - c k f k \c) - k J* u k ~Y k \u) du 

and by induction we see that all the integrals (6) converge. 

Theorem 7c. If f{x) is defined as in Theorem 7 a, then 

lim S k ,t[f(x)] = a(t) 


(0 < t < oo) 
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If a: is sufficiently large, 



Since /(«) = a(0+) and 

lim f k \x)x k = 0 


Corollary 7b is applicable and 

sum] = L k , t [M/x]. 

By Corollary 6a ; 3 

lim L k , t [f{x)/x] = a(f) 


(fc= 1, 2, ...), 


(t > 0 ), 


so that the theorem is established. 

We can now obtain an inversion formula of a somewhat different 
nature.* 

Theorem 7 d. If f(x) is defined as in Theorem 7a, then 
(9) lim £ = a(t) . (0 < t < «). 

x-+oc n=0 n ! 

Here [xt] means the largest integer contained in xt. Note that the 
summation is the partial sum of the Taylor development of f(y) about 
the point y = x evaluated at y = 0. 

Clearly, for x sufficiently large 

F( x )= f ^=f e~ xt a{t) dt 

X J 0 


the integral converging absolutely. By Leibniz’s rule 
( 10 ) F w (x)x t+1 = i f M (x). 

k\ n»0 ft! 


But equation (9) may clearly be written as 

lim t = «(i ), 

k—*oo n—0 ft* 

where 


Xk — Qc + dk)/t 

(* = 1, 2, ...)• 

* Compare M. J. Dubourdieu [1939] and W. Feller [1939]. Note that both 
authors make the unnecessary restriction that the determining function is non- 
decreasing. See H. Pollard [1940]. 
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By (10) we have only to show that 

lim tV F m (x k )xl +1 = a(t) (0 < t < »). 

k—*oo rC l 

But this is true, by Theorem 66. 

8. Laplace Method for a New Integral 

In Section 2 we obtained an asymptotic evaluation of the integral 

f\(x)e kHx) dx 

•J a 

for large k. We assumed that h(x) had a flat maximum at x = a and 
that 0(a) 7^ 0. In this section we consider the case in which <f>(x) has a 
certain type of zero at x — a. 

Theorem 8a. If 

1. a <C a -f- 7] < bj 

2. h(x) eC 2 (a S x ^ a + tj), h'(a) = 0, h"(a ) < 0, h(x) is non¬ 
increasing in (a S x S 6); 

3. <f>{x) e L (a S x ^ 6), 0(a) ^ 0, 0(a+) exists and equals <f>(a); 
then 

It is clearly no restriction to assume 0(a) > 0. Given an arbitrary 
positive number e less than 0(a) and less than — h"(a ); we determine 5 
so small that 

(1) 0 < 0(a) — e < 0 (e) < 0(a) + e 

(2) A"(a) - € < h"(x) < h"(a) + e < 0 
for all x in (a S x sg a + 5). Set 

7*= f e mM ~ h(a>, (x - a)<f>(x) dx 

Ja 

and write this integral as the sum of two integrals Ik and I” corre¬ 
sponding to the intervals (a, a + 5) and ( a + 6, b ) respectively. Then 

\ I” \ =s e mia+S) ~ Ha)1 f | | (x - a) dx. 

Ja+5 

Since h{a + 6) — h(a) < 0, it is clear that 

(3) Ik = 0(a*) 


(k-* °°), 



LAPLACE METHOD FOR NEW INTEGRAL 


297 


where a is a number between zero and unity. By use of (1) and (2) 
we have 

/»a+5 

fo(a) -el f e kh " mz - a)i '\x -a)dz< l' k 
Ja, 

/*a+8 

< b(a) + e] / e kh " isHx - a)V2 (x - a) dx 


where a < £ < a + <5. Using (2) we only strengthen these inequalities 
by replacing A"(£) by h"(a) + e on the right, by h"(d) — e on the left. 
The resulting integrals may easily be evaluated, whence 


fo(a) - _ i] ^ [0(a) + e ][e* I4 " Co)+,Ii2/2 - 1] 

k[h"(a) - «] 1 Jfc[A"(a) + e] 


<£(a) — « 
-&"(«)■+« 


^ lim kl'k g lim :£ 

k—*oo 


By (3) 


lim ~ lim kl' k 

k—* oo k—+oo 

l im klk — lim 

fc—»oo fc—»oo 

Since e was arbitrary we see that 


<#>(a) + 6 
A"(a) + c * 


lim klk 


h"(ay 


and this proves our theorem. 

Theorem 86. If 

1. a < b — 97 < & ; 

2. h{x) eC ! (b - t, ^ x ^ b), h'(b) = 0, h"(b) < 0, h(x) is non- 
decreasing {a g x g 6); 

3. 0(z) e L (a ^ x ^ b), <j>(b) ^ 0, <t>(b—) exists and equals <f>(b); 
then 


(4) /V>»><*—>• 

The proof is obtained by applying Theorem 8a to the integral (4) 
after a change of variable x = —t 
As an example of Theorem 8 a take the integral 


j” e~ ku u k ~\u - 1 ] du. 


( 5 ) 
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This has the value e k /k, as one sees by differentiating the equation 



k times and setting x — k. Here = vT 1 , h(u) = —u + log u. 
Then ^y Theorem 8a the integral (5) should be asymptotic to e~ k /Jc as k 
becomes infinite, and this is checked by the computed value of the 
integral. In a similar way the equation 

-e* = k C e~ ku ^~\u- \]du 
Jo 

serves to check Theorem 8b. 

9. The Jump Operator 

We now define an operator similar to Lk,t[f(x)] which serves to com¬ 
pute the saltus of the determining function at a point of discontinuity 
in terms of the generating function. 

Definition 9. An operator h,t[f(x)] is defined by the equation 

htim = (■-fj (j) (* = 1, 2, • • -; t > 0). 

Theorem 9. If 

(1) /(*) = f“ e~ x ‘da(t), 

Jo 

the integral converging for some value of x , then 

lim h,t[f(x)] = <*(£+) - a(t —) (/ > 0). 

k~* oo 

If t is a fixed positive number, and if k is so large that k/t lies in the 
region of convergence of (1), then 

U/M] = (£) f e~ kult u k da(u) 

= "(0 1 f kUn ku h - l \l-f\a{u)du. 

Making the change of variable u — ty , this becomes 

(2) U/(*)] = ~ke k e- ty a(ty).( 1 - y)y k ~ 1 dy. 

Jo 

Let v be a positive number less than unity. Write (2) as the sum of 
four integrals, h , h, h, 1 4 corresponding to the intervals (0, 1 — 77), 
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(1 — v, I)? (1, 1 + v), (1 + v, 00 ), respectively. By Theorems 8a and 
8b we have 

1 2 ~ cz(t — ) 

13 ~ oi(t+) (ft —> 00). 

For 1 1 we have 

! Ii I ^ fceV 1+, (l - u)] M I ’ e“* |«(iy) | (1 - 2 /) dy, 

•'O 

and since ^(1 — y) < 1 the right-hand side approaches zero with 1/ft. 
Since the integral (2) converges absolutely for large ft, say for ft ^ ft 0 , 
we have 


I £ I £ + n)l Mo f X e- k ° v | «(*) | (y ~ Dy^dy, 

J l+V 

and since e _,J (l + y) < 1, the right-hand side approaches zero with .1 /ft. 
This completes the proof of the theorem. 

As a simple example take 

<T*= C e~ xt da{t) 

Jq 


Then 


a(t) = 0 
= 1 


(0 ^ t < 1) 
(!<<<«>) 


ktle~ 1 = 



e~ klt . 


This is equal to unity for all ft when t — 1. For any other positive t it 
tends to zero with 1/ft. This checks with the fact that a(t) is con¬ 
tinuous except at t = 1 where the saltus is unity. 


10. The Variation of the Determining Function 

In this section we obtain a formula which gives the variation of the 
determining function a{t) in any interval (0, R ) in terms of the gen¬ 
erating function /($). 

Theorem 10. If a(t) is a normalized function of bounded variation in 
every finite interval, if 

= f e~ xt da(t)j 
Jo 
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the integral converging for some x, and if V(i) is the variation of a(x) in 
the interval 0 S i ^ i, then 


7(f) = lim f | L k Jf(x)] | du + |/(co) 1 

k -*oo J 0 


lim I* lf w (u) 

k—>oo Jk/t 


U 


du + |/(oo) |. 


1 (fc — 1)! 

Let S and R be any two positive numbers, R > S. Set 


ffx) = f S e- x ‘da(t ) 
Jo 

h(x) = f e~ x ‘da(t). 
Js 


Then 


(2) [ 1 L k ,t[f(x)] | dt g [ | Lk,lfi(x)] | dt + [ | L k , t [fi(x)} | dt. 

J 0 J 0 Jo 

Simple computation gives 

f R I L k , t [fi(x)] I dt £ f L klt [ f 5 e- xu dV(u) 1 dt 
Jo Jo L J o J 

By Theorem 7 a the right-hand side of this equality tends to 
V(R) — F(0+) as k becomes infinite, so that 


(3) 


lim [ \LUfi(x)l I dt £ 7(B) - 7(0+). 

k—*ao JO 


On the other hand we can show that 


(4) 


lim [ | L k ,i[f 2 (x)] | dt = 0. 

k~* 00 dQ 


For, as in Section 7, we have 

ik+i r °o 


uaux)] = 7 ii l r a M - a(,s) a r e - tw “ *£ 

/c! Js y du L tr_ 




then the function e ky,u (y/u) k is an increasing 

function of u } so that 

rfc-H. /•« « p *”i 

I UAUx)) | ^ jf l I «(v) - «(S) | r 1 ^ [e~ w “ ^ j dy 

/.B jk+1 f°o 

J o L kiU [fi(x)] j du g — | «(?/) - a(S) | y~ l e~ kvlB y k R~ k dy. 
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Now by Corollary 3c. 1 the right-hand side of the latter inequality tends 
to zero as h becomes infinite. Hence equation (4) is proved. 
Combining (2), (3), and (4) we have 

(5) fim f | UAAx)] | dt ^ V(R) - 7(0+). 

fc—*oo Jo 

Now set 

aic(t) = [ Lk,ulf(x)]du 
Jo 

By Theorem la 


If 

then 


lim ak(t) = a 00 

k —*oo 


0 = to < ti < 


~ a(0+) 

< t n = R, 


(0 ^ t < 00). 
(0 < t < 00 ). 


n-1 i>R 

X \'ak(ti+ 1) - a k(ti) I g / I Z/i.ut/W] | <Zw. 
i=0 Jo 

Letting A: become infinite this inequality becomes 

| a(k) - «(0+) | + 2 I <x(U+ 1 ) — a(U) | S Jim [ | L k , u [f(x )] | du. 

i=l k —*oo JQ 

The left-hand side can be brought as close to V(R) — 7(0+) as desired 
by suitable choice of position and number of the points U, whereas the 
right-hand side is independent of this choice. Hence 

V(R ) - 7(0+) ^ fim f | Lkjf(x)]\du. 

k—*oo Jo 

This combined with (5) gives 

V(R ) - 7(0+) = fim f \LkJf(x)]\du. 

k —*oo JO 

But 

7(0+) = | «(0+) | = |/(oo) |, 

so that the theorem is established. 

Corollary 10. If 7(«>) < then 
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For, suppose first that/(oo) = a(0+) = 0. Since 

f S i LUfWI I du^ f I LUm] | du, 

J o M) 

we have by Theorem 10 

V(B) £ Lim f | L k Jf(x)] j du 

fc-*oo ^0 

( 6 ) 

7(w) ^ lim / 1I»*,«[jf(aO] | du. 

k-*(c Jo 

On the other hand 

[ \L k jm\du £ f“ du[ e- tu t k dV(t) *7(00) 

(7). M C \L klU [f(.x)]\du g 7(oo), 

k~+<x> Jo 

so that the result is proved by combining (6) and (7). 

If a(O-f-) 7 * 0, we apply the result just established to the function 
f(x) — /(oo), whose normalized determining function will have total 
variation equal to that of a(t) decreased by | /(°°) |. On the other hand 

L ktt [f(x)] = L k9t [f(x) -/(«)] (* = 1 , 2 , - - • ) 

so that 

7(») " l/(«)l =lim f \L,Jf(x)]\dt, 

k-*-aa J 0 

and the corollary is proved. 


Since 


11. A General Representation Theorem 


lim. 


when f{x) is the generating function of <£(0 and when 
able conditions, we would have formally that 


(1) 


lim [ e xi L k>t [f{x)]dt = f 
k—*oo Jq J 0 


dt ==. 


satisfies suit- 


This would give us a representation of f(x) in terms of the L-operator, 
operating on f(x). Thus in the end result the determining function <j>(t) 
does not appear. We shall obtain conditions on f(x) alone for the 
validity of (1). These conditions except for continuity requirements 
will depend only on the behavior of f(x) at x = 0 and at x = oo, and 
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will not require that/(a;) should be a generating function. We need the 
following preliminary result. 

Lemma 11. If k is a positive integer and x and u are positive variables 
then 


“ x,u u k - l \ = e~ x,u x k u~ k ~ L . 


For, since e Xlu (u/x) k 1 is homogeneous of order zero, we have by 
Euler's theorem 


n r _,A:—1 1 3 T~ k—2~ 

d o~ x ^ u ^ _ _ d g-~x/u V* 

du L % k J da:L xk ~ l _ 



from which the result is evident. 

Theorem 11a. If for each non-negative integer k and for some positive 
number c 

1. f k \u) = o(u ~ k ) (u —► oo); 

2. /«(«) = 0(c clu ) (u — »0+); 
then 

lira / e _I1 Li, 4 [/(a:)]di! = /(z) (0 < s < oo). 

A--+oo J0+ 

Let x be any fixed number greater than zero. It is understood, of 
course, that the hypotheses 1. and 2. imply that/(a;) is continuous with 
all its derivatives in 0 < x < oo . Choose k so large that xk > c. Set 

h = f e~ Tt Ljc, t [f(x)] dt = I f <?-"<—1)* (k/t) k+1 f m (k/t)di. 

J 0+ /C ! Jo + 

It will be seen in the course of the argument that this integral exists. 
By a change of variable it becomes 

h = L-^r, r e~ xkU f k Xu)u k ~ l du. 

\k — 1)! Jo+ 
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The integrated part is clearly zero by 1. and 2. Again integrating by 
parts 


h = [<r klu u k - 1 ] 

(k - 1)1 du 


! 0 + 
fc—2 noo 


(k — 1)! J 0 -h du- 


Except for constant factors the integrated part is 


-rUy ( fr-*>( u )[( 4 _ 1)u ‘- 2 + kxU ~\ 


and by 1. and 2. this approaches zero when u becomes infinite and 
when u approaches zero. Continuing this process we obtain 


'-crbiJC**® 


[e 


- im u k ~ l ]du. 


By Lemma 11 


ic k r 

h - F® L m 


)e~ xk!u ~du. 

U k+1 


It is clear by hypotheses 1. and 2. that this integral exists. In fact it 
converges absolutely, so that the lower limit 0+ could be replaced by 0. 
It follows that all the previous integrals also exist. By another change 
of variable 

k a fc-H p 00 

/* = LL_ e~ xkt t k - l f (1/0 dt. 
fc\ Jo 


Now apply Theorem 3c to this integral, taking the function <f>(x) of that 
theorem equal to f(x~ l )x~\ The number r of Theorem 3c may be taken 
equal to unity; the number c of that theorem, any number greater than 
the number c of Theorem 11a. Condition 4. of Theorem 3c is satisfied 
since /(aT^x -1 is continuous in (0 < x < oo). Hence 

lim I k = fix), 

k —►» 

and our result is established. 

Corollary 11a. The result of the theorem holds if hypothesis 2 is 
replaced by 

3. f k \u) = 0(u ° ik) ) (u -*■ 0+) 

where g(Jc) is any real function of k. 

For, it is clear that hypothesis 3. implies hypothesis 2. for any posi¬ 
tive c. 
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The sufficient conditions 1. and 2. for the validity of Theorem 11a 
may be replaced by others which will prove useful. 

Theorem 116. If for each positive integer k 

[ L h , t [f(x)]dt = 0(x) (s-»«>), 

then f(°°) exists and 

lim f e~ zt L k , t [f(x)]dt = f(x) - /(») (0 < x < ®). 


For 7 the hypothesis is equivalent to 


( 2 ) 



dt = 0(x) 


(x co; k = 1, 2, . . 


We saw in the proof of Theorem 7b that the existence of these integrals 
implies the existence of /(<*>) and that 

[/(») - /O)]^ = oix~ k ) (x -> co; k = 0, 1, 2, • • •). 

Hence hypothesis 1. of Theorem 11a is applicable to the function 

j fix) “ /(°°). 

Integration by parts gives 

(3) f f M \t)t k dt=-f w (i) ~ - k r f (k \t)t k ~ i dt, 

Jl/x \%/ % 1/a? 

and, since these two integrals are 0(x) as x becomes infinite by (2), 
we have 

/® Q = 0(x k+l ) (a: —»• co) 

(4) f k \x) = 0(x~ k - 1 ) (x -> 04, k = 1, 2, ■ ■ •). 
In particular, if k = 0, equation (3) becomes 

f f'(t) dt = /(co) — /(-') = O(x) (x-»oo) ; 

•Jl/x \%/ 

whence 

/(x) = O (^\ (x -> 04), 

so that (4) also holds when k = 0. Consequently we may apply Corol¬ 
lary 11a to the function f(x) — /(°°). Since 


£U/(s) —/(«)] — L*Mx)\ (* = 1,2, ...), 

our theorem is established. 
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12. Determining Function of Bounded Variation 

We shall now discuss the question of what functions can be expressed 
as Laplace integrals, the determining function being of some prescribed 
class. In the present section we shall obtain necessary and sufficient 
conditions that 

f(x) = f e~ xt da(t), 

Jo 

for all positive x, the function a(t) being of bounded variation in (0, <*>). 
We introduce the conditions in the form of a definition. 

Definition 12. A function f(x) satisfies Conditio?is A if it has 
derivatives of all orders in 0 < x < and if there exists a constant M 
such that ■ 

(1) jf I L u [f(x)\\dt = jT | f\u) I ( - j AAy 1 du < M (fc = 1,2,...). 
As an example take f(x) = e~ z . Then 

I, l&J/WJi dt-l «-(j —du, 

and this integral has the value unity regardless of k . Hence e~~ x satisfies 
Conditions A. 

Theorem 12a. Conditions A are necessary and sufficient that 

(2) fix) = f e~ xt dait) (x > 0), 

Jo 

where ait) is of bounded variation in (0 ^ t < <x>). 

First, let us suppose fix) has the representation (2) and prove (1). 
We have 

f l/WM 1 ““ * f I,' ‘ i "“fe i- 

By Theorem 15c of Chapter I, we may reverse the order of integration 
in the iterated integral and obtain 

l ^ >(w) ' (k - 1 )! du ~ [ tk][ do I I e (jj, - i )! du 



This number is finite since a(t) was assumed of bounded variation on 
the infinite interval (0gl< co). Hence (1) is established. 
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Conversely, assume that f{x) satisfies Conditions A. These condi¬ 
tions clearly imply the hypotheses of Theorem 116, so that 


(3) 



e x ‘L k , t [f(x)]dt =/(z) — /(to) 


(0 < X < coj. 


Since e xt is bounded, it is clear from (1) that the integrals (3) converge 
absolutely, so that the 0+ of the lower limit of integration may be 
replaced by 0. 

Set 

a k (t) = f L h , v [f(x)]du (0 g t < »). 

t/Q 


The total variation of a t (t) on 0 g i < co is less than M by (1) for each 
k = 1, 2, • • ■ . Hence the sequence is of uniformly bounded variation, 
and we may employ Helly's theorem, Theorem 16.3 of Chapter I. 
Hence we can find a sequence of integers nj, n 2 , • • •, and a function 
a(t) of bounded variation on (0 £ i < oo) such that 

lim a»j(0 = a(t) (0 g t < °o). 

i-+oo 

Hence 

lim [ e-*%Jf(x)}dt=f(x)-f(°o), 

i~*oa *7Q 

or 

lim f f xi da ni (t) = f(x) —/(co). 

i —*•00 *0 

By (1), integration by parts is possible for x > 0 and 
lim x f e~ xt ct n .(t) dt = f(x) - /(oo). 

i—♦■oo “0 

Since 

| a ni (t) | < M (0 ^ t < qo, i = l, 2, • * •), 
we may apply Lebesgue’s limit theorem and obtain 

(4) fix) - /(•) - X jf e’**® eft = jf (0S f <«). 

If now we redefine a(£) so as to increase its value by /(oo) for every 
t > 0, keeping its value zero at t = 0, the term/(oo) on the left-hand 
side of (4) disappears, and our theorem is established. 
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Theorem 126. If f(x) satisfies Conditions A, then the limit 
lim j | LkAf(%) 31 dt 

exists. 

For, by Theorem 12a, f(x) has the representation (2) with 

f | da(t ) | < co . 

Jo 

By Corollary 10 

lim [ 1 Ljt,t[f(x)] j dt = [ |da(0| — I/( 00 ) !• 

k—*co Jo JO 

This result is easily verified for the function fix) — e~ x given above. 


13. Modified Conditions for Determining Functions of Bounded 

Variation 

We now introduce conditions which are equivalent to Conditions A, 
but which involve a summation instead of an integral.* 

Definition 18. A function f(x) satisfies Conditions A' if it has deriva¬ 
tives of all orders in (0 < x < °o) and if there exists a constant M' such 
that 

(1) El f\x)'S.<M' {0 < x < oo). 

£«=>0 /c I 


As an example, take f(x) — e x when the series (1) becomes 


E fi = 1- 

k- 0 fc! 


Hence e~ x satisfies Conditions A'. 

Theorem 13. Conditions A and A' are equivalent. 

We prove first that A' implies A. Let (1) hold, and let a be an 
arbitrary positive constant. Then we can show that fix) is analytic 
for x > 0 and continuous for 0 ^ x < <x> if /(0) is defined as/(0+). 
For, by Taylor’s expansion with remainder we have 

fix) = E f M (a) + f iM) (f) (0 <x<t<a), 

n —0 nl [fc + 1)! 

By (1) 

!/^( x )l < M E . fc + l ! (fl <x < =o). 


See D. V. Widder [1936] p. 293. 
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1)^ ( X a ) 


< 


M'y — - 1 ) . 


(* + 1)1 

If a/2 < 2 S a, this gives 

{x - a) i+1 \ ^ ,,,/2a- 2x\ k+1 




(*+ 1)1 


=o( 1) (fc->«). 


Hence the series 


(x — a)'" 


IA*) ,, 

A-o A/! 


converges to/(x) for a/2 < x g a. Since a is arbitrary/(x) is analytic 
in (0 < x < oo). By Abel’s theorem one sees that 


rn = t ArVw 

;:=o k ! 


(a > 0). 


Theseries converges by ( 1 ), so that f(x) is continuous-in (0 g x < oo). 
Computing the successive derivatives of /(x), we have 

f k+1 \u) = £ / tt+n+1> (a) (0 < u :g a), 

7i—0 n! 

so that 

\f k+1) (u) I ^ z |/ (fc+re+1) (a) I 

n=0 W. 


and if 0 < e < a, we obtain 


/> 


Cfe+l, ( w ) | £ ^ £ 

/Cl n=0 


| / (.+n+ 1 )( a) | 

n\Jc\ 


J* (ci — u) n u k du . 


The inequality is strengthened if e is replaced by zero on the right- 
hand side, and the series continues to converge since it becomes 


t !/ (n) W l~, 

n*=A;+l Wi 


and this converges by (1). Hence for each a > 0 

jf i\ 1 /l " +l)(t<) I du < M ' (* =» °, 1 . 2, ■ • •) 

from which it is evident that /(x) satisfies Conditions A. 

Conversely, suppose/(x) satisfies Conditions A. Then the hypothe- 
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ses of Theorem 116 are satisfied. In the proof of that theorem we 
showed that /(») exists and that 

[/(*) -/(«)]* = o{x~ k ) (x -► oc; k = 0, 1, 2, - - •). 

But this is sufficient to guarantee that 

/(a) _/(«,)= (~1)* +1 £° ^p-V +1, (0* (* = 0,1, 2, • • •; a > 0). 

Applying this formula to f p) (x) for an arbitrary positive integer p, we 
have 


f p \a) = (-l) i+p+1 r dt 

J a V) . 


Consequently 


a ^\f P \a)\ g f 

VI Ja 




and 


(P = 1, 2, , fc). 

(P = 1, 2, • • •, k), 


Z £ lf w (a ) | f £ |/ c&+1) (0 i *•+ l/(oo) | 

p=0 p! Ja /c! 

<3f + |/(oo)| 


by Conditions A. Since the right-hand side is independent of k, we 
have 


Z -J/ <p, (a)| ^ M + l/C 00 ) I, 

P-0 

and this is precisely (1) with M f — M + |/(oo) |. 


14. Determining Function Non-decreasing 

We now discuss conditions on the generating function which will in¬ 
sure that the determining function should be non-decreasing. We have 
seen earlier, Theorem 12a of Chapter IV, that for this it is necessary 
and sufficient that f(x) should be completely monotonic. We here ob¬ 
tain a new proof by use of Theorem 12a. 

Theorem 14a. A necessary and sufficient condition that f(x) can be 
expressed in the form 

(1) f(x) = [ e~ xt da(t) (0 ;g x < oo), 

Jo 

where a(t) is non-decreasing and bounded in (0 S t < oo), is that f(x) 
should be completely monotonic in (0 g x < oo). 
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If f(x) has the form (1), then clearly 

(-1 ) k f M ( X ) = [ e~ x ‘t h da(t) (x > 0; k = 0, 1, 2, •. •), 

JO 

and 

/(0+) = [ da(t) < 

jo 

so that /(re) is completely monotonic in (0 ^ x < oo). 

Conversely, if /(re) is completely monotonic in (0 ^ x < co), then 
f(x) is analytic for (0 < x < oo) by Theorem 3a of Chapter IV. For 
any positive number a 

(2) fix) = E/%) (0 < x < 2a). 

k~ 0 til 

Since each term of the series is positive when x < a, we have 

f ik \a) g f(x) ^ f{ 0+) (0 < x < a). 

Allowing x to approach zero this becomes 

/*>(«) ^f=S/(0+) (0 < a < oo). 


Hence 

f k \x) = 0(re~ fc ) (re —> oo, * —» 0+; * = 0, 1, 2, •..). 

Since /(oo) and /(0+) both exist under the conditions assumed, we 
have by Theorem 4.4 of Chapter V 

f^ k \x) = o(x k ) (re —> oo, re —> 0-f -\k = 1,2, • • *). 

Hence 

„00 /s—I 

l I£».,[/<*)]/ w (0 (T 5 =1 y, dt=fi*)~ fi 0+) 

as one sees by successive integration by parts. Hence Conditions A 
are satisfied by/(re). 

Alternatively, we could show that Conditions A' are satisfied. Equa¬ 
tion (2) shows that 

(3) f(0+) = £(-»T\a)£, 

the series converging. For, since the coefficients ( — 1 ) k f m (a) of the 
series (2) are all non-negative, it is clear that the divergence of (3) would 
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imply /(0+) = contrary to assumption. But (3) shows at once 
that fix) satisfies Conditions A'. 

Hence by Theorem 12a or Theorem 13 we have equation (1) with 
a(t) of bounded variation in (0, o°). We may assume a(t) normalized. 
By Theorem 7 a or Theorem 7c we see that a(t) is the limit of a sequence 
of non-decreasing functions, and is consequently non-decreasing. Fi¬ 
nally, we note that a(t) must be bounded. For, otherwise we should 
have 

/(0+) - [ da{t) = co, 

Jo 

contrary to hypothesis. This completes the proof of the theorem. 

As an example, take fix) = e~ x . It is completely monotonic for all 
x and has the representation (1) with a(t) zero for t < 1 and unity for 
t ^ 1. The theorem does not apply, for example, to the function 
fix) — x~ l which is completely monotonic in (0 < x < oo) but not in 
(0 ^ x < oo). To coVer such functions we have the following result, 
proved in Chapter IV as Theorem 12 b, restated here for completeness. 

Theorem 145. A necessary and sufficient condition that f(x) should 
have the representation (1) for x > 0, with a(t) non-decreasing in 
(0 ^ t < oo), is that fix) should be completely monotonic in (0 < x < oo). 

If fix) = aT 1 , then (1) holds with a[t) = t, a non-decreasing, un¬ 
bounded function. 


15. The Class L p , p > 1 

We next discuss the case in which the determining function a(t) is 
an integral of a function 4>(t) of class L v in (0 ^ t < oo). We first 
introduce a further definition. 

Definition 15. A function fix) satisfies Conditions B if it has deriva¬ 
tives of all orders in (0 < x < oo), if it vanishes at infinity , and if there 
exist constants M and p (p > 1) such that 


(1) f | LkMU P dt<M a- = 1,2,...). 

Jo 

From the definition of the operator L/c,t[f(x)] we see that (1) is equiva¬ 
lent to 


i^^dt < M 


k [ 

Jo 

As an example, take fix) = (x + l)” 1 . Then 


i 


, L,Af(x)]\ p dt = — - 

o kp 4- p — 1 


(fc = 1, 2, 

(fc = 1, 2, •••), 
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and it is clear that Conditions B are satisfied. On the other hand the 
functions fix) = x~ l and fix) = e~ x do not satisfy Conditions B. In 
the latter case 


/' 

Jo 


L k ,t[f(x)] \ p dt 


kT(kp+p — 1) 


and this becomes infinite with k. 

Theorem 15a. Conditions B are necessary and sufficient that 

(2) fix) = f e~ xt <t>(t) dt ( x > 0), 

Jo 

where <j>(t) belongs to L p in (0 ^ t < oo); 

(3) f U(t) \*dt < oo. 

Jo 


First assume the representation (2). Then (2)- converges absolutely 
for x > 0. For, by Holder's inequality 

r Hi ip 

j m \*dt [xq] 


-1 lq 


where x > 0 and p _1 + q~ l = 1. The integral on the right exists by 
the assumption (3). 

Another application of Holder's inequality gives 


Jo 


u k /k' k+1 


~ku/t 

kl Kt 


<j>(u) du 


-ku/t 


u k /k^ k+1 


| <t>{u) | v du 


jo kl\t/ 

This last factor is equal to unity so that 


[l °-‘”W *•]. • 


_ OO .00 .oo fc / 7 \ JCrX 

(4) j[ \L k Af(x)][ v dt^ j[ dt jf \<t>(u)\*du. 


By use of Fubini's theorem we may invert the order of integration in 
the iterated integral, since the resulting integral 


( 5 ) 


dt 


converges and has the value 
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Thus (1) is satisfied. Since 

/(oo) = lim f <t>(u) du = 0, 
i-*0+ h 

we see that Conditions B are satisfied by f(x). 

Conversely, suppose Conditions B hold. Then by Holder's inequality 

f 11 *.im | du ^ M 1,p t (v ~ 1)lp (k = 1, 2, ...). 
Jo 

Hence for each positive integer 

f L&, u [f(x)]du = 0(i) (t-> oo), 

Jo 

so that the hypotheses’* of Theorem 116 are satisfied. Consequently 
/(oo) exists and 

lim f e~ xt Lk,t[f(x)]dt = fix) — /(o o) (0 < x < oo). 

k-*oo Jo 

But/(oo) == 0 by hypothesis. But by Theorem 17a of Chapter I, 
there exists a sequence {&*}* of the positive integers and a function 
4>(t) of class 1? in (0 ^ t < oo) such that 

lim [ e~ xi L ki Afi x )] dt = [ e~ xi <j>{t)dt . 

■i —’■oo ^0 "0 

Hence 

/(*) = [ e~ x ‘<t>(t)dt, 

Jq 

and the theorem is proved. 

Theorem 156. If f(x) has the representation (2) with <t>(t) belonging 
to L v in (0 S t < co), then 

lim [ | L k , t [f(xWdt= [ \4>(t)\*dL 

k ->oo JO J 0 

For, by (4), (5) and (6) we see that 

lim [ \L k ,t[f{x)] \ r dt g f | \ p dt. 

k~*9D Jo Jo 

On the other hand, by Fatou's lemma,* 

* Compare Theorem 17a of Chapter I; for Fatou’s lemma see E. C. Titch- 
marsh [1932] p. 346. 
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f \<t>(t)\ p dt g lira [ \L k , t [f{x)]\° dt, 

J 0 k->oo Jq 

so that the result is proved. 

16. Determining Function the Integral of a Bounded Function 

If we let p become infinite in Conditions B we are led to the case in 
which Lk,t[f(x)] is bounded uniformly in t and fc. As one would expect 
from Theorem 15a, this case is that in which f(x) has^the representation 
§15 (2) with <t>(t) uniformly bounded in (0, <*>). We introduce 
Definition 16. A function f(x) satisfies Conditions C if it has deriva¬ 
tives of all orders in (0 < x < oo) and if there exists a constant M such 
that for (0 < x < oo) 

(1) L k M*)] Qo = 1,2, ...) 

(2) | xf(x) M. 

We observe that inequalities (1) and (2) are equivalent to 

(3) ^ (fc = 0, 1, 2, • • •; 0 < a; < «), 

Since for x ^ a > 0, inequality (3) becomes 


we see that f(x) is analytic at any point of the complex plane within a 
distance a from that part of the real axis between x = a and x = + 00 . 
As an example, take f(x) — (x + 1)“ 2 . Then 

x k+1 \ f ik) (x) | __ (fc + l)x k+1 
fc! (z + l)* +2? 


and it is easily seen that the maximum value of the function on the right 
is at x = fc + 1 . But 


lim 

k-*oo 


k ± iy +a 

k+ 2j 


so that (3) holds for any M greater than-e \ 

Theorem 16a. Conditions C are necessary and sufficient that 


(4) 


fix) = f e~ xt t(t) dt, 
Jo 


where <j>(t) is hounded in (0 < t < °°). 
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For the necessity we have 


(5) 


f w (x)x k+1 

kl 


(fc = 0, 1, • • • ; 0 < x < oo) 


g u.b. 


so that'inequalities (3) are satisfied. 

Conversely, if (1) and (2) hold, then /( 00 ) = 0 and 

[ L k , t [f(x)]dt = 0(x) (x— > oo). 

Jo 

Hence by Theorem lib 

f(x) = lim [ e~ xt L k ,t[f(x)]dt (0 < x < oo). 

k-* oo vO 

By Theorem 176 of Chapter I, inequalities (1) and (2) imply the exist¬ 
ence of a subset {&;} of the positive integers and a bounded function 
4>(t) such that 

lim [ e~ xt L kift [f(x)]dt = f e~~ xt <j>(t) dt. 

t—►oo Jo Jo 

Hence 

fix) = [ e~ xt <p(t) dt, 

Jo 

so that the theorem is proved. 

Theobem 166. 7/ /(re) has the representation (4) with <t>(t) bounded 
in (0 < t < oo), then 

lim u.b. | LkAfix )]! = true max 

k -*oo 0<i<oo 

For, by Theorem 176 of Chapter I there exists in every infinite 
sequence of positive integers a subsequence {&*}£*<> such that 

lim u.b. ! L} ;i ,tlf{x)] | true max | 

t —►oo 0< t <00 0<Tf-< 

for some bounded function $({). For each of these sequences the func¬ 
tion must be <j>(t) almost everywhere by the uniqueness theorem. 
But by (5) 

lim u.b. | LkAfix)] | ^ true max | <j>(t) | 

k —►oo <oo 0^ f < 

so that the theorem is established. 
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As an example take the function/(a) = (x + 1) 2 considered above. 
For this function 


) k+2 

and this tends to e~ l as k becomes infinite. But for this generating 
function — te~\ and the maximum value of this function is e” 1 . 


17. The Class L 

The developments of Section 15 are not valid when p = 1. For, 
when p = 1 Conditions B become Conditions A. For Theorem 15a 
to be valid for p = 1 the class of functions of bounded variation would 
have to be identical, by Theorem 12a, with the class of absolutely con¬ 
tinuous functions, which is certainly not the case. We introduce a new 
set of conditions in 

Definition 17. A function f(z) satisfies Conditions D if it has derivat¬ 
ives of all orders in (0 < x < oo) ; vanishes at infinity , if 


= 1 , 2 , 


and if 

(1) lim - Lj )t [f(x)] | dt = 0. 

For example, the function/(x) = (x + l) -1 can be shown to satisfy 
Conditions D. Equations (1) mean that L kt t[f(x)] converges in the 
mean (exponent unity). In discussing the class of functions satisfying 
these conditions we shall need the following lemma. 

Lemma 17. If <t>(t) belongs to L in (0 S t < oo), then 


(2) 

g(u) = [ | <t>(tu ) - 

Jo 

(u 1) 

(3) 

gi(w) = 0(1) 

(u —> oo ) 

(4) 

= 0(u -1 ) 

(u- 

By a 

change of variable 



gW) = f | - m\e x dx. 

J— 00 


If i(x) 

= <t>(e x )e x , then 



\p(x) I dx — l 
• Jo 
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Then 

| g( e y ) | g f {| yp(x + y)e~ y - t(x)e~ v | + | t(x)e~ v - t(x) |} dx 
J~oo 

= e~ y [ I i(x + y) - yp{x) j dx + | e~ y - 11 [ \ t(x) | dx. 

JLoo v—00 

The right-hand side of this inequality approaches zero as y approaches 
zero,* so that (2) is established. 

Moreover, 

| g(u) | f | <{>(ut) | dt + f | </>(t) | dt = (1 + u *) f | | dt, 

Jo Jo Jo 

so that (3) and (4) are also proved. 

Theorem 17a. Conditions D are necessary and sufficient that 

( 5 ) f(x) = [ e**4>(t) dt, 

Jo 


where 


(6) f | 4>(i ) I dt < w. 

Jo 

Suppose first that (5) and (6) hold. Then 

I L k Mx)} - 4>(t) I ^ 1 (jf +1 jf e- ku % k I *(u) - 4,(0 I du 

7 A;+l p°o 

= Vr e~ ku u k 1 4>(tu) - 4>(t) \du. 
fcl Jq 

Hence 


(7) 


r r 00 

/ \L k ,tlf(x)] — </>(0 | dt ^ — dt e ku u\cj>(tu) — \ du 

J 0 fcl J o Jo 

7 fc+1 *°0 /.«> 

= TT | 4>(tu) - <#)(0 I dt. 

fc I Jo Jo 


In inverting the order of integration in the iterated integral we have 
used Fubini’s theorem, observing that *fche last integral certainly con¬ 
verges for k ^ 1 by virtue of (3) and (4). But by Corollary 3c. 1 this 
integral approaches g{ 1) = 0 as Jc becomes infinite, if g(x ) is defined as 
in Lemma 17. That is, Lk,t[f( x )] converges in mean to $(() on 

* See, for example, N. Wiener [1933] p, 14. 
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0 ^ t < ”, so that (1) is established. It is clear from (7) that each 
function L k ,t[f(x)] belongs to L on 0 g f < «. Finally, equation (5) 
implies that 

/(oo) = lim [ <p(u)du = 0. 

<-* o+ Jo 

Conversely, if Conditions D hold, the general theory of mean con¬ 
vergence shows the existence of a function of class L in (0 g t < ”) 
such that 

lim [ | Lk,t[f(x)] - <t>{t) | dt = 0 

k —*oo •'O 

and 

(8) ljm [ | Li, t [fix')] | dt = f | <t>(t) | dt. 

k~+oo Jo Jq 

This latter equation implies the existence of an integer ko such that 
[ | LUf(x)] \dtgl+ [ | *(i) | dt = M (fc k 0 ) 

J o Jo 

Hence it is clear that f(x) satisfies Conditions A, and, by Theorem 12a, 
that 

fix) = f e*da®, 

Jo 

where a(t) is a normalized function of bounded variation in (0, °o). 
But a(t) must be an integral. For, by Theorem 7 a 

lim f Lk, u [f(x)]du = ot(t) - a(0+) = a(i). 

/c—>oo Jq 


Clearly a(0+) is zero since/(°o) = 0 by hypothesis, 
converges in mean to <j>(t) we have 

lim / Lk, u [f{x)]du = / (j>{u)du = a(t) 

k—*oo Jo JO 


Since L k , t [f{x)] 
(O^K ”). 


Hence 


/<*> - /' 




and the proof is complete. 
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Theorem 176. If 


f(x) = f e—V(0 
Jq 


dt 



dt < co, 


then 

lim f | Lk,t[f(x)] | dt = [ | <l>(t) | dt. 

k—oo Jo J 0 

This follows from Theorem 126. In the present case/(co) = 0 and 
the total variation of the function 

a(x) = [ <j>it)dt 
Jo 

is the right-hand side of (8). One could also obtain the result from 
the general theory of mean convergence. 

Theorem 17c. If fix) satisfies conditions D, and if 

lim [ 

*oo Jo 

then 

(9) lim L k , t [f(x)] = 

k—*cc 

for almost all positive values of t. 

For, by Theorem 17a, fix) must have the representation (5) (6). 
Hence (9) follows by Corollary 6a. 1 and the uniqueness theorem. 

18. The General Laplace-Stieltjes Integral 

To discuss the general Laplace-Stieltjes integral we-need the following 
preliminary result. 

Theorem 18a. A necessary and sufficient condition that 

(1) fix) = x [ e~ xt (j>it)dt (0 < x < oo) 

Jo 

where <j>it) is hounded in (0 ^ t < oo) and is such that the limit 
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exists, is that for some constant M 


® j: !■>“’(”) 


du 


< M 


(0 < X < oo ; k = 0, 1, • « .)• 


We first establish the necessity of the condition. If 


lim \ f </>(u)du = A, 

f—>oo t *0 


then by Corollary la of Chapter V we see that /(°o) = A. Set 
= f(x)/x. Then by Theorem 16a 

(3) | F m (x) I < NM/x k+i (0 < z < oo ; k = 0, 1, • • •), 

where N is an upper bound of | |. This, by use of Theorem 4.4 of 

Chapter V, gives 

*■"(*) (*->»). 

But 

(4) x k f (k+l \x) = x\xF(x)f +l) = ^-[F (k \x)x k+1 \. 

dx 

Hence for 0 < x < oo and k = 0, 1, 2, .. - we have 

r 00 jh-i 

(5) l f +1 \u)du = (-1 )*/(») - F*(*) 

so that by (5) and (3) we have (2) with M = | /(°o) | + N. 

Conversely, if (2) holds it is clear from the existence of the integral 
(2) when k — 0 that jf(°o) exists. By (4) and (2) it is evident that 

F {k) (x)x k+1 = 0(1) oo). 

Then as before (5) holds. But relations (5) and (2) give us (3) with 
N = |/(oo) | + M. By Theorem 16a 

xF(x) = f(x) = x f e~ xt <j)(t) dt, 

where <j>(t ) is bounded in (0 S t < °o). Finally, to prove that 

1 f* 

lim - / cf>(u) du 

t —>oo t JQ 

exists we make use of the fact that 4>(t) is bounded and apply a Tauberian 
theorem, Theorem 4.6 of Chapter V. 
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Theorem 186. A set of necessary and sufficient conditions that 
f(x) = ( e~ xt da{i), 

the integral converging for x > 0 is that for each positive e there should 
exist a constant such that 

I r 00 a I / 'f 

(6) 11 du\<M e (^-J (x > e ; k = 0, 1, • • • ) 

and that for each positive R there should exist a constant N R such that 

(7) . f \f k+1 \u) \du < N s Qc = 0, 1, • • - 

We prove first the necessity of the conditions. Set F(x) = f(x)/x. 
Then 


F(x) = [ e xt a{t) dt (0 < x < oo) 

Jo 

and by Theorem 2.2a of Chapter II for each positive e there exists a 
constant M* such that 

| a(t) | < M*e et (0 £*<«,), 

whence 

(8) I <*><>• 

From this it is clear that 

F ik \x) =* 0(af' fc-1 ) (rr — > oo) 

and that 


F(x) -/(oo)ar 1 = o^O+Jaf 1 
As in the proof of Theorem 18a this implies that 
(“"l) A F w (a;) ~ a(0+)&!aT fc-1 


(x —> oo). 

(# —> co) 


- (-1)*«(0+) -F w ix)~. 

k\ 
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By (8) we now have 



/ „ \i+l 


so that (6) is established if M e = | a(0+) | + M* . 

By Theorem 10 

lim f | Lk+i, t [f(x)] | dt = lim [ | f k+1 \u) \~du 

k -*oo J 0 k~* oo J(k-+-1)/R /CI 

= f I doc(t) I - |/(oo) I, 

JO 


from which (7) is evident. 

Conversely, if (6) holds, then as in the proof of Theorem 18a we have 

k +1 

(9) l l/ k+1){u)du = V 


Hence (6) becomes 




F (k \x) 


kl 


g |/(«=) | + M, 


k\ 


•ter 


|F W (* + .)| S ~(M e + \f(^)\) 
so that by Theorem 16a 

F(x + e) = [ e~*%(t)dt 

jo 


(x > e) 
(x > 0), 


F(x) = dt (x > e), 

X JO 

where \p t {t) is bounded in (0 S t < qo) and where 

<K0 = c'V.CO 

( 10 ) <t>(t) = 0(e“) it-* «). 

The function <£(£) is independent of e by virtue of the uniqueness theorem. 
Set 
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Then 

jT | da k (t) | = |/(«=) | + \f +l \u) | ~du 

!/(«)!+ r \f a+ 'Ku)\£d U 

J(k+l)/2 R Kl 

S \ f(*>)\+N 2R (fc = 1,2, ...). 

That is, the set of functions a*(0 is of uniformly bounded variation in 
(0 ^ t S R)' From equation (9) we have for (0 < t < <*>) 

By Corollary 6a. 1 

lim <%(*) = <K0 

k—*oc 

on a set of almost all positive t. Since the set of functions { 0 ^( 2 )}” 
is of uniform bounded variation in (0 ^ t ^ R), the limit function 
is of bounded variation on that part of E which is in (0, R). Then 
coincides* on E with a function a(t) which is of bounded variation 
on (0, R) for every positive R. Hence if we redefine to coincide 
with a(t) everywhere, a process which may be performed without chang¬ 
ing/^), then 

( 11 ) f(x) *= x f e~ xt a(t) dt. 

Jo 

We may evidently assume thatra(0) = 0. Then by (10) we have on 
integrating (11) by parts 

f(x) = jf e~ xt da(t) (0 < x < °o), 

and our result is established. 

* See, for example, S. Saks [1933] p. 149, Theorem 1. 



CHAPTER VIII 

THE STIELTJES TRANSFORM 
1. Introduction 

The Stieltjes transform arises naturally as an iteration of the Laplace 
transform. For, if 


where 


/(*) = J 

Jo 

<?(xl = f 

Jo 


1 <p(t) dt, 


‘tit) dt, 


then we have formally 

• fix) = f 

Jo 


' du 


f 

Jo 


V(<) dt 


( 1 ) 


fix) = f i Pit) dt f 
Jo Jo 

/w-/7® 


u(x+t) 


du 


'■ + t 


dt. 


This last equation we refer to as the Stieltjes transform, or from another 
point of view as the Stieltjes integral equation. However, we shall 
usually be concerned with the more general case in which (1) is replaced 
by a Stieltjes integral 

f” 3 da(t ) 

Jo x + V 


( 2 ) 


fix) 


In fact it was in this form that the equation was originally considered 
by Stieltjes [1894] in connection with his work on continued fractions. 
It is clear from the above formal work that the properties of the integral 
(2) will be intimately related to those of the Laplace integral.* 

2. Elementary Properties of the Transform 

Let a(t) be of bounded variation in 0 g t £ R for every positive R . 
Then we set 

(1) 


m - /' 

Jo 


. to f 

S + t R-* O 0 Jo 


da{i) 

r+t 


See D. V. Widder [1937]. 
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for any complex value of s, s = a + it, which makes the limit exist. 
The corresponding improper integral (1) is then said to converge. 

It will also be convenient to assume in some of our work that a(t) is of 
bounded variation in € ^ t ^ R for every pair of positive numbers e, 
R (e < R). Then if the limits 


lim 


f 1 da(t) 
€ S + t 


lim 

£—>■00 


f 2 da(t) 
'i s + t 


both exist, we write 

(2) 


/(«) = J 

Jq. 


da(t) 
^04- s + t 


The difference in notation in (1) and (2) will be sufficient to distinguish 
between the difference in the assumptions about a(t) in the two cases. 
For example, if a(t) = t sin (1 /t) when 0 < t < 1, and if a(t) — 0 for 
all other t, we would write our transform in the form (2). On the other 
hand, the function 1/s can be represented in the form (1) though not in 
the form (2). In the next two theorems we restrict ourselves to integrals 
( 1 ). 

Theorem 2a. If the integral (1) converges for a 'point s = so not on 
the negative real axis, r = 0, cr S 0, then it converges for every such point. 

For, set 


m = f ^ 

Jo Sq + u 


(0 ^ £ < 00 ). 


Then for any s not on the negative real axis and for any positive R 


f“ da(t) _ r 

Jo s t Jo 


So 4~ t 
Y+ t 


dfct) 


m s -^| + 

s + R 


*>/■ 

Jo 


(s + 1y 


dt. 


Since /3(R) approaches f(s 0 ) when R becomes infinite it is clear that 


r 


0(0 


■ dt 


Jo (s + 2) 2 

converges absolutely. Hence (1) converges and 
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This completes the proof. We observe that (1) may converge without 
converging absolutely as the example g witliout 

M = t 

n=0 S + 71 

shows However, equation (3) enables us to replace (1) by an ab 
so utely convergent integral. We point out a contrast with t-- ’ 

mtegral. For the latter integral a simple integration by parts repi 
a conditionally convergent integral by an absolutely convergent one 
That the same is not true for the integral (1) i s shown by the mple 

a:(0) — 0 


a(i) ( ir i^TT) (n <<<« + !;„. o,l, 


Here 


log (t + 2) 

r I a(t) 

Jo 


•). 


-dt 


Jo 


dt 


(t + 2) 2 J 0 (t _|_ 2) i 0 g (t 2 y 
and this integral clearly diverges. But 

l t^l = l (Tfw dt == £ (- irio g ^+|) 


5 log (n + 2) ’ 

and this latter series converges. 

Theorem 2b If the integral (1) converges, it converges uniformly in 
any closed bounded region not containing a point of the negative real axis. 

or, using the notation of the previous section and defining M as 
the maximum distance from the origin to a point s of the re Jon de¬ 
scribed m the theorem, we have for any F greater than M 


f 

J R 


^ = f( Sn ) _ rq So + R , . 

s + t ^ 7 + p h + (so 


r da(t) 

Jr s + t 


-)/• 

Jr 


m 

(s + tf 


dt 


^ I/W -/S(F)| + |/3(F) | 


I s — So | 

|*+ F| 


I <3(01 

R J S -f- t J 2 


+ I So — $ ! f 
Jr 

£ I/(so) - /3(F) I + I /3(F) | + M 

+ (M+|so|) /" 


dt 


C t - My 


dt. 
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Since the right-hand side is independent of s and tends to zero as R 
becomes infinite our result is proved. 

Corollary 26.1. If the integral (1) converges it represents an analytic 
single-valued function in the complex plane cut along the negative real axis. 

Corollary. 2b.2. If the integral (1) converges to f(s), then for any s 
not on the negative real axis 

Ak)/_\ ( t\k 7. t f da(t ) _ A -I o \ 


f a \s) = (— 1 )**! [ 
Jo 


to (s + t )^ 1 


(* — o, 1,2, ...). 


We observe that all results of the present section apply equally well 
to the integral ( 2 ). For, 


r mo 

Jo+ s -j- t 


tdaiX/t) 
(1/s) + f 


(p > 0) 


and hence ( 2 ) can be expressed in terms of two integrals of type ( 1 ), in 
one of which s has been replaced by its reciprocal. This is sufficient 
to prove our contention. 

We may extend Theorem 2b to the case in which the kernel (s + t)~ l 
is replaced by (s + t)~ p with p > 0 . We restrict ourselves to real 
values of s, since this was the only case needed in Chapter V. 

Theorem 2c. If the integral 

® - f $7F <' > 0) 

converges for a positive value of s, it converges uniformly in any closed 
interval of the positive s-axis not including the origin. 

For, if the integral (5) converges at s =s 0 > 0 set 

fw’ 

so that 7 ( 00 ) = f(s „). Then 

fM. -/w+><«.- 


(0 ^ t < 00 ), 


p(s0 — s) / 

Jo 


y(t)dt, 


Jo (s + ty Jo (s + <) p+l ’ 

so that (5) converges for all positive s. If R > 0, then 

/; -« - *« (?tD'+-<*-*> /; * 

It is clear that ( s 0 + R) p (s + R)~~ p tends uniformly to unity in an in¬ 
terval 0 < a g 5 ^ b. Moreover, in that interval 

i j«. _ ^ r (s« + ty 1 .ja ju \ ^ r. . ii f" («i+ 1y ~ x , i,, 


(s + ty 


y(t) dt <; p(s 0 + b) f Ad 
Jr {t — 


00 (so + ty - 1 

i (< - by+* 


7(<) I dt 
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for R > b. The right-hand side is independent of 
zero with 1/R, so that the theorem is established. 

3. Asymptotic Properties of Stieltjes Transforms 

We first consider what necessary conditions are imposed on a (t) bv 
the convergence of the integrals §2 ( 1 ) or §2 ( 2 ). P W by 

Theorem 3 a. If either of the integrals 


(1) 

( 2 ) 


r da(t) 

Jo 

f 

Jo+ 


'o s + t 

da(t) 

] o+ s + t 

converges , then a( 0 +) exists and 

(3) “(0 = 0 ( 0 . (,-,«). 
Let ( 1 ) or (2) converge at * = 1 (and hence everywhere). Set 

m = r — 

•>i u + 1 


(1 t < oo). 


Then 


«(0 a(l) - ^ da{u) = l (u + !) dp(u) = fi(t)(t + 1 ) - jf £(„) 


«(0 _ a(l) 


t 

off) 

t 


+ (3(0 




/3(w) dw 


'/3(°°) - /?(») 


(t —> 00 ), 

so that (3) is established. 

If (1) exists, the existence of «(0+) is trivial. If ( 2 ) exists set 

7 (0 . f 

f u + 1 


(0 < t ^ 1 ), 


so that 


~ “(^ = ~l “+«) = f t («■+ 1 ) dy(u) 

~ ~ (l + l)r(0 — ^ y(u)du. 
«(0+) T ^is eXiStS ^ hyP ° thesis i4 is clear from eq^tion (4) that 
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Corollary 3a.l. If the integral (1) converges, then 

rda(t) a(0) , r «(0 


r MQ _ _a(o) + r 

Jo S + t S Jo 


Jo s + t S Jo (s + t) 2 

Corollary 3a2. 1/ the integral (2) converges , then 

da(t) a(0+) , f a(t) , 


(* + 0 2 


Corollary 3a.3. // the integral 

f 

Jo (s + ty 

converges , then 

a(t) = o(f) 

This follows easily from the equation 


(p > 0) 


(f-* 00 ). 


*(«) - a(l) = 7(0 (« + i) p - P £ (« + 1) P 1 y(u)du, 


«« - f (JTT). (1 s ‘ < ">• 

It is important to observe that the conditions on a(t) of Theorem 3a, 
necessary for convergence of (1) or (2) are by no means sufficient. For 
example, if 


(1 ^ t < oo). 


a(0 - [‘ ,. 7~~T~o\ (0 

A log (m + 2 ) 

then a(0+) = 0 and a(2) = o(£) as t becomes infinite. Yet the integral 


(0^K oo), 


Jo (s + t) log (t + 2) 

clearly diverges at s — 2 (and hence everywhere). 

The following sufficient condition for convergence is useful. 

Theorem 3b. If for some 'positive 8 

(5) a(t)=0(t l ~ s ) (<-»»), 

then (1) converges. If in addition a(0+) exists, then (2) converges . 

According to our convention for the integral (1), a(t) is of bounded 
variation in 0 ^ t ^ R for every R > 0. Hence 

[* da(t ) __ a(B) a(0) , /** a(0 


s + t s + R 


Jo (s + t) 2 
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and it is clear by virtue of (5) that this approaches a limit as R becomes 
infinite. A similar proof holds for the integral (2). 

We wish to study next the asymptotic behavior of the Stieltjes trans¬ 
form f(s) as 5 becomes infinite or approaches zero. 

Theoeem 3c. If f(s) is defined by the convergent integral (1) with 
a(0) = 0, then 

(6) f (n \s) ~ (—T) “n !a(0+)s -B_1 

(7) f M (s) = 0(0 

where s is real and positive. 

First suppose that n ^ 1. Then 

/'•>« 

( 8 ) -(-»> + !) 

The integral (8) converges absolutely by Theorem 3a. Then 

I = ( ^f f in \s)s n+1 - «(0+) = in + 1)0 j[ ~ ~~ dt. 

Given e > 0, we choose 5 so small that for (0 ^ i | {) 

| a(f) — a(0+) | < «. 


(s —■» 0+; n — 0, 1, 2, • • • ) 

(s -> oo; n = 0, 1, 2, • • • ), 


Then 

I /1 S (n + 1 )«* +1 j[* 5 ^ <# + (. + f ,4 * 

where 

M = u.b. | a(t) - a(0+) | T 1 . 


This is a finite number by Theorem 3a. Hence 

\I\ g e + 2s n+1 5" n ikf 
lim | J | ^ e 

a—0+ 


lim I = 0, 

g _*o+ 

and (6) is established forn ^ 1. 

Again using Theorem 3a we determine R so large that for R g t < °o 

I a (t) I < d. 
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\s n f in Ks)\ ^s n (n+ 1 )! r 

Jo 


dt 


From ( 8 ) we have for n 1 

i«(Qi 

■>0 (s + t) n+i 

g (n+jO_! r | a( 0|* + . 

S* Jo 

Allowing s to become infinite, we have 
Urn \s n f M (s) | £ « 


+ s\(n + 1 )! f 


(s + t) n 


- dt 


(n + 1)! 


(« + 1 )! 


lim s n f M (s) = 0 . 

S—>•00 

That is, we have proved (7) for n ^ 1. 

The case n = 0 must be treated differently since certain,of the integrals 
involved in the above calculation do not converge absolutely in this 
case. We now make use of §2 (3) with $ 0 = 1 . Then 

0(0 


(9) 


/(«) = /(l) + (1 - 8) f 

JO 


• + ty 


dt 


da(u) 

+ u 


(0 ^ t < oo). 


To complete the proof of ( 6 ) it will evidently be enough to prove that 

0(0 


lim s 


i. 


->o+ Jo (s -|- t) 2 


- dt = 0(0+) = «( 0 +). 


But 


I 


0(0 
f o (s + ty 


dt — 0 ( 0 +) 


[ 


10(0 — 0(0+) | 
(* + 0 2 

+ 8 


dt 


r 

Js 


10(0 - 0 ( 0 +) | 


dt. 


(s + 0 2 

Given e, we choose 5 so small that for 0 g t g 8 

| 0(t) - 0(0+) I < e. 

Let M be an upper bound of | 0(t) — 0(0+) | for all positive t. Then 


r 


0(0 

(s + ty 


dt - 0 ( 0 +) 


^ € + 


Ms 


lim s 
o+ 


/■ 

Jo 


0(0 


' + 0 


- dt — 0 ( 0 +) 


d 

^ €, 


from which ( 6 ) follows for n ~ 0 . 
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Finally, to prove (7) when )i = 0we again use equation (9). It will 
be sufficient to show that 


lim s 


/' 

J<> 


0(0 

o + ty 


dt=m = 


But 


i 


0(0 
f o (s + ty 


dt 


“ 0(oo) = S f 

Jo 


' ~ p(°°) 

($ + *) 2 




This integral converges absolutely, so that the proof may be completed 
in an obvious way. 

Theorem 3d. ///($) is defined by the convergent integral (2), then 

(10) f M (s) = oCs-”" 1 ) (s -> 0+; n = 0, 1, 2, ... ) 

(11) f M (s) = o(s~ n ) (s -» co; n = 0, 1, 2 , • - - ), 

w/ierc s 2 $ real and positive .• 

For, by procedure similar to that used in obtaining (9) we have 
/W _ ,(!) + ( 


18(0 


f £ i. 

1+1 


da (a) 


'o+ 1 + u 


But we showed, merely on the assumption that £( 0 +) exists, that 


lim 5 / 
4—> 0 + Jo 


0(0 

(5 + 0 2 


dt — /3(0+). 


In the present case 0(0+) = 0, so that 

/(*) = o(s _1 ) 

By Corollary 3 a. 2 , we see that 


( 12 ) 


f( S ) = -^±- } + r a(t) 

Jo 


s 


Jo (s + t) 2 

But we showed in the proof of Theorem 3c that 


dt. 


(13) 


£ 

d& 


n 

F i Jo 


«(0 
(a + 0 s 


d£ - 


(-pyo+fri 

5 n+i 


(« -> 0 +) 


($ —> 0 +) 


for all positive integers. In the present case we do not know that a(t) 
is of bounded variation in any interval including the origin. However, 
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we do know that a(0+) exists, and this was the essential hypothesis in 
the above proof. Hence equations (12) and (13) give 

f n \s) « 0 ( 8 - 71 - 1 ) («- 0 +;n- 1, 2,...), 

so that (10) is established. In a similar way one proves (11) by use of 
(12) and the results of Theorem 3 c. 

4. Relation to the Laplace Transform 

We saw in Section 1 that the Stieltjes transform may be regarded as 
the result of iterating the Laplace transform. We make this result more 
precise in the present section. 

Theorem 4a. If the integral 


(1) 

/(*) = f ~ t 

Jo 8 “T t 


converges , then 



(2) 

f(s) = f e~ st <p(t)’dt 

Jo-\- 

(v > 0), 

where 



(3) 

<p(t) = f e~ tu da{u) 

« > 0). 


For, by Theorem 3a the convergence of (1) implies that 


a(t) — o(t) (£—* oo). 

Hence (3) converges for t > 0 and converges uniformly in e ^ t g R 
for arbitrary positive numbers € and R. Hence 


r e - st dt r e- tu daM = r- 

J 6 Jo Jo 


-(s+u)e _ (s+u)12 


S + U 


da(u). 


If $ is any point not on the negative real axis, the integral 


r <T <W 

/ — 7 — da(u) 

Jo 


8 + U 


clearly converges, so that 

C K r w p~ tu r 

(4) dt = <T € ^—da(u) - e~ sR 

Je Jo S + U Jo 


e~ uR 
f o s + u 


da(u). 


The first Laplace integral on the right-hand side converges uniformly 
(s being fixed) in the interval 0 ^ ^ 1, and hence approaches/(s) as e 

approaches zero. Moreover, by Corollary la of Chapter V we have 
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lim r±l Mu) = lim f‘^M = 

fi—too Jo s T U t-+ 0 + 4 S + M 8 


so that the last term of equation (4) approaches zero as R becomes 
infinite. Letting e and iT 1 approach zero in (4) thus gives (2), and the 
theorem is proved. 

Theorem 46. If the integral 


M = / 

Jo 


= r da(t ) 

t +«+1 


converges, then f(s) has the representation (2) with 


<p(t) = [ e iu da(u) 
Jq+ 


(t> 0 ). 


The proof of this result is similar to that of Theorem 4 a and is omitted. 
We observe that the converse of Theorem 4a is not true. That is, 
the integrals (2) and (3) may converge in the regions indicated without 
having (1) hold. For example, take 


<p(t) 

But (1) becomes 


(-!)•(.+ 1)«- 

r e-" 

Trjr^dt 

Jo (1 + e T 


m = t (~ir 


n=*0 


n + 1 

S + tt’ 


<t> 0) 

(«■ > o). 


a series which diverges for all s. 

Theorem 4 c. // the integral ( 3 ) converges for t § 0 , and 2/ /(s) is 
defined by (2) for a > 0, then f(s) also has the representation (1) for all s 
not on the negative real axis . 

For, under the present hypotheses, a(oo) clearly exists. Hence by 
Theorem 36 the integral (1) converges. Hence we may apply Theorem 
4a to obtain our result. 

Theorem id. If a(u) is non-decreasing and is such that the integrals 
(2) and (3) converge for cr > 0 and t > 0 respectively, then the function 
f(s) defined by (2) also has the representation (1) for any s not on the 
negative real axis. 

To prove this, substitute the integral (3) in the integral (2). In the 
resulting iterated integral reverse the order of integration to obtain (1). 
This is permissible by Theorem 15c of Chapter I. 
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5. Uniqueness 

It is important to observe that a function f(s ) which is a Stieltjes 
transform is such a transform in essentially only one way. 

Theorem 5a. If a(t) is a normalized function of bounded variation in 
every finite interval 0 ^ t g R and is such that the integral 

« M-rnn 

converges , and if f(s) vanishes at a set of points in arithmetic progression , 
(2) f(s 0 + nl) = 0 (l > 0, n = 0, 1, 2, . • • ), 

then a(t) is identically zero. 

For, by Theorem 4 a, /($) is the Laplace integral §4 (2). Then by 
Corollary 6.2a of Chapter II we see that <p(t) is identically zero. Then 
by Theorem 6.2 of Chapter II a(t) is identically zero. Hence our 
theorem is proved. 

Corollary 5a. Equations (1) and (2) imply that f{s) is identically 
zero. 

Theorem 56. If a(t) and fi(t) are normalized functions of bounded 
variation in every finite interval 0 ^ t ^ R such that 

r dct 00 _ r dfi(t ) 

Jo s -f- 1 Jo s V 

both integrals converging. Then a(t) is identically equal to (3(t). 

This follows in an obvious way from Theorem 5a. 


6. The Stieltjes Transform Singular at the Origin 

We have noted that a function f(s) which is a Stieltjes transform is 
analytic in the entire s-plane with the negative real axis removed. How¬ 
ever, the points of this axis need not be singular points. For example 
if a(t) is unity except at t = 0 where it is zero, then/(a) = s~\ which is 
analytic on the whole negative real axis. The origin itself need not 
be a singular point of f(s) as the example/(s) = (s + l) -1 shows. On 
the other hand the negative real axis may be a cut for the function f(s). 
For example, f(s) may reduce to the series 


f(s) = 


ji=o s a n 


where the points a n are dense on the negative real axis and 
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E. Goursat* has shown that the line on which the a n are densely dis¬ 
tributed is a cut for the function /(s). 

It is useful to obtain a sufficient condition that f(s) should have a 
singularity at the origin. 

Theorem 6 . If a(t) is a real non-decreasing function for which the 
point t = 0 is a point of increase and for which the integral 

Hi) - /' ^2 

Jo s t 

converges , then f{s) has a singularity at s = 0. 

. For, if this were not the case the series 

m = 

would converge for s some real negative number, — e, and 


n\ 


We may assume without loss of generality that a(0) = 0. Then by 
Corollary 26,2 and Theorem 3 a we have 


00 /»« 

(-«) = E 7 

n«=0 


E 


This series dominates the series 


» a(t) dt 


so that the latter also converges. Since the integrand is non-negative, 
and since the series 

V 2 ' / . (c + l) n 1 


converges for t > c, we may interchange integral and summation sym¬ 
bols in (1) to obtain the convergent integral 

(2) _ e)2 dt. 


* See E. Borel [1917] p. 37. 
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But since our hypothesis asserts that t = 0 is a point of increase of 
a(£), it follows that a(e+) > 0 and 


Hence (2) cannot converge, and our assumption that f(s) is regular at 
s = 0 must have been a false one. This proves the theorem. 

7. Complex Inversion Formula 

An inversion formula for the integral §2 (1) was obtained by Stieltjes 
[1894] in connection with his work on continued fractions. This formula 
applies, however, only to the case in which a(t) is a real non-decreasing 
function. One may easily treat the general case by similar methods. 
We need certain preliminary results. 

Lemma 7 . 1 . If a(t) belongs to class L in 0 ^ t g R and if a( 0 +) 
exists, then 

lim -fa, 2 dt 

- 0 + TT JO V + Xf 

Since for any positive number 

_x R T 

■rj r J n 2 

it will clearly be sufficient to assume a( 0 +) = 0 . Given e > 0 , we 
determine 8 < R so that | a(t) | < e for 0 2* t S 8. Then 


lim , dt 

tj—►0+ 

This gives us (1) at once. 

Lemma 7.2. If a(t ) belongs to L in 0 ^ t ^ R, if 0 < £ < R, and 1 
(£+) and a(£—) exist, the 


This is proved by breaking the integral into two parts corresponding 
to the intervals (0, %) and (£, R) and applying Lemma 7.1 to each part. 
The integral is known as Poisson's integral for the half-plane or as 
Cauchy's singular integral.* 

*See, for example, E. C. Titchmarsh [1937] p. 30. 
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Theorem 7a. 


If the integral 



da(t) 
s -f- t 


converges , then for any positive number f 


( 2 ) 




- iy) — /(— o 


2 2 

Let us assume that a(0) = 0. This is no restriction. Then 

/(«) = f 7 

Jo 


Since this integral converges uniformly along the line segments r = ± 17 , 
0 S cr S £, we have 


-if-® 


L+ 1 


i - £ - £77 t - £77 ^ —j— Z ‘77 £ - £ -f- ' 

1 dt. 


Choose a number 22 > £. The integral 


r w 

Jx (t- 


a(t) 


converges by §3 (3). Then 

1 

I a{t)v\- - 

7 r 


(t - ZY + t 2 < 2 + 


dt 


- dt 




< V L [(< V) 2 ' + fW + V 2 ) K r 


| a(i) | | 2 1 It 


2 r _[«( 

Jx (t - 


Letting rj approach zero we see that 

ij-* 0 + T Jo (t — £) 2 + 

and by Lemmas 7.1 and 7,2 we have 


lim 


= lim - J a i)t\ i dt ~ lim -/ 

T Jo (C — £) 2 + IT 7 - 0 + 7 T Jo 


i r 

t>+ 


dt. 


and the proof is completed by replacing a(t) by a(t) — a(0). 
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We observe that the left-hand side of equation (2) can be written 

lim If. f ” f(s) ds + ff * + "f(s)ds\, 

7j-*0+ [2tI J iv J 

so that we are integrating f(s) along opposite sides of the negative real 
axis in opposite directions and at infinitesimal distance from the axis. 
In particular if a(t) is real then the conjugate of /(—a — irj) is 
/( — a + irj ) and/( — a- — irj) — /( — a + irj) reduces to 2 i multiplied by 
the imaginary part of f(-a - irj). We thus obtain the result of 
Stieltjes. 

Corollary 7a. If a(t) is real , then the real part of 


approaches 



as r\ approaches zero through positive values. 

As an example take f(s) = s _1 with a{t) = 1 for 0 < t < oo and 
a(0) = 0. Our inversion formula (2) gives for t > 0 


<x(0+) 


lim - tan 1 - 
77—o-h v v 


1 

2 ’ 


and this is the correct result. 

We turn next to a similar inversion formula for the case when a{t) 
is an integral, 


S “j" t 


We prove 

Theorem 76. If <p(t) belongs to L in (0 g 
and is such that the integral 


(p(t) 

s -f -1 


dt 


converges, then 


S R) for every positive R 


(3) 


ii m fSzLr ir>) -/(-« + 

2iri 


for any positive | at which <?(£+) and #>({—) exist. 
Tor, simple computation gives 
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Now choose R greater than £ and express the integral (4) as the sum of 
two integrals Ii and h corresponding to the intervals (0, R) and ( R, oo ) 
respectively. Then by Lemma 7.2 


The integral / 2 need not converge absolutely. On this account we 
introduce the function 

a(t) = / <p(u)du oo). 

Jo 

Then integration by parts gives 

r -amt-s) 


The first term on the right clearly tends to zero with rj. Denote the 
second by J 3 . By Theorem 3a there exists a constant M such that 

a(t) | < Mt (0 £ t < 

Hence 

idt . 

T Jr (t — 

The dominant integral converges and I 3 approaches zero as rj approaches 
zero. Hence 


lim h = 0, 

V-+0+ 

and our theorem is established. 

We observe for later reference that the result may be written sym¬ 
bolically as 


(5) 


2t ri 




This* of course is to be'understood as equivalent to equation (3). 

8. A Singular Integral 

We wish to obtain next a real inversion operator involving the suc¬ 
cessive derivatives of f(s) and analogous to that obtained in Section 6 

* Compare E. C. Titchmarsh [1937] p. 318, equation (11.8.4). There our equa¬ 
tion (3) is proved for the case in which <p(t) belongs to L 2 . 
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of Chapter VII. Preliminary to the derivation of such a formula we 
prove: 

Theokem 8a. If 

1. ip{x) e L (0 < t ^ x ^ R) for a fixed t and every larger R; 

2. j x c <p{x) dx converges for a fixed real constant c; 

3 . [<p(u) — <p(t)]du — o(x — t ) (x —*t+) 

then 

(1) lim i r(u)du - 

k—*co 

To save writing let us set 

,, _ (2fc — 1)! 

* kl(k-2)V 

Let 8 be a positive number, and set 


/ H+5 

Ik =dk <p(u) du 

Set 

a(x) = J u c <p(u) du 

so that there exists a constant M for which 

| a(x) | < M 

Integration by parts gives 


(t ^ x < oo), 

(t £ X < 00). 


provided k > —c. We observe that in practice c will usually be a 
negative constant. The function u k ~ c (t + u)~ 2k considered as a func¬ 
tion of u has its only maximum at u = t(k — c)/(k + c), a number 
which is less than t + 8 for k sufficiently large, say for k > ko . That is, 
the function is decreasing in (t + 8 S u < oo) when k > k 0 . Hence 

’Ll 4 - MJ.S- 1 + & L~ C _ l k 
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But 


t(t + S ) 4 t(i + S) n , 

T" “ (/C->co). 

Ob 

This limit is clearly less than unity, so that f h tends to zero as k becomes 
infinite. 

To Ik we apply Theorem 26 of Chapter VII, choosing 
h(x) = log x - 2 log (x + t), 
a = t and 6 = £ + 5. Then 


so that 


t" 

Ik ~ 


*"<*> - W’ 


t k 

M(k — 2)! ^ * (2Q“ 


(fc —> «>). 


By use of Stirling’s formula this becomes 

k 2 

This completes the proof of the theorem. A result of a similar nature 
is contained in: 

Theorem 86. If 

1. <p(x) z L (Q < e ^ x S t) for a fixed t and every smaller 'positive e; 

2. ; x c ip{x) dx converges for a fixed real constant c; 


3. 


/; 


\u = o(£ — a;) 


We prove first that the hypothesis implies 
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By hypothesis 3. this will follow if 

lim [ [" <p(t) — 4 <p(t) 1 du = 0. 

x->t- X — t Jt L u ~ J 

This is seen to be true by performing the indicated integration. 

After this preliminary remark, we may easily reduce our present 
problem to that of Theorem 8a. For by a change of variable we have 


To the latter integral we may apply Theorem 8a, replacing the function 
<p(u) of that theorem by ^(w -1 )w -2 . Using (1) we clearly obtain (2), 
and our result is established. 

Theorem 8c. If 

1. cpix) e L (. R~ l ^ x ^ R) for every R > 1 ; 

2. J (p(x)x c dx converges for a fixed real constant c; 

3. / (p(x)x c ' dx converges for a fixed real constant c'; 

J 0 + 

4. J [<p{u) - <p{t)]du = o(\x - t\) 
then 

(3) lim hW1/i | / u , du 

The proof is obtained by combining (1) and (2). 

Corollary 8c. 1. If hypothesis 4. is replaced by the existence of <p{t+) 
and (p{t—) : then 

Krn (2* - Di r ./.a ^ _ v (t+) + At-) 


For then hypothesis 3. of Theorem 8a holds with <p(t) replaced by 
and hypothesis 3. of Theorem 86 holds with <p(t) replaced by 

Corollary 8c.2. If hypothesis 4. is omitted , equation (3) holds for 
almost all positive t. 

For hypothesis 1. implies hypothesis 4. for almost all positive t 
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9. The Inversion Operator for the Stieltjes Transform with «(<) 

an Integral 

We now define the following differential operator, which will serve to 
invert the Stieltjes transform 

Definition 9. An operator L k , t [f(x)] is defined for any real positive 
number t by the equations 


UAf(x)} = f(t), 

We assume, of course, that a function f(x) to which we are applying 
the operator has derivatives of all orders less than 2k. In practice the 
functions employed will have derivatives of all orders. 

As an example take f{x) = (x + a) -1 where a > 0. Then 

£*,«[/(*)] = (2fc " 1)1 ' 

Theorem 9. If <p(t) belongs to L in 0 ^ t ^ R for every positive R 
and is such that the integral 

( 1 ) f(x) = fjE®dt 

JO X -j- t 

converges , then 

(2) lim LM\ = 

at all points t of the Lebesgue set for the function <p(t). 

That is, we wish to prove (2) for all t for which 

(3) J [ <p(u) - <p(t ) | du = o(] x - 1 1) 

Since 

t - (-«)* , (-«)* _ _ ov 

t + u t + u t + u t + u’ 

we see that 


(2k - 1)! 
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If tis a point satisfying (3) we are in a position to apply Theorem 8c. 
We may take c = — 1. For, since (1) converges we know that the 
function 


approaches a limit as x becomes infinite. Then 


provided the latter integral converges. But it clearly converges abso¬ 
lutely, so that it is sufficient to take c = — 1. We may take c' =0 
since <p(t) e L in (0 g t ^ 1). Hypothesis 4. follows a fortiori from (3). 
Then §8 (3) gives §9 (2), and our theorem is proved. 

Corollaby 9.1. Equation (2) holds for almost all 'positive t. 

Corollary 9.2. Equation (2) holds for all t where <p(u) is continuous . 

Corollary 9.3. At all points t in a neighborhood of which (p{u) is of 
bounded variation. 


As an example of the theorem take f(x) = x 5 where 8 is a positive 
number less than unity. By use of the familiar formula 

s "" 1 . = r(m)r (n) 

(1 + x) m+n T(m + n) 

we see that 


x 5 = 


1 


T(1 - 8)T(8) Jo x + t 


( 


r 5 


dt. 


Simple computation gives 


L ki [x~ s ] = VW + 5-1) _ i 

,l J r(* + i)r(fc- ' 


But 


so that we have 


r(fc + a) ja 

m 


lim L ktt [x s ] = - 

k- 

as predicted by the theorem. 
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10. The Inversion Operator for the Stieltjes Transform in the 
General Case 

We now obtain an inversion formula for the general convergent in¬ 
tegral 


x +1 


We shall need the following preliminary result. 

Lemma 10a. If (1) converges, then 

,:_(2*-l )!„*f f 

Jfe!(Jfe- 2 )! Jo (x + tr “ w k 

For, given an arbitrary positive e, we determine 8 such that 
| a(t) — a(0+) | < € (0 ^ 

Then defining dk as in Section 8 we have 

(t) - a(0+)] . 


r 6 a *- 1 
Jo (x + t) 2k dt 

Since the last term is not greater than 


— ck(0+)] dt 


the integral converging by §8 (3), it tends to zero with x. Moreover 

i 


dk x k 


dt < 


d k x } ■ f 

Jo 


lo (x + t) 2k 


and by use of formula §9 (4) 

/*«> 4 k —1 


d k x h f 

Jo 


dt 


k - 1 


Hence 


'o (x + t) 2k k 

lim | J(x) | ^ e, 


< 1. 


so that 


lim dkX k [ 

c-*0+ Jo 


= lim a(0+) dkX k f 
x-o+ Jo 


~ 1 J ^ Jo (x- 


k- 1 
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Theorem 10a. If a(t) is a normalized function of bounded variation 
in 0 S t R for every 'positive R, and if the integral 

CD m = f f (0 

J o x - 

converges, then 


• + t 


( 2 ) 


lim 

it—*-oo ^0 


[ LkAf(x)] du = a(t ) - a(0+). 
Jq 


For, the computations of the previous section show that 

< 4 - 2 - *•••>• 

Since a(0) = 0 and a(y) = o(y) as y becomes infinite, we have after 
integration by parts 

(3) ft,«[/(aO] = —dk [ a(y) ■ 

Jo 

But by Euler’s theorem regarding homogeneous functions 

a 


d_ 

dy 


.(« 


d_ 

du 


• a*- 1 n 

.(« + 2/)“. 


^2/ 


Hence 


-'KfUlJ J * '■*/« 


aw Jo (w + y) 2 * 
Consequently if 0 < e < t, we have 


*(y) dy. 


(4) , ot(y) dy - d k , a(y) dy. 

Allowing e to approach zero and making use of Lemma 10a we have 

( 5 ) £ rum du = d k jr « (y) _«(- ■'- 1 

To the integral on the right we now apply Corollary 8c.l, taking <p(u) = 
a(u)/u. We thus obtain 

lim / L k:U [f(x)} du = cc(i) — a 

k —*oo «0 + 

Set f(x) = /i(x) + fi(x), where fi(x) is the integral (1) from 0 to 1. By 
a change in order of integration 


L k ,u [/i(»] I du ^ 


k 


1 da(t) |. 
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By §3 (3) there is an upper bound M for | a(y) | y 1 in (1 Ss y < «), 
so that 

LkAMx)] = —« 


| L k ,u [/*(*)} | £ | «(1 (0 ^ u < 1). 

Hence the integral of | £*,„[/] 0 to 1 exists, so that 

/ du = I L k , u [f{x)] du, 

Jo- Jq 

and our theorem is proved. 

Corollary 10a. 1. If ait) is continuous in a ^ t ^ b, then (2) holds 
uniformly in a f S t g b', where a < a' <b' < b if a > 0 arcd a' = 0ifa 
= 0 . 

To prove this one would use the fact that 

a{ty) - a(t) = o(l) (y -> 1) 

uniformly for t in (a' ^ t g V). ^ 

Corollary 10a.2. A function f{x) cannot have two different repre¬ 
sentations in the form (1). 

For, if it had the representation (1) and also the representation 


V 


where a(t) and fi(t) are both normalized, then we should have 

o = 

Jo x + 1 


Then by Theorem 3c 


- 0 


and by Theorem 

a(t) - j3(t) =0 (0 < t < oo). 

We thus have a new proof of Theorem 5b. 

Corollary 10a.3. //«(«>) exists, 

lim [ L k , t [f(x)]dt = a(°0 — a(0+). 
h—+ OO J 0 
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For, we have from Lemma 10a after replacing xby x 1 and t by t 1 

(2k - l)Ijt | 

2)\ X Jo (:v + () ua {t' k 




;^k\(k-2)r Jo (x + ty* v K ' k 
If we allow t to become infinite in equation (5) we obtain 

L k ,u[f(%)]du = W 00 ) ~ 

Now allowing k to become infinite we obtain the desired result. 

We now give another equivalent inversion formula for the integral (1). 
Theorem 10b. Under the conditions of Theorem 10a 

lim ,[^/ (M) («)] (M) = «(*) (0 <<<»). 

k ~*oo k ! (k — 2)1 

For, by use of the equation 
f(x) = 


we have by direct computation 


But this integral is precisely the integral on the right-hand side of (5), 
and we have seen that it tends to a(t) as k becomes infinite. 

Comparing equations (5) and (6) we are led to conjecture the following 
result. 

Theorem 10c. If f(x) has a derivative of order (2k — 1)., then 


This is certainly true if f(x) has the representation (1). For then (5) 
and (6) give 

k — 1 
~T~' 

On differentiating both sides of this equation with respect to t we obtain 
the desired result. However, the result is true for any function having 
the requisite number of derivatives. Evidently we must show that 

(7) x k - l [ x k f(a 
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The proof consists merely in computing both sides of the equation by 
Leibniz’s rule. In each case we obtain 


_ p / W *-*- 1 

Or we could prove the result without computation by observing that 
both sides of (7) are zero if f(x) is any one of the (2k — 1) linearly inde¬ 
pendent functions 

^ (n = —A, —A + 1, . - - , 4 — 2). 

The coefficient of / (2fc ~ 1} (x) in the expanded form of each side of (7) is 
clearly x 2k ~ l 

To illustrate Theorems 10a and 106 take f(x) — x~ l . As we have 
just observed, Lk,t\ x ~ l ] ~ 0. On the other hand a(t) = 1 for 0 < t < °o , 
a(0) = 0. Since 

lim / Lk, u [x~ l ] du = 0 = a(t) — a 

k—*o o Jo 

Theorem 10a is verified in this special case. For Theorem 106 we have 

(-1) M 7 - 1 
kl(k- 2)\ v J WJ TT’ 

and this tends to unity for all positive t as k becomes infinite. 

11. The Jump Operator 

We now define the operator which serves to compute the saltus of 
a(t) at a given point in terms of f(x). 

Definition 11. An operator h,t[f( x )] 25 defined by the equation 


For example, if 4,*[/(#)] = (1 + x) 1 , • 


where c4 is the constant defined in Section 8. 
Theorem 11. If the integral 



da(t) 
x + t 


lim i 


converges, then 


<x(t+) — 


(0 <t< oo). 
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For, direct computation gives 

-*(j) * 

By the change of variable u = vt, this becomes (assuming a( 0) = 0) 

1/2 


dk f a(vt) y t — V dv. 

Jo dv (v + l) 2fc 

Let 8 be a positive number less than unity, and break the latter integral 
into the sum of four others: Ii(k), h(k), h(k), and I 4 (/c), corresponding 
to the intervals (0, 1 — 8), (1 — 8, 1), (1, 1 + 8), and (1 + 8, oo) ? 
respectively. To integrals h(k) and h(k) we apply Theorems 8 a and 8 b 
of Chapter VII. For example 

1/2 


Taking the function h(x) of Theorem Sa equal to log [x(x + 1) 2 ] and 
*p(x) equal to a(xt)x~~ l {x + l)” 1 we obtain 

-IN «(«*) ..«(<+) 2 

since h"(l) = — As in the proof of Theorem 9 we see by use of 
Stirling’s formula that 

(2) d k ~ (jfc->oo). 

Combining these results we have 

(3) lim I z (k) = a(£+)* 

ft - *00 

In a similar way 

(4) lim Uk) = -«(<-). 

k—* oo 

Since v k (v + l) -2fc is increasing and a(vt) is bounded in 0 ^ v ^ 1 — 8, 
we have by use of (2) 


where A is a suitable positive constant. 

4(1 - 8) 


Since 


(2 - 5)* 


< 1 , 
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it is clear that It(k) tends to zero with 1/Jc. By §3 (3) we have for a 
suitable positive constant B, 


1+5 


= B2 u ~ l 


(1 


It is easily seen that each term on the right approacnes zero with 1/k 
since 


That is, h(k) also tends to zero. Hence taking account of (3) and (4) 
we have (1). 

To illustrate the theorem take f(x ) — (x + l)” 1 , so that a(t) = 1 
for t > 1 and a(t) = 0 for t < 1. Then by use of (2) we have 


The right-hand side clearly approaches zero with 1 /k for any positive t 
not unity since 

it < {t + l) 2 

but for t = 1 it is equal to unity for all k. Since a(t) is continuous 
except at t = 1 where it has a unit jump, the theorem is verified in this 
special case. 


12. The Variation of a(f) 

We now wish to obtain a formula which will express the variation of 
a(t) in terms of f(x ) and its derivatives. The result is expressed in the 
following theorem. 

Theorem 12. If a(t) has variation V(R) in the interval 0 S t ^ R 
and if the integral 

’ da{t) 
x -J- t 


converges then 
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It is sufficient to prove the theorem with a (0+) = a(0) — 7(0+) = 0. 
Let S and R be any two positive numbers, R < S. Set 

nS da(t) 
x + t 


Then 


/*(*) = [ 

Js 


! da(i) 
x + t' 



R 


We see at once that 


By Theorem 10a the right-hand side of this inequality approaches V (R) 
as k becomes infinite, so that 

Em h(k) ^ V(R). 

k—+ oo 


On the other hand by equation §10 (3) . 

UM*)] - -d.[ 


If 0 ^ u ^ R, the maximum of the function y k (u + y)~ 2k , considered 
as a function of y occurs outside the interval S ^ y < oo, and its 
derivative with respect to y is negative throughout that interval. Hence 


I L*. 




dy. 


Then proceeding as in Section 10 we have 


/*(*) dk 

But since R < S, the right-hand member clearly tends to zero as k 
becomes infinite. Hence 

(1) lffii f R \L k , t [M]\dtSV(R). 

k~*oo JO 

Now set 

m(t) = [ L k ,u[f{x)] du (0 ^ t < *). 
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If to, h , ■ ■ • ,t n form a subdivision of (0 g t g R) we have 


LkAf(x)] | du, 

and allowing k to become infinite and using Theorem 10a 
2 Ss lim [ | L Ku [f(x)] | du. 

i— 0 k—+oo 

The left-hand side can be brought as near to V{R) as desired by choice 
of the points U . Hence 

(2) 7(1R) ^ lim 

k 

Combining (1) and (2), the theorem is established. 

Corollary 12. 7/F(oo) < oo ; then 

7(oo) -7(0+) = lim f\L k Mx)]\dt. 

k~*x> JO 

The proof is the same as that of Corollary 10, Chapter VII, and is 
omitted. 


13. A General Representation Theorem 

Following the analogy with Section 11 of the previous chapter we 
should expect that for a very large class of functions/(x) we should have 


This is in fact the case. It is sufficient that/(a) should have derivatives 
of all orders and that these derivatives behave in a specified way at 
x — 0 and at x = °o. 

Theorem 13. If fix) has derivatives of all orders in 0 < x < oo which 
satisfy the conditions 

(1) /«(*) = 0 {x k ~ l ) [x -»0+,fc = 0, 1,2, ... ), 

= o{x~ k ) (*-»«>, * = o, 1, 2 , • • • ), 

then 


(0 < x < oo). 
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Set g(t) — (x + t) \ Then for a fixed positive x 


( 2 ) 


9 (k \t ) = 0(1) 

= o(r*~ l ) 


(£ —> o-h, it = 0 , 1 , ...) 
(t —► oo, k = 0, 1, . • •)• 


Consequently 

(3) f dt, 

Jo+ Jo 


if either integral exists. For, when we integrate by parts the integrated 
part is of the form 


(p = 1,2, fc), 

r=0 

where the a r are constants. By (1) each term in the summation is 
0(0 as £ —0~f“ and is o(t p ) as t —* °o. Hence by (2) 


This establishes (3) on the assumption that either integral exists. Now 
integrate the right-hand member of (3) by parts. The integrated part 
has the form 


\t ) (p = 0, 1, • • •, k - 2), 

r =*0 

where the & r are constants. Again using (1) and (2) we see that 


= 

Hence 

f t^Y^iOg^d) dt = (-l)* -1 r 

Jo Jo 

if either integral exists. But the integral on the right-hand side is 


and it is clear from (1) that this integral converges absolutely for large k. 
Hence 
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By Theorem 8e the right-hand side of this equation tends to fix) as k 
becomes infinite, so that the proof is complete. 

Corollary 13. Under the hypotheses of Theorem 13 


-fix) = lim / 

k—*cc vQ 


■ uk.tu wj 
'o+ {x + ty 


dt. 


For, take g(x) = (x + t) \ Then relations (2) are satisfied a fortiori 
so that 


/■ 

JO-4 


= (-D 


(fc) 


This equation is obtained from the above calculations by one less inte¬ 
gration by parts. But by Euler’s theorem employed earlier 


»2&—1 


d t 
dt x k ~\x + t) k+i 

k ~\x + f)*+ 2 


d t 

dx x k ~ 3 ix + i) k+ - 
t k+1 

v *' dx k ~* ix + t) k +- 
(2 k - 1)! t k+1 

(*+!)! (x + ty* M 


Hence 


LMx)] 

{x + ty 


dt 


(2fc — 1)! f 
*!(* — 2)! Jo 


k ~2 Je+1 
X t 

(x + ty k 


f(t) dt. 


By Theorem 8c the right-hand integral approaches —f(x) as k becomes 
infinite, and the corollary is established. 


14. Order Conditions 

It will sometimes be convenient to replace condition 13 (1) by others 
of somewhat different type. We introduce the latter in the present 
section. We assume throughout that f(x) is a function which has de¬ 
rivatives of all orders in the interval (0 < x < «). 

Lemma 14. If for a fixed positive integer k 


( 1 ) 

then 


f^it) = 0(0 


(t —► 0+), 


f u 2k+ Y k) (u) du = 0(0 « 0+). 
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For, if 0 < e < t, integration by parts gives 



[‘uY^Mdu. 

J e 


By (1) the second term on the right approaches zero with € and the 
integral 


exists. Hence 

f u 2t+ Y k> (u)du = - (2k + 1) f‘uY k ~ V (u) du. 

Jq+ Jo 

Again using (1) we see that both terms on the right are 0(t k+l ) as t 
approaches zero, so that the desired result is proved. 

Theorem 14a. If the integrals 

( 2 ) 

all exist, then there is a constant A such that 


(z —> 0+; k = 0, 1, 2, • • •). 

Taking k - 1 in (2) we see that as x approaches zero the function 
xfix) approaches a limit which we denote by A. In particular f(x) = 
0(x~ 1 ) as x approaches zero. We proceed by induction and assume that 

(3) Y (*) = 0(x~Y (x -► 0+ ; V = 0, 1, • • ■ ,k - 1) 

and seek to prove (3) for p = k. By (2) with k replaced by k + 1 it 
is clear that 


Hence 


f \u ih+1 f k \u)} m du = 0(x) (*- 

Jo 

Also [x 2k+1 f (k) (z)] (k ~~ 1} approaches a limit ci as x approaches zero. Hence 
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By successive integrations we obtain 

f u' h+1 f\u) du = PM + 0(x i+1 ) (x -»0+), 
Jo 

where P k (x) is a polynomial of degree k at most. By Lemma 14 this 
integral is itself 0(x k+1 ) so that 

PM = 0{x k+1 ) (x —»0+). 

But this is impossible unless P h (x) is identically zero. But in the 
course of the above integrations we had at one stage 

x u+ Y h \x) = P'M + 0(x k ) (*• 

Hence 

= 0(z fc ) j 

(x -> 0+.), 

and the induction is complete. By Theorem 4.4 of Chapter V we r^ow 
have 


and the theorem is established. 
This result enables us to prove: 
Theorem 146. If 


(4) 

[ L k ,Af(x)]dt = 0(x) 

Jo+ 

(x -+ oo; k = 1 , 2, 

then 



(5) 


(x —► 0+; k = 0,1, 2, 

(6) 

f\x) = 0{x~ k ) 

(x —> oo ; k — 0 ; 1, 2, 

where 

A = lim xf(x). 



Hypothesis (4) implies the existence of the integrals (2) so that (5) 
follows from Theorem 14a. On the other hand the relation 
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implies that 

(7) = 0{x) (*-*. «) 

= 0(x k ) (*-*»), 

from which (6) is evident. 

15. General Representation Theorems 

By use of the results of the previous section we can now modify the 
form of Theorem 13 as follows. 

Theorem 15. If 

(1) [ L kt t[f(x)] dt = 0(x) ► oo ;k== 1, 2, ...), 

and if f(°o) = 0, then 

(2) /(*) = lir 

k-* 

where 

A = lim x/(x). 

S-+0+ 

The existence of the constant A is assured by Theorem 146. Set 

g(x) = f(x) - — . 

00 

Then by Theorem 146 and the hypothesis /(oo) = 0 we have 

g ik \x) = o{x k *) (x —> 0+; k = 0, 1, • * 

= o(af A ) (a; —» oo; k = 0, 1, • * 

Consequently we may apply Theorem 13 to g(x). Since 
UAfix)] « L tl ,fo(*)], 

we have (2) at once. 

Corollary 15.1. If 

(3) u.b. |LU/(z)]| <oo (fc = 1, 2, • 

o< 

and if /(oo) = 0, then (2) AoZds. 

For, it is clear that (3) implies (1). 

Corollary 15.2. If for some number p ^ 1 

(4) f | Lk ti [f(z)] \ p dt <oo (/c = 1, 2, 

Jo 


(2) ZioZds. 
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| | dt < co 


so that /(oo) = 0. Moreover - lor p = 1, relation (4) clearly implies (1). 
If p > 1 we have by Holder’s F requality 


f 


Up 


I L k , t [f(.x)\ \ p dt 


This implies (1). In particular .‘ for k = I it gives 

xf(x) = 0(x (v ~ 1)h ) (x —* oo), 

whence /(oo) = 0. Hence the r<, esult is established. 


16. The Function o t(jt) of Bounded Variation 

We are now in a position to s tudy what functions are Stieltjes trans¬ 
forms. We treat first the case* in which a(t) is of bounded variation in 
(0, °o). We introduce: 

Definition 16. A functior i fix) satisfies Conditions A if it has deriva¬ 
tives of all orders in (0 < x < 00 ) and if there exists a constant M such that 


( 1 ) 

We observe that (1) is equivalent to 

f 

J o 

or to 

f \dt < Mk\(k - 2)! 

Jo 

As an exa mple, the function f(x) = (x +, l) - * 1 satisfies Conditions A. 
For, in thi^ case the left-hand side of (1) becomes (k — 1 )/k and M 
may be tal/#n equal to unity. 

Theor* t 16. A necessary and sufficient condition that 

" I x+t 

with a(t)"oj IZ. variation in (0, <*>) is that fix) should satisfy Condi¬ 
tions A. 

We showed earlier that if (2) converges then 
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Hence 

k —1 

(t + uj^ dt 

provided the iterated integral on the right e* exists. It clearly does under 
our hypotheses and has the value ^ 

| da( u) \. 

Hence we may take the total variation o >f a(t) as the constant M of our 
theorem. 

Conversely, if (1) holds then Corollar^ y 15.2 with p = 1 gives 


Each function 
(3) 


A — lim xf(x). y 

x—>0+ 


Oik(t) 


[ I du 

Jo 


(*- 1 , 2 , - 0 


clearly has total variation less than M by 0 1). We may consequently 
apply Theorem 16.3 of Chapter I and obtain' a sequence a ki (t) selected 
from the sequence (3) which approaches a fui action a(t) of bounded 
variation in (0, <»). Hence 


Integrating by parts and applying Lebesgue’s limit theorem we have 
after a second integration by parts 

da(t) A 
x + t x * 

Since the term A/x is itself an integral (2) with a(t) a step-fi ction dis¬ 
continuous only at the origin, our result is established. _ j 
Corollary 16. If f(x) satisfies Conditions A, then ? - 

(4) lim [ | L k , t [f(x)]\dt 

k~*oo Jo 

exists . 

For, by Theorem 16 equation (2) holds with $ie total variation of a(t) 
finite. Then by Corollary 12 we obtain the/existence of the limit (4). 
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17. The Funciion a(t) Non-decreasing and Bounded 

For a(t) to be non-decre ising the basic condition is that L k , t [f(x)] ^ 0 
as one would expect from analogy with the previous chapter. For a(t) 
to be also bounded we need a further condition on the behavior of fix) 
at infinity. We prove first two preliminary theorems.* 

Theorem 17a. If 

(1) (.-m 2k -y k - l) (x)r 0 (Jfc = 1, 2, ...; 0 < * < c=), 

and if 

(2) lim xf{x) = B, 

£-+oo 

then 

(3) f l \x) ~ (-1; 

X ,v 1 * 

It is evident that inequalities (1) are equivalent to 

£*.<[/(*)] ^ 0 (* - 1, 2, • •. ; 0 < t < oo). 

Integrating (1) from 1 to £ we have 

^ 0(1) (x oo). 

Repeating the operation sufficiently often gives us 


Take k = 3 in (4). This condition with (2) enables us to apply Corol¬ 
lary 4.4a of Chapter V. The conclusion is (3) with k = 1. Then step 
by step we obtain (3) generally. 

Theorem 176. If f(x) is non-negative for positive x and if 

(5) (-1)^V/(*)] < * M) ^0 (0 < z < «; fc >s 1, 2, ■ ■ • 

then xf(x) has a limit A as x approaches zero and 

(6) /(*) - (-1)" (X -* 0+; k = 0, 1, 2, 

Inequalities (5) are clearly equivalent to (1). By (5) with k — 1 
we see that xf{x) is non-decreasing. Since it is also non-negative the 
existence of A is assured. It is no restriction to suppose that A is zero. 

* These two theorems are special cases of a much more general theorem of 
R. P. Boas [1937], Theorem 2, p. 643. 
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For, clearly the function g(x) — f(x ) — Ax ~ 1 also satisfies (5). If we 
can show that 

( 7 ) g w (x) = o(x~ k ~ l ) (x —► 0 .+; k = 0 , 1 , 2 , ... ), 

it will follow that (6) also holds. 

We use induction. Suppose that (7) with g(x) replaced by f(x) holds 
for k = 0, 1, 2, * • • , p — 1. Then 

(8) [x p+1 /(x)] (p ~ 1) = o(x) (x~^0+). 

By (5) 

(—l) p [x p ' w /(x)] <2l> ’ H) ^ 0 (0 < x < »). 

That is, ( —l) p [x p " H /(x)] C2p) is non-decreasing. It is consequently 
bounded above in (0 < x ^ 1), or (— l) p_ ' 1 [x p+1 /(x)] (2p) is bounded below. 
Repetition of this reasoning shows that [x p+1 /(x)] <p+1) is bounded below. 
That is, 


Then a fortiori 

(9) [z ?+l /(*)] (p+I) ^ 0{x~') (x-»0+). 

Using (8) and (9) we may apply Theorem 4.4 of Chapter V and obtain 


If we expand by Leibniz’s rule we obtain by use of (7) with k < p 

X p+ Y p \x) = 0 ( 1 ) (x -> 0+), 

and the induction is complete. 

We are now in a position to prove the main result of the section. 
Theorem 17c. Necessary and sufficient conditions that 

(10) sc») = f da f\ 

JQ X + t 

with a(t) non-decreasing and hounded are that 

/(*) 2 = 0 

(11) (-l) fc - 1 [xY(x)] ( “- 1) & 0 (0 < X < CO ; k = 1, 2, . - • ) 

and that xf(x) should approach a limit B as x becomes infinite . 

We prove first the necessity of these conditions. It is clear from (10) 
that fix) cannot be negative for positive x and that if o:(0) = 0 
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Moreover, 

(-l)*-V/(*)] < *^ a = (2k - 1)! jf da(t) (k = 1,2,-..), 

so that (11) is also evident. 

To prove the converse we employ Theorem 16. By (1) Conditions A 
become 

(12) j ^=2)! I dt < M (k = 1, 2, ■ •.). 

But by use of Theorems 17a and 176 it is a simple matter to compute 
this integral. The left-hand side of (12) is seen to be 


where A and B are the constants defined in Theorems 17a and 176- 
Taking M = B — A, we see that Conditions A are satisfied. Hence 
f{x) has representations (10) with a(t) of bounded variation in (0, <*>), 
By Theorem 10a 


— a(0+) = lim f 

A:—>oo ^0 


so that a(t) is the limit of non-decreasing functions and hence is itsel 
non-decreasing. Finally, a(t) is bounded since it is of finite tota' 
variation. In fact 


a(oo) — a(0+) = lim 

jt—>00 

as we saw in Corollary 16. 

18. The Function a(t) Non-decreasing and Unbounded 

We wish to treat next the case in which a(t) may increase without 
limit. We show first that if Lk,t[f(x)] is non-negative for all k and t 
then f(x) necessarily approaches a limit as x becomes infinite. 
Theorem 18a. If 

:)] w ^ 0 (k = 1, 2, ... ; 0 < x < co) f 

then /(oo) 

Our hypothesis is the same as §17 (1). Since §17 (4) was proved 
without use of §17 (2) we see that §17 (4) holds under our present 
hypotheses. In particular 


( 1 ) 
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for some constant M. If 1 < x < y, we have by integrating (1) 


lim f(y) g f{x) + —. 

y —>oo •*' 

Now letting x become infinite 

fim f(y) A lim fix) 

y-* oo x—*oq 

so that /(oo) either exists or is — °o. The latter case is impossible since 
§17 (4) for k = 1 gives 


whence 


^ 0 

This completes the proof of the theorem. 

Theorem 186. The conditions 

(2) f{x) ^ 0 

(3) (-l)*-V/(*)r _1) SO (0 < X < oo ; k = 1, 2, . . . ) 

are necessary and sufficient that f(x) should have the form 

dajt[ 

% + t' 

where a{t) is non-decreasing and P is a non-negative constant. 

The necessity of the conditions is evident. 

To prove the sufficiency we observe that by Theorem 176 there exists 
a constant A such that 

(x —*■ 0+; fc = 0, 1, 2, ...)• 

Set it equal to E. By §17 (4) 

(x —► oo; k = 1, 2, • • • ). 


(4) /«(*)-(-1)*^ 

By Theorem 18a we see that /(°°) exists, 
and Theorem 4.4 of Chapter V we have 

f\x) = o(x~ k ) 
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Thus it is clear that the function 

g(x) = f(x) - — - E 
x 

satisfies all the conditions of Theorem 13, so that 

or 

(5) 

Now set 

By (2) and (3) the integrand is non-negative so that 

This integral converges by Theorem 13. But by §13 (4) 

By (4) the function uf(u) is bounded in the neighborhood of the origin. 
And since/(oo) exists, f(u) is bounded in the neighborhood of infinity. 
Hence there exists a positive constant M such that 

f(u) ^ M(u~ l + 1) (0 < u < oo ), 

and making use of this in (6) we have 

&(*) SI (0 ^ t < oo). 

Since the fait) form a uniformly bounded sequence of non-decreasing 
functions, we may pick a subsequence, p ki (t), which approaches a non¬ 
decreasing function 1 3(t) by Helly's theorem. 

Now consider the integral 
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By (5) it approaches f(x) — Ax 1 — E as i becomes infinite. On the 
other hand, if we integrate by parts we have 


r t +1 

' 0 X t 



Lk it u[f ( x )] 
u + 1 


du 


+ (1 - x) f 
Jq 


+ 1 ) 2 


Since the functions j 3 ki (t) are uniformly bounded we may take the limit 
under the sign and obtain 


( 8 ) 


o (x + t)~ 

= /(D~ 


Now set 


a(t) = [ in + 1 ) dfi{u) 
Jo 

reasing. Integrating ( 8 ) 

/(*)---# = /( l)-jS(«)+ f 

X Jo 


(0 ^ 2 < 00 ), 


so that a(0 is non-decreasing. Integrating ( 8 ) by parts gives 

+ 1 

a; + t 


Since is a non-decreasing function it is clear that / 3 (oo) g /(l). 
By (2) the constants A and # cannot be negative so that 



where 

P =/(l) -lS(oo) + # ^ 0. 

By adding a step-function with a positive jump A to a(t) the term Ax' 
may be absorbed into the integral and our theorem is established. 

19. The Class L v , p > 1 

We next treat the case of representation in the form 

-7— \AU. 

r + t 

where 45 (f) is a function of L r (p > 1 ) in (0, 00 ). That is, 
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Definition 19. A function fix) satisfies Conditions B if it has deriva¬ 
tives of all orders in (0 < x < =c), if 

(1) lim xf(x) = 0, 

x~»0+ 

and if there exist constants M and p (p > 1) such that 

( 2 ) 

The relations (2) are equivalent to 

el f ?■ p dt < M 

Jo 

or to 

cl r ! [< 2M J ’dt<M 

Jo 

where 


(k = 1 , 2 , •••) 

(k = 1, 2, 


Ck ! (k — 2 )! 


As an example, the function log (1 + of 1 ) satisfies Conditions B for 
any p greater than unity. This could be shown directly by computing 
the integral (2), but the computations are somewhat long. The fact 
will follow from 

Theorem 19a. Conditions B are necessary and sufficient that 

( 3 ) /(*) = / 

Jo x T" t 

where 

(4) 'dt 

We first prove the necessity of the conditions. We assume then that 
relations (3) and (4) are true. But 

lim = a 



( 


where 
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That is, we have established (1). Furthermore, direct computation 
gives 


LUfix)} = d k r l r 

Jo 


s v(u) du 


(fc = 1 , 2 , • • •), 


Jo it + ur 

where 

d k « (2k - 1 )lc k . 

These integrals converge absolutely since by Holder’s inequality 


/■ 

Jo 


(t + u) 2k 


<p(u) 


, _ f r. . l? ,T /p rr(gfc + i)r(9fc - i)T /s 

l** s U I'W'J —J ■ 


where 


- + -= 1. 

V <? 

Furthermore, for & = 2, 3, • • • , we have by Holder’s inequality 

<» iw/wir 


Jo (< + it) 2fcl 

[ \L u [f(x)]\ p dt £d k f t^'dt [ 

Jo Jo Jo 


Jo ( t + uY k 

(6) j["iw/wi r dt = ^ jfi*(«) i p dM ^ jf”i P («) 


<p(u) \ p du. 
v du. 


For k = 1 the above argument fails since in that case the second integn 
on the right-hand side of (5) diverges. In this case we make use of a: 
inequality of Hilbert.* It states that if K(t, u) is positive and home 
geneous of degree — 1, then 

jf dijjf K(t,u)\<p(u)\duJ ^ £jf K(t, l)t a - p),p dt^ £ \<p(u)\ p du 
if the integrals on the right exist. We have 


[ L u [f(x)] | ^ f 

Jo 


’ u I <p(u) 
f 0 (t + uY 


du. 


Take 


K% u) = 


(t + uy 


* See, for example, G. H. Hardy, J. E. Littlewood and G. P61ya [1934] p. 229, 
Theorem 319. 
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Set 


r = [ K(t, 1 )t a ~ pUp dt = f 
Jo Jo 


® f a-p)/p 


dt 


Then 


0f + l) 2 

j“\LUf(x)] \ p dt S r p jT | v (u) | p 


ew-a 

r(2) 


du. 


If M is taken as the integral (4) or r v times that integral, whichever is 
larger, (2) clearly holds. 

Conversely, if Conditions B hold we have 


t 


(7) 


Lk,t[f{x)] | dt ^ 

^ M llp x Vt 

[ X L klt [f(x)]dt = 0(a) 

JO 


f i £».«[/(*)] 

Jo 


1 Ip 




Then by (1) and Theorem 146 

(8) f k \x) = o(x~ k ~ l ) 

(9) f w (x) = 0(x~ k ) 
By (7) with k = 1 we have 

f Wit 

jo 

whence 


/(“) = o. 

Hence (9) implies 

f k) (x) = o(x~ k ) 

By use of (8) and (9) we are now able to apply Theorem 13 to obtain 


(x —» CO ; k = 

■ 1, 2, ■ 


(x —> 0+; ft = 

0, 1, • 


(a; —» oo ; ft = 

0, 1, • 


0(z 1/a ) 

(x —> 

°°), 

—i/p) 

(x — » 

°° ). 

II 

8 

r 

0, 1, . 



( 10 ) 


f(x) = lim / 


1 ~ W/(*)1 


fc—>■00 JQ X -f“ t> 


dt. 


Inequality (2) enables us to apply Theorem 17a of Chapter I. There 
exists by virtue of that theorem a set of positive integers fa , fa , • • ■ and 
a function <p(t) of class L v in (0, «=) such that 


r rw/wu r 


J3i 
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or by (10) 

Iix) -1 rr<“ 

This completes the proof of the theorem. 

We now see easily that log (1 + aT 1 ) satisfies Conditions B. For 

so that the corresponding function <p(t) belongs to L v for any p. 
Theorem 19b. If fix) has the representation (3) (4). then 


(11) 

lim / | Li 

■M(x)]\ r dt = 

r i <p(t) 

\ p dt. 


k-*oo JO 


Jo 


For, by (6) 





(12) 

lim / | Li 

■M*)] \”dt ^ 

f \ <p(t) 

\ p dt. 


k~* 00 Jo 


Jo 


By Fatou’s lemma* 




(13) 

©-—» 

8 

dt A lim f | 

k-* oo *^0 

L k ,[f{x)] 

\ p dt. 


Or, we may use Theorem 17a of Chapter I. Inequalities (12) and (13) 
imply equation (11). 

20. The Function <p(t) Bounded 

We now consider representation in the form §19 (3) with (pit) bounded. 
Definition 20. A function f(x) satisfies Conditions C if it has deriva¬ 
tives of all orders in (0 < x < <*>), if 

(1) lim xf[x) = 0 

x-»0 

(2) lim/(x) = 0, 

X —>00 

and if there exists a constant M such that 

(3) | LUM] | < M (0 < t < oo ; k « 2, 3, * * - )• 

We shall prove that Conditions C are necessary and sufficient for the 
representation in question. But first we wish to call attention to the 
contrast between them and Conditions C of Chapter VII. The main 
difference is that k = 1 is excluded from the inequalities (3). Equation 
(2) might be thought of as replacing it. To see the reason for this 

* See, for example, E. C. Titchmarsh [1932] p. 346. 
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change we look at what becomes of Conditions B as p becomes infinite. 
We had §19 (6) for k = 2, 3, • • ■ and 

(4) [ \L u [f(x)]\*dt^r* I*" |*(«)!’d u 

JO Jo 



If we allow p to become infinite in §19 (6) we do indeed obtain (3) where 
M is an upper bound of | <p(u) |. But this fails in (4) since r clearly 
becomes infinite with p. 

Theorem 20a. Conditions C are necessary and sufficient that 

(5) fix) = J 

Jo X + t 

with <p(t) hounded in (0, °o). 

The conditions are necessary. For, if | <p(t) | < M for (0 < t < °o), 
then 

( 6 ) (‘- 2 , 3 ,-) 

< M (0 < t < ; k ~ 2, 3, * • •), 


so that (3) holds. Also 


lim f '■ dt — lim f <p(t ) dt = 0 

* 04 “ Jo X t it —► 04 * J 0 


se-*o+ •'O x -f- t 

tp(t) 


lim f i 

—*•00 J 0 X 


+ t 


dt 
dt = 0, 


so that (1) and (2) also hold. 

Conversely, (3) clearly implies 

(7) f Lk.tlfix)} dt = oix) ix -*• » ; k = 2, 3, • • •). 

Jo 


From (1) and (2) we have for k — 1 

f L u [f(x)]dt=( [tfiCYdt = zf(x) = o(x) ix-+«>), 
Jo Jo 

so that (7) also holds for k — 1. Then by Theorem 146, using (1) and 
(2) we have 

f\x) = o^- 1 ) ix -> 0+; k = 0, 1, • • •) 
= oix~ k ) ix —* 00 ; k = 0,1, • • •)- 
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Then by Corollary 13 


lim 

k-* oo 


/' 


Lt, t [f(z)} 

(* + ty 


dt — 


-fix). 


Furthermore, by Theorem 17b of Chapter I, we see that (3) guarantees 
the existence of a subset fa of the positive integers and a bounded 
function (pit) such that 


-fix) 


lim 


f 


LktMx)] 

(x + ty 


dt 



v(t) 

0 x + ty 


dt. 


Now let 0 < x < y and integrate this equation from x to y. Since 
the integral on the right is uniformly convergent for x ^ 8 > 0 we have 


fix) - fiy) 


iy- x) J 


(p(t) 


(x + t) iy + t) 

Since/( qo ) = 0 by hypothesis, we have for any fixed x 

<pit) ^ , fix) 


dt 


i 


'o ix + t)iy + t) dt y 


The function (pit) is bounded so that for any fixed x 

<pit) 


x + t 


-°G) 


iy- 


it- 


Consequently we are in a position to apply Theorem 5a of Chapter Y. 
The conclusion is that 



(pit) 
x + t 


dt, 


and our result is established. 

Theokem 20b. If f(x) has the representation (5) with (pit) hounded, 
then 


lim u.b. | LkAfix)] | = true max | (pit) |. 

k-+ao 0 <f <oo 0 ^ t <oo 

The proof is similar to that of Theorem 16b, Chapter VII. 

21. The Class L 

If p is set equal to unity in Conditions B they become essentially 
Conditions A. Hence it is evident that Theorem 19a is no longer 
valid when p = 1. To discuss representation in the form §19 (3) with 
(pit) of class L we introduce: 

Definition 21. A function f(x). satisfies Conditions D if it has deriva¬ 
tives of all orders in (0 < x < <»), and if 
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( 1 ) 

(2) 

(3) 


f \Lk, t [f(x)]\dt < (k 

Jo 


lim 


i; 


I Lk.tlfte)] ~ Li, t [f(x)]dt = 0 


lim xf(x ) = 0. 

a:->0+ 


1 . 2 , •••), 


The essential meaning of these conditions is that Lk,t[f(x)] converges 
in the mean (exponent unity) as Jc becomes infinite. 

Theorem 21. Conditions D are necessary and sufficient that 


(4) 



<p(t) 
x + t 


dt, 


where 

(5) [ 1*«)|<K<* 

Jo 

For the necessity of the conditions, assume (4) and (5). As we have 
seen several times before 

lim f dt = lim [ <p(i) dt = 0, 

x— >0+ Jo X “T" t as—►0-H Jo 


so that (3) is established. Also 


l \L k , t [f(x)]\dtldkf o dtf o (t + u) Jv(u)\du 

II 

*■ 

JnD 

-•) 

where di = 1 and 

, (2fc — 1)! 

ak ~ k\(k - 2)! 

1? 

It 

to 



Then by Fubini’s theorem 

r°° r°° r°° 

J o \U, t [f(x)]\dt ^ d k l u k | <piu) | du ( 1 T ^ 5 * 

^ f I v>(u) I du (fc = 1 , 2, • • •), 

Jo 

so that (1) is proved. Next we have 

*co ,k—l h 

I W/(*)] - <p(t) I ^ 4 J o {t + u y k I v(u) - <p{t) I du 

S d k f 7—Jrrvk I ^ tu) ~ 1 dv " 

Jo {u + i r 



376 


THE STIELTJES TRANSFORM 


[Ch. VIII 


Hence 

(6) jf | L k , t [f(x)] - <p(t) | dt ^ dk jf ?(«•) du, 

where 

#(«) = [ I ?(iw) - ^(0 ! dt. 

Jo 

But we saw in Lemma 17 of Chapter VII that g(u ) tends to zero as u 
approaches unity and that there exists a constant M for which 

| g{u) | < M{vT l + 1) (0 < u < co). 

Hence by Theorem 8c the right-hand side of (6) tends to zero with 
1/Jfe. Therefore L kf t[fi x )\ converges in the mean to cp(t) on (0, qc), so 
that (2) is established. 

Conversely, the assumption (2) implies the existence of a function 
(p(t) of class L such that 

(7) lim f | Lk,i[f(x)} — (f{t) \dt = 0 

k-*oo J 0 


( 8 ) 


lim f | L k , t [f(x)]\dt= [ |*(f)| 

b—>oo *H) • J 0 


dt. 


As in Section 17, Chapter VII, we see by use of Theorem 16 that 



doi{t) 

x~+V 


where a(t) is a normalized function of bounded variation in (0, °o). 
But 


[ Lk,t[f(x)]dt — [ (p(t) dt S [ | Lk, e [f(x)]<p(t) 

Jo Jo Jo 


dt 


(0 < U < 05 ; h = 1 , 2, • - •)< 


or by (7) 


/»w /*U 

lim / Lk, t [j(x)) dt = / <p(t) dt. 

k~+ oo Jo Jq 


But by Theorem 10a 


lim 

k~+aa 



t[f(x)]dt = a{u) - a(0+)- 
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By (3) we see that <*(0+) = 0, so that 


«(«) = [ <p(t)dt. 
Jo 


from which (4) follows at once. 

Corollary 21. If f{x) has the representation (4) (5) then 


lim f | L k , t [f{x)] | dt = [ | <p{t) | dt. 

fc—+oo JQ J 0 


This follows by Fatou's lemma as in Section 19 or directly from (8) 

22. The Function a(t) of Bounded Variation in Every Finite Interval 

We wish to conclude our discussion of representation theory with an 
extension of Theorem 16 to the case in which a(t) is no longer restricted 
to be of bounded variation in the infinite interval. We introduce a new 
differential operator corresponding to,the kernel (x + t )~ 2 . 

Definition 22. The operators M k , t [f(x)] are defined by the equations 

M u [f(x)] = tf(t) 

MUf(.x)] = (k = 2, 3, ...) 

It is easily seen that M k ,t[f(x)] is a linear differential operator that 
annuls the 2k — 2 linearly independent functions 


Theorem 22a. If 

a) 

( 2 ) 

then 



r n \t) = o(r”- 2 ) 

= o(f n ) 


(p = k, k - 1, • • • , 3, 2) 

(p - 0, 1, 2). 

(< —* 0+; n = 0, 1, ■ - •) 
(<-+ 00 J « = 0, 1, •••)> 


(3) 


lim 

A:-+oo 


/' 

Jo 


Mum 

(x + 0 2 


dt = /(x) 


To prove this we return to equation §13 (3) and observe that in its 
derivation we used the full force of §13 (1) only in the first integration 
by parts. In the remaining ones (1) and (2) are clearly sufficient. 
Hence 

f [P-'f^m^g'itidt = (-1)* f t 2k ~ l f <t_1) (<) (t)dt. 

JO + Jo 



378 


THE STIELTJES TRANSFORM 


[Ch. VIII 


Consequently, instead of §13 (4) we have 

r Afu/fcou _ (2^ — i) i r 

(x + ty kl(k-2)\J 0 


x k ~ l t k 
(x + W k 


fit) dt, 


and we saw in Section 13 that the integral on the right tends to f(x) 
as k becomes infinite, so that our result is established. 

We prove next a representation theorem for the kernel {x + 1 5)“ 2 . 
Theorem 226. A necessary and sufficient condition that 


where <p (\{) is hounded, is that there should exist a constant N such that 
(5) \MUf(x)\ | <N (0 < t < «; k = 1, 2, ...). 

To prove the necessity we have, assuming (4), 


I Mk,tlf(x)] | ^ u.b. I <p(t) [ ~ r “ (fc = 2, 3, • • •) 

(0<$<QO) 

I M u [f(x)] | < u.b. | v it) ] 

( 0 <*<«) 

Hence (5) is established^ N being any upper bound of | <p(t) \ 
Conversely, if (5) holds, then it is clear that §14 (7) holds a fortiori 
in the present case, from which (2) is evident. It is also clear that 


Use induction, assuming that 

(6) f M (t) = 0 (JA) it 0+; n = 0, 1 , 2, ... , 2k - 2). 
Since 

(7) [t 2k+1 f k] (t)f k) = 0(1) (t- 

it is clear by integration that we also have 

(8) [t 2k+ Y k) (t)f~ l) = 0(1) (f- 

Thenfrom (6) and (8) we see that (6) also holds forn = 2k — 1. Finally 
using (7) we see that (6) also holds for n = 2A, so that the relation (6) 
holds for all integers n. But clearly t 2 f(t) approaches zero with t, so 
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that (1) holds by Theorem 4.4 of Chapter V. Hence Theorem 22a is 
applicable and (3) holds. The proof of the theorem is now concluded 
in a familiar way by use of Theorem 176 of Chapter I. We call atten¬ 
tion to the contrast between the present theorem and Theorem 20a by 
reason of the absence of any conditions of type §20 (1) and §20 (2). 
This difference results from the fact that the present kernel, ( x + t)~\ 
belongs to L on (0, °°) as a function of t, whereas ( x + t)~ l does not. 

We now prove a representation theorem in which L k , t \f{x)] rather 
than MkAfix)] appears. 

Theorem 22c. A necessary and sufficient condition that f(x) should 
have the representation (4), with <?(t) bounded and satisfying 

(9) (p{u) du ~ At 
for some constant A, is that 

(10) < N (0 < f < oo;fc = 1,2, • ••; 

for some constant N. 

If f(x) is given by (4), then 

/"(*) = (-«*(* +1)1 j["- (x+ dt. 

By Corollary 2 a of Chapter V we see, using (9), that 

-;k = 0, 1 , 2 , ...) 


But this shows that 

(11) M kti [f(x)] - (-] 


(12) Li, J/(x)] du = -A. 

By Theorem 22 b the right-hand sides of equations (11) and (12) are 
bounded uniformly in k and t, so that the necessity of conditions (10) 
is established. 

On the other hand if (10) holds then the integrals §14 (2) exist, and 
by Theorem 14a there exists a constant A such that 

Akl (x —»0+; fc = 0,1, 2, • • •) 
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Hence (11) and (12) are again correct equations and (10) implies (5). 
By Theorem 226, f(x) has the representation (4) with <p(t) bounded. 
It remains only to establish (9). This follows from 


and the boundedness of <p(t) by use of Theorem 56 of Chapter V. 
We can now prove the main result of this section. 

Theorem 22 d. A necessary and sufficient condition that 


j\*j 


Jo x t’ 


where a (t) is a normalized function of hounded variation in every finite 
interval and is hounded in the infinite interval, is that there should exist a 
constant M and a positive function N(t) such that 


(13) 

(14) 


f R LUf(x)]dt 
Jo 


S M 


f 


I Lk, t [f(x )]! dt N{R) 


(R > 0;k = 1, 2, - 
(R>0;k = l, 2, - 


If f(x) has the representation described, then 
&5) 

f a(u)du ~ a(0+)t (t —> 0 +), 

Jo 

so that Theorem 22c is applicable and (10) or (13) follows. Also 
(16) lim f | L k , t [f(x)} | dt = VCR) - V(0+) 

k-*oo *0 

by Theorem 12, so that the existence of N(R') is assured* 

Conversely, by Theorem 22c (13) implies that /( x) has the form (15) 
with a(t ) bounded and 

fa(u) 

Jo 

Set, 


LUf(x)]du = MUf(x)] - (-1) 4 - 1 til A. 

1C 

*The existence of the integral (16) for k = l is easily established. 
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Recall that 


( 2 k - 1 )! 


. a(u) du. 


By Theorem 8c this integral approaches a(t) except perhaps in a set E 
of measure zero. But the variation of a k (t) in (0, R) is not greater than 
N(R) by (14). Hence a(t) is a normalized function of bounded varia¬ 
tion in (0, R) if suitably redefined. This redefinition has no effect on 
f(x) since E is of measure zero. But 


The integrated term is zero since a(t) is bounded and since a(0) = 0- 
Hence the theorem is established. 

23. Operational Considerations 

It is instructive to consider our inversion operator as a linear dif¬ 
ferential operator of infinite order. Since a fundamental system of 
solutions of the linear differential equation 

(1) ujf(z)] = c k (-x) k ~ 1 [x% 0] (2 *~" = 0 
is 

(2) f(x) = (p = -k, -k + 1, • ■ • , k - 2), 

we can easily set up a symbolic operator which will be equivalent to 
Lk,Jj]. Consider the operator 

(3) -xD IT (l+ — 

k+2 \ P 

where the prime indicates that there is no factor in the product cor¬ 
responding to p = 0, and where the symbol D indicates differentiation 
with respect to x. To apply the operator one applies the separate factors 
step by step. For example 


It is easily seen that the order of application is immaterial. But 


V 

is zero if f(x) = x~ p . That is, the operator (3) also annuls the func¬ 
tions (2). Since (3) is a linear differential operator of order 2k + 1 it 
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is the same as Lk lX [f} # it has the same coefficient of the highest deriva¬ 
tive. But this coefficient in each case is ( —1 ~ 2)!]. Hence 

the two operators are identical. 

In our inversion of the Stieltjes transform we let k become infinite, 
so that the inversion operator is symbolically 



or, making use of the infinite product expansion of the sine, 

(4) Lf(x) = f( x ). 

7r 

It is a familiar fact that an Euler differential equation such as (1) 
can be reduced to one with constant coefficients by means of the trans¬ 
formation x = e\ Thus (4) becomes 

Lf(x) = (* = e‘), 

7r 

where D t indicates differentiation with respect to t 
Let us now use the power series expansion of the sine instead of the 
infinite product, first setting 

_ sin 7rP f_ [$ iirDi _ e~ iirDt \ 

7r 2ir 

But the exponential operator is identified as the translation operator 
as follows: 

e ttD ‘g(t) = g(t) + g'(t)a -f g"(t) Ij + • • • = g(a + t). 


Hence 


and reverting to the variable x 

(5) __ sin tt xD _ fixe"™) — f(xe t7r ) 

7T 2iri 

But this is the complex inversion operator §7 (5) which we obtained 
earlier. Thus the infinite product expansion of the sine leads to the 
real inversion operator, the power series expansion to the complex. 
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The operator L k ,JJ{%)] can be expressed as a product in still another 
way By considerations similar to those above we have 


k -2 

v x J3L 

(1 3 3 5 
! \2 2 4 4 ‘ 


By Wallis’s product 


; = II 

T n=>l 


we have 


2k - 5 2k - 3\2fc - 3 2k - 1 
2k - 4: 2k - 4/2^2 2fc~ 


2 n 


(6) L[f(x)] = lim L ktX [f( (cos TrxD)(s/xf(x)). 


The expansion of this operator in power series gives 


1 

7T\/ X 


(cos TxD)(\/xf(x)) = 


e irl2 f(xe iT ) + e^fixe^) 

2tt * 


and this is equivalent to (5) But the form (6) of the operator shows 
the relation of our work to certain results of Paley and Wiener.* 


24. The Iterated Stieltjes Transform 

We wish now to discuss briefly the work of R. P. Boas and. the author 
on the iterated Stieltjes transform. If fix) has the representation 


where 


then one has formally 


x + y 



<p(t) 
t + y 


dty 


Jo x — t 


dt 


This is again an integral equation 


' N. Wiener [1934] pp. 41-44. 
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where the kernel now has the form 

K(x, t) = [log (x/t)][x - t]~\ 

Since the equation was obtained by iteration of the Stieltjes transform 
it is natural to suppose that two applications of the operator L ktX [f(x)] 
will solve or invert it. This is in fact the case. One can show* that 

(1) = / F k (x, u)<p(u) du, 

Jo 

where 


4 <*-»' 


It can then be proved by methods similar to those of section 9 that 
the integral (1) tends to <p(x) as k becomes infinite for almost all positive 
values of x. Starting from this fundamental inversion one may develop 
a complete theory of the iterated transform entirely analogous to the 
results of the present chapter. 

25. Application to the Laplace Transform 

We may use our inversion formula for the Stieltjes transform to ob¬ 
tain a new inversion of the Laplace transform. For, suppose that 


where for definiteness let <p(t) belong to L in (0, oo), 

[ | <p(t) | dt < oo 
Jo 

Then, by Fubini’s theorem 

F(y) = f e~ xu f(x)dx= f e~ xy dx dt 

Jo Jo 

(1) F(y) = f A dt 
Jo t + y 

* R. P. Boas and D. V. Widder [1939] p. 18 
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If we now invert the integral (1) we obtain <p(t). Explicitly, we shall 
show that 

L k , y [F(y)} = k y k ~ l fV*V > dx. 

Jo 

To prove this we need 

Lemma 25. If fix) is any function of class C k , then 


This follows by successive application of Euler’s theorem for homo¬ 
geneous functions. Thus 


dx y k 

since ix/y) k ~ l fiy/x) is homogeneous of order zero. Successive applica¬ 
tion of this result gives 


dx k 

and if we carry out the indicated differentiation on the right-hand side 
of this equation our result is established. 

By use of this result we now prove: 

Theorem 25a. If <p(t) belongs to L in (0, oo) and if 

Jo 


then 

( 2 ) 


(-i)V 


k\(k - 2) 


K—L /.« 

) y f 

- 2)! Jo 


) dx = <p(y) 


for almost all 'positive values of y. 

For, let us compute Lk, v [F(y)], where F(y) is defined as the Laplace 
transform of f(x). We have 


Lk,y[F(y)\ = (-1 



( 3 ) 

But 
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where we have set xy = t. Using Lemma 25 we have 


Here we have again set xy = t. Thus the integral (2) is precisely equal 
to (3). By by Theorem 9 w*e know that as k becomes infinite L k , y [F(y)\ 
approaches <p(y) for almost all positive y. Observe that this formula 
depends on the values of all the derivatives of f(x) over the whole range 
(0, oo)- 

Another form of the result is obtained by applying the operator 
L ki y to the Laplace integral directly. Thus 

LkjF(y)] = f L Ky [e~* v ]f{x) dx. 

Jo 

In applying the operator to e~ xy , x is of course held constant. If we 
make the computation, we obtain 

^,My)) = [ 

Jo 

where 


We can thus establish: 

Theorem 256. Under the hypotheses of Theorem 25a 
(4) lim [ e~ xv P 2 k-i(xy)f(x)dx = <p(y) 

A:—►oo *'0 

for almost all positive y 

The importance of this result lies in the fact that the left-hand side 
of (4) depends only on the values of f(x) in (0, °o) and not on any of 
its derivatives. One could employ (4) to obtain a whole new series of 
representation theorems, in which the conditions involved would depend 
only on the values of f(x). This has been done in a paper by R. P. 
Boas and the author [1940a]. 
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26. Solution of an Integral Equation 

We wish to solve the integral equation 

(1) /(s) = X [ -dt. 

JQ4 

Various methods have been used.* We follow here the procedure of 
Hardy and Titchmarsh [1929], which solves the equation under the 
least restrictive conditions. 

By Corollary 26.1 any solution of (1) must be analytic in the s-plane 
cut along the negative real axis. Further necessary conditions are now 
obtained. 

Lemma 26a. If f(s) satisfies (1) then 


( 2 ) 

(3) f(re iB ) = o(l/r) 


uniformly in —x/2 :S 6 ^ x/2. 
Set 


Kt) = X f 

Jo- 


f(u) 

1 + m 


du 


(0 ^ t < «) 


Since /3(°o) = /(1) we have | 0(t) | < M for some constant M. By 
§2 (3) 



For s — re -x/2 S 9 S x/2, we have | s + 1 1 2 S r 2 + i 2 To an 
arbitrary positive e we can determine R so that 


Then 


\m - /3(°o) | < e 


|/(s) | ^ re f >U 
Jr 


b 2 Mr I ~ 

Mt 

27 


(R £ 


so that (2) is proved. By §2 (4) we see that x ) is also a solution 
of (1), from which (3) follows. 

* See J. Hyslop [1924] and E. C. Titchmarsh [1937], p. 310 
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Lemma 266. If f(s) is a solution of (1), thenf(is) and f(—is) are also 
solutions. 

For, by use of (2) and (3) we see by contour integration that for 
any $ not on the negative real axis 


and the result is proved. 

This shows by Corollary 26.1 that f(is) is analytic for $ on the imagi¬ 
nary axis, so that /($) is analytic on the negative real axis. That is, 
analytic continuation across this line is possible in either direction and 
$ = 0 is the only possible singularity of /($). Another consequence is 
that (2) and (3) hold uniformly for 0 ^ 6 ^ 2ir. 

Lemma 26c. If f(s) is a solution of (1) then 

(4) f(re iT ) + 2 ri\f(r) - f(re~ iir ) = 0 (0 < r < «). 

This is an immediate consequence of Theorem 76. 

Theorem 26. For any real positive X ^ l/nr the only solutions of ( 1) 
are 

(5) f{s) = As" 0 + Bs a ~\ 

where A and B are arbitrary constants and a is a solution of the equation 

sin air = \ 7 r 

betweenOand 1 ifX < 1/tt, and with real part 1/2 if\> 1 /t. If\ = 1/r 
the only solutions are 

( 6 ) /(«) = ^r[A + B\ogs). 

First suppose that f(s ) is a solution of (1) with X positive but un¬ 
equal to 1/w. Define a is in the statement of the theorem. Set 

(7) *(«) = s a [f(s) + e in f(se~ ir )] 

(8) m = s'-Vis) - /(se ->)]. - 

By use of (4) one sees easily that <p(re iT ) = <p(r ) and <p(re iT ) = \p(r). 
Hence <p(s ) and ^(s) are single-valued functions. By (2) and (3) we 
have 


<p(Te' e ) = o(r°) 
<p(re lS ) — o(r c_1 ) 


( 9 ) 

( 10 ) 


(r —» oo) 

(r- 
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uniformly for 0 S 0 g 2t, where c is a if a is real and is 1/2 if a is com¬ 
plex. The function ^(s) satisfies a similar relation with c replaced by 
1 — c. 

It is now easy to prove that cp ($) and ^(s) are constants. We treat 
with (p(s) only. By (10) the function s<p($) is bounded in a neighborhood 
of the origin. By Riemann’s theorem* it can be defined so as to be 
analytic there. That is, <p(s) has at worst a pole of the first order at 
s = 0. Since c < 1 this contradicts (10) unless <p(s) is analytic at s — 0. 

By (9) <p(s) = 0(| s |) as | s | becomes infinite. Hencej p($) is a 
polynomial of at most the first degree. But this contradicts (9) unless 
the degree is zero. Now replace <p(s) and $($) by constants in (7) and 
(8) and solve these equations for /($). The result is (5). 

Next suppose X = I/t. Set 


(11) log. 

using the principal value of the logarithm. Again appealing to (4) with 
X = 1 /tt we have x(^“ l7r ) = xM and a(re~ tr ) = «(r). It is clear by 
arguments similar to those employed above that c o(s) and x($) are con¬ 
stants. Then (11) is precisely (6) 

It remains to l ; (5) and (6) are in fact solutions of (1). If 

the real part of a lies etween zero and unity 

(12) [ , dt = Xr(a)r(l - a)s” a = 

Jo s + t sm 7r a 


so that s~ a is a solution. Equation (12) holds if a is replaced by 1 — a, 
so that s 1 " 1 is also a solution. To verify that (log / is a solution 
when X = 1/ir we have 



te* 

, s + & 


dt 


_ tdt 

cosh (s — 0/2 


2t r Zoo cosh ( t/2) ^ 


2tt jLco cosh t/2 

By Theorem 17a of Chapter VI the right-hand side is equal to s, which 
establishes the result. 

* See W. F. Osgood [1923], p. 310. 
t See E. C. Titehmarsh [1932] p. 87. 
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27. A Related Integral Equation 

We may use the above result to solve the homogeneous Laplace in¬ 
tegral equation 

(1) /(*) = 

Clearly, if /(s) is a solution, then 

/(go) = lim f f{u)du = 0. 

Consequently the integral (1) converges for the real part of $ positive. 
Lemma 27. !//($) is a solution of (1) it is also a solution of 

(2) .dt 


For if 0 < A < B we have hy uniform convergence 

r°° p -A(t+x) _ —B{t+x) 

e -‘ x f ( s)ds = X f ( t ') - —1 - dt . 

JQ + t X 

Allowing B to become infinite we have for every posi ive x r 

Jo+ t -f- X 

Since 


= Xe“ 


f 

*04 


we may apply Theorem 3a of Chapter V to obtain 

fix) = A r e~ ,x f(s) ds = X 2 f A dt- 
J 0 + J04- £ “T £ 

This completes the proof of the lemma. 

Theokem 27; For any real X ^ ±7r” 1/2 Zfte onZy solutions of (1) are 

(3) /(s) = A[Vf{a) s~“ ± Vf(l - a) s*" 1 ], 

w/iere A w an arbitrary constant and a is a solution of the equation 

sin 7 ra = XV 


between zero and unity if X 2 < l/x and real part 1/2 if X 2 > I/ 71 -. 
7/ X = 7r~ 1/2 the only solutions are 

(4) /« = A/Vs, 
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and if X = — ir~ I/2 the only solutions are 

© i?i 

V 5 J 

By the lemma any solution of (1) must satisfy (2). By Theorem 26 
it must then have the form §26 (5) or §26 (6). Thus the proof of the 
present result becomes merely a matter of verifying that §26 (5) and 
§26 (6) satisfy (1). We have 

[ e~ &t [AC Bf~ l ]dt = XAr(l - a)s a 

Jo 

Hence we must have 

XAr(l - a) = XBT(a) = 

x 2 r(o)r(i - a) = =i. 

sm 

Hence f(s) is a solution of (1) if it has the form (3). 

To treat the cases X = =i=7r~" 1/2 we must substitute §26 (6) in (1), 
From the formula 

r(s) =s x [ e~ su u x ~ l du 
Jo 

we have by differentiation 

r'(J) = \/V log s - 


Hence 


and this is to be equal to As 1/2 + Bs 1/2 log s. That is, 

B = — A5 \/ 7ir 
A = \Ay/lr + £xr'(i/2). 

If X = 7r” 1/2 we must take 5 = 0, after which A is arbitrary. This 
gives (4). If X = — iT 112 , B is arbitrary and 

2A = -5r'(l/2W" 1/2 . 

That is, f(s) must have the form (5). This completes the proof of the 
theorem. 
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222 . 

Applications of the Laplace method, 280. 
Arithmetic means, 76. 

Asymptotic evaluation of an integral, 
Laplace’s, 277, 296. 
properties of Stieltjes transforms, 329. 
Axis of convergence" of the bilateral 
Laplace transform, 238. 

of the Laplace transform, 37. 
of uniform convergence for the Laplace 
transform, 50. 

BANACH, 33. 

BERNSTEIN, 144,147, 165,168. 
Bernstein polynomials, 101, 152. 
Bernstein’s theorem, 160, 162, 175, 312, 
Bernoulli numbers, 264. 

Bessel’s function, 169. 

BIEBERBACH, 95. 

Bilateral Laplace integrals, product of, 
257. 

transform, 237. 

abscissa of convergence of, 238. 
axis of convergence of, 238. 
abscissas of absolute convergence 
of, 241. 

convergence of, 240. 
integration by parts of, 239. 
necessary and sufficient conditions 
for representation as, 272. 
region of convergence of, 238. 
summability of, 244. 
transforms, product of, 252. 

representation of. functions as, 265. 
-Lebesgue transform, inversion 
formulas for, 241. 

-Lebesgue transforms, 258. 
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Bilateral Laplace-Stieltjes transform, in¬ 
version formulas for, 242. 

Stieltjes resultant, 248, 249, 250. 
BLUMENTHAL, 135. 

BOAS, 18,138,177,275, 363, 383,384, 386. 
BOCHNER, 252, 273. 

BOHR, 53. 

Bonnet’s second law of the mean, 17. 
BOREL, 337. 

Bound, greatest lower, 4. 

least upper, 4. 

Bounded functions, 111. 
variation, determining function of, 
306. 

function a{t) of, 361. 
functions of, 6. 

normalization of functions of, 13. 
sequence of functions of uniformly, 
31. 

BRAY, 25, 31. 

CAHEN, 246. 

CARLEMAN, 177. 

CARLSON, 161. 

Cauchy’s integral theorem, 265. 
singular integral, 338. 
theorem, 86, 88. 

Cauchy-Value, 15, 35. 

Ces&ro’s means, 76. 
method of order p, ( C,p ), 121. 
summability, 114, 118,119. 

Change of variable of a Stieltjes integral, 
19. 

Class A, 204. 

norm of a function of, 205. 

B, 209. 

L } 317, 374. 

L*, 312,368. 

M, 213. 

S, 209.' 

&*, 211 . 

W } 210. 

Classical resultant, 91. 

Completely convex functions, 177. 
monotonic functions, 144, 161, 310. 
interpolation by, 163. 
sequence, 158, 269. 

minimal, 163. 
sequences, 108. 


Complex inversion formula for the 
Laplace transform, 63. 

Stieltjes transform, 338. 
variable Tauberian theorem, 233. 
Condition A, 101. 

A for a moment sequence, 101. 

B for a moment sequence, 109. 

C for a moment sequence, 111. 
Conditions A for the Laplace transform, 
306. 

A' for the Laplace transform, 308. 

A for the Stieltjes transform, 361. 

B for the Laplace transform, 312. 

B for the Stieltjes transform, 369. 

C for the Laplace transform, 315. 

C for the Stieltjes transform, 372. 

D for the Laplace transform, 317. 

D for the Stieltjes transform, 374. 
of integrability for the Stieltjes 
integral, 24. 

Consistent, 115. 

methods of summability, 115. 
Convergence properties of the Laplace 
integral, 38. 

Convergent improper Stieltjes integrals, 
15. 

Convex functions, 148, 167. 

completely, 177. 

Convexity, 148. 

Convolution, 84. 

(C,p) equivalent to (H,p), 123. 

Definite quadratic forms, 136. 
Derivatives of absolutely monotonic 
functions, 167. 

Determinant, Hadamard’s maximum 
value of a, 141. 

criteria for definite sequences, 134. 
Determinants, Hankel, 135. 

Determining function, 38. 
belonging to L 2 , 80, 245. 
fractional integral of, 73. 
integrals of the, 70. 
non-decreasing, 310. 
normalized, 237. 
of bounded variation, 306. 
periodic, 96. 

the integral of a bounded function, 
315. 

uniqueness of the, 59. 
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Determining function, variation of the, 
299. 

Diagonal matrix, 114. 

Difference matrix, 114. 

Dini’s condition, 67. 

Dirichlet integral, 64. 
series, 44, 53. 

abscissa of convergence of, 45. 

<T a — Oc for, 49. 

Divergent improper Stieltjes integrals, 
15. 

integrals, summability of, 75. 
DOETSCH, 168. 
dt r), 50. 

DUBOURDIEU, 295. 

Elementary properties of the Stieltjes 
transform, 325. 

Entire function, order of an, 94,179. 
type of an, 94, 179. 
functions, 177. 
generating function, 58. 

Equivalence of Bernstein and Griiss 
definitions of absolutely monotonic 
functions, 155. 

of Bernstein’s two definitions of abso¬ 
lutely monotonic functions, 151. 
Equivalent methods of summability, 121. 
Euler’s Constant, 229. 
theorem for homogeneous functions, 
291, 303, 357, 385. 

EVANS, 31. 

Existence of one-sided derivatives of 
absolutely monotonic functions, 149. 
of Stieltjes integrals, 7. 

Extension of moment operator, 127. 

FABER, 96. 

Factorial series, 97. 

Faltung, 84. 

Fatou’s lemma, 314. 

FELLER, 295. 

FORT, 99. 

Fourier development, 96. 
integrals, 204. 

-Stieltjes transforms, product of, 252. 
transform, uniqueness of, 82, 204. 
transforms, 202. 
of functions of L, 204. 
product of, 203. 
quotient of, 207. 


Fractional integral, 71. 

of determining function, 73. 
Fredholm, function of, 157, 

Fubini’s theorem, 26 , 41, 71, 73 , 74, 82, 
200, 201,203, 207,211, 256, 259,266,292,' 
318. 

Function, absolutely mono tonic, 144. 
a(t) non-decreasing and bounded, 363. 
non-decreasing and unbounded, 365. 
of bounded variation, 361, 377. 
completely monotonic, 144, 310. 
normalized determining, 237. 
of I>, 109. 

order of an entire, 179. 

<p(t) bounded, 372. 
type of an entire, 179. 

Functional, linear, 171. 

Functions analytic at infinity, 93. 
bounded,111. 
completely convex, 177. 

monotonic, 161. 
convex,148, 167. 
entire, 177. 

logarithmically convex, 167. 
number theoretic, 224. 
of bounded variation, 6. 
moments of, 138. 
normalization of, 13. 
of L, Fourier transforms of, 204. 
of L p , 11. 

Riemann-integrable, 190. 
slowly decreasing, 209. 
slowly oscillating, 209. 

GAUSS, 224. 

General Laplace-Stieltjes transform, 320. 
representation theorem for the Laplace 
kernel, 302. 

Stieltjes kernel, 355. 
theorems for the Stieltjes transform, 
360. 

Generating function, 37. 
analytic at infinity, 93. 
analytic character of the, 57. 
as factorial series, 97. 
entire, 58. 
singularities of, 58. 

GOURSAT, 337. 

Greatest lower bound, 4. 

GRtSS, 154. 
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Griiss’s definition of absolutely mono¬ 
tonic functions, 154. 

HADAMARD, 224. 

Hadamard’s maximum value of a de¬ 
terminant, 141. 

Half-plane of absolute convergence for 
the Laplace transform, 46. 

HAMBURGER, 58,125, 265,266. 

Hamburger moment problem, 125,129. 
not unique, 125. 

HANKEL, 135. 

Hankel determinants, 135, 167. 

HARDY, 71, 77 , 78, 161, 169, 193, 198, 
199, 370, 387. 

HAUSDORFF, 100,113,144, 163. 

Hausdorff matrix, 118, 119. 
moment problem, 100, 273. 
summability, 113,115. 
transformation, 118. 

HELLY, 26,31. 

Helly-Bray theorem, 31, 33, 253. 

Helly’s theorem, 104, 176, 307, 367. 

Hilbert, inequality of, 370. 

Higher differences of absolutely mono¬ 
tonic functions, 150. 

HILDEBRANDT, 3, 105. 

HILLE, 113. 

HOBSON, 76. 

Holder summability, 114, 118, 119. 

Holder’s inequality, 110, 313, 314, 370. 
method of summability of order p, 
120 . 

Homogeneous functions, Euler’s theorem 
on, 291, 303, 357, 385. 

Laplace integral equation, 390. 

1’Hospital’s rule, 79. 

( C,p ) equivalent to, 123. 

HYSLOP, 387. 

Ikehara’s theorem, 233. 

Improper Stieltjes integrals, 15. 

Indefinite integrals, Stieltjes resultant 
of, 256. 

Indeterminacy of solution of moment 
problem, 142. 

Inequalities for Stieltjes integrals, 9. 

Integral equation, 390. 
solution of an, 387. 
with Laplace kernel, 390. 


Integral equation, with Stieltjes kernel, 
387. 

of a bounded function, the determining 
function, 315. 

Integrals of the determining function, 70. 
Integration by parts of the bilateral 
Laplace transform, 239. 

of the Laplace integral, 41. 
for the Stieltjes integral, 8. 
with respect to an indefinite Stieltjes 
integral, 12. 

Interpolation by completely monotonic 
functions, 163. 

Inversion formula for the Laplace- 
Stieltjes integral, 69. 

Laplace transform, 386. 
formulas for the bilateral Laplaee- 
Lebesgue transform, 241. 

Laplace-Stieltjes transform, 
242. 

of the Laplace transform, 276. 
operator for the Laplace-Lebesgue 
transform, 288. 

Laplace-Stieltjes transform, 290. 
moment sequences, 107. 
the Stieltjes transform, 345, 347. 
when the determining function belongs 
to L\ 80. 

Iterated Stieltjes integrals, 25. 
transform, 383. 

Iterates of the Stieltjes kernel, 259, 262. 
Iteration of the Laplace transform, 325. 

Jump operator for the Laplace trans¬ 
form, 298. 

Stieltjes transform, 351. 

KARAMATA, 189, 191. 

Karamata’s theorem, 189. 

Kernels, positive, 270. 
definite, 270. 
semidefinite, 271. 
of positive type, 270. 

KNOPP, 264. 

Laguerre polynomials, 168. 

Laplace transform of, 170. 

Lambert series, 231. 

LANDAU, 49, 56, 64, 99, 193, 195. 
LAPLACE, 277. 
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Laplace integral, convergence proper¬ 
ties of the, 38. 

integration by parts of the, 41, 239. 
uniform convergence of the, 53. 
kernel, general representation theorem 
for, 302. 

integral equation with, 390. 
method, applications of the, 280. 

uniform convergence, 283. 

-Lebesgue transform, inversion opera¬ 
tor for the, 288. 
transforms, product of, 91. 

Laplace’s asymptotic evaluation of an 
integral, 277, 296. 

Laplaee-Stieltjes integral, inversion 
formula for the, 69. 

-Stieltjes transform, 37. 
general, 320. 

inversion operator for the, 290. 
transforms, product of, 88. 
transform, abscissa of convergence of, 
37, 38, 42. 

of uniform convergence of the, 51. 
absolute convergence of the, 46. 
axis of convergence of the, 37. 

of uniform convergence of the, 50. 
bilateral, 237. 

complex inversion formula for the, 
63. 

Condition A for, 306. 

A' for, 308. 

B for, 312. 

C for, 315. 

D for, 317. 

inversion formula for, 386. 
of, 276. 

iteration of the, 325. 
of Laguerre polynomials, 170. 
jump operator for, 298. 
region of convergence of the, 35. 
representation by, 276. 
o"a <r e for the, 47. 
uniform convergence of the, 50. 
unilateral, 35. 
uniqueness of the, 80. 
transforms, Abelian theorems for the, 
180. 

Lattice points, 228. 

Law of the mean, 108. 


Laws of the mean for Stieltjes integrals, 
16. 

Least upper bound, 4. 

Lebesgue set, 78, 244, 289, 345. 

Lebesgue’s limit theorem, 97, 104, 260. 

Lebesgue-Stieltjes integral, 4, 20. 

Leibniz’s rule, 295, 351. 

LERCH, 61. 

l.i.m.,80, 245. 

Limit in the mean, 80. 
theorem, Lebesgue’s, 97. 

Linear functional, 105, 171. 
as Stieltjes integral, 105. 

LIOUVILLE, 71. • 

Lipschitz condition, 72, 75. 

Little moment problem, 100. 

LITTLEWOOD, 71, 193, 195, 198, 199, 
370. 

Logarithmically convex functions, 167. 

Lower bound, greatest, 4. 

MATHIAS, 273. 

Matrix, diagonal, 114. 
difference, 114. 

Hausdorff, 118, 119. 
theory, 113. 

Maximal type, 94. 

Max, true, 34. 

Mean convergence, 81. 
square convergence, 245. 

Measurable functions, 11. 

MELLIN, 246. 

Mellin transform, 246. 

-Stieltjes transform, 246. 

MERCER, 270, 271. 

MERTENS, 89. 

Method of summability (C,p), 121. 

(. H,p ), 120. 
stronger, 121. 

Methods of summability, consistent, 115. 
equivalent, 121. 
permanent, 115. 
regular, 115. 

Minimal completely monotonic se¬ 
quence, 163. 
type, 94. 

Mittag-Leffler development, 97, 261. 

Moment function, uniqueness of, 60. 
of a polynomial, 102,127. 
operator, 102,126. 
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Moment operator, extension of, 127. 
problem, 100, 

indeterminacy of solution of, 142. 
little, 100. 
of Hamburger, 125. 
of Hausdorff, 100. 
of Stieltjes, 136. 
sequence, 100, 101. 

Condition B for, 109. 

C for, ill. 

necessary and sufficient conditions 
for, 103. 

sequences, inversion operator for, 107. 
Moments of functions of bounded varia¬ 
tion, 138. 

Necessary and sufficient conditions for 
representation as a bilateral Laplace 
transform, 272. 

NORLUND, 97. 

Non-decreasing determining function, 
310. 

functions, 6. 

Non-vanishing of the zeta-function, 229. 
Norm, 4. 

of a function of class A, 205. 

Normal orthogonal set, 168. 
type, 94. 

Normalization of functions of bounded 
variation, 13. 

Normalized determining function, 237. 
Number theoretic functions, 224. 

One-sided derivatives of absolutely 
monotonic functions, existence of, 149. 
Tauberian theorem, 215. 

Operational considerations, 381. 

Order conditions, 357. 
of an entire function, 94, 179. 
on vertical lines, 92. 
properties of the determining func¬ 
tion, 38. 

Orthogonal set, normal, 168. 

OSGOOD, 260, 261, 389. 

Parseval theorem, 81, 202. 

Periodic determining function, 96. 
Permanent, 115. 

methods of summability, 115. 
PINCHERLE, 37. 


PITT, 210, 216. 

Pitt’s form of Wiener’s theorem, 210. 
Plancherel’s theorem, 81, 202. 

Point of increase, 6, 
of invariability, 6, 19. 

POLLARD, 289, 295. 

POLYA, 138,172,229, 370. 

Polynomial, Bernstein, 101. 

Polynomials, positive, 132, 172. 

Positive definite kernels, 270. 
quadratic forms, 135. 
sequences, 132. 
kernels, 270. 
polynomials, 132, 172. 
quadratic forms, 166. 
semidefinite kernels, 271. 

sequences, 132. 
sequences, 127, 159, 266. 
type, kernels of, 270. 

POST, 276, 289. 

Power series, product of, 88. 
Prime-number theorem, 224, 236. 

Product of bilateral Laplace integrals, 
252, 257. 

of Fourier transforms, 203. 

-Stieltjes transforms, 252. 
of Laplace-Lebesgue transforms, 91. 

-Stieltjes transforms, 88. 
of power series, 88. 

Properties of Stieltjes integrals, 8, 12. 

Quadratic forms, 273. 
definite, 136. 
positive, 166. 

definite, 135. 
semidefinite, 136. 

Quotient of Fourier transforms, 207. 

Region of convergence of the bilateral 
Laplace transform, 238. 

Laplace transform, 35. 

Stieltjes transform, 326. 
Regular, 115. 

methods of summability, 115. 

Relation between the Laplace transform 
and the Stieltjes transform, 334. 
Representation by the Laplace trans¬ 
form, 276. 

bilateral Laplace transform, 265. 
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Resultant, bilateral Stieltjes, 248. 
unilateral Stieltjes, 83. 

RIEMANN, 66, 71, 246. 

Riemann-integrable functions, 190. 
integral, 4. 

Riemann-Lebesgue theorem, 65, 68, 77,- 
83,207,235. 

Iiiemann-Stieltjes integral, 4. 

RIESZ, 105, 127. 

Rolle’s theorem, 168. 

SAKS, 26, 324. 

Saltus, 299. 

SCHOENBERG, 105. 

Second law of the mean, Bonnet’s, 17. 

Selection principle, the, 26. 

Semidefinite quadratic forms, 136. 
sequences, 132. 
positive, 132. 

Sequence, completely monotonic, 158, 
269. 

minimal completely monotonic, 163. 
of functions of uniformly bounded 
variation, 31. 
positive, 127, 159, 266. 
positive definite, 132. 

semidefinite, 132. 
semidefinite, 132. 

Series of absolutely monotonic functions, 
151. 

SHOHAT, 138. 

c«, 46, 47. 

o' a — cr c for Dirichlet series, 49. 

o ’(i — a c for the Laplace transform, 47. 

0>, 37, 42, 43. 

<7 U , 51, 52, 53. 

Singular integral, 341. 

Singularities of the generating func¬ 
tion, 58. 

Singular point of the Stieltjes trans¬ 
form, 336. 

Slowly decreasing functions, 209. 
oscillating functions, 209. 

Solution of an integral equation, 387. 

Special Tauberian theorem, 209. 

Step-function, 6. 

STIELTJES, 125,126, 325, 338. 

Stieltjes integral, absolutely convergent 
improper, 15. 

as a Lebesgue integral, 11. 
series, 10. 


Stieltjes integral, change of variable 
of, 19. 

conditions of integrability for the, 
24. 

equation, 387. 

integration by parts for the, 8. 
linear functional as, 105. 

Tauberian theorem for the, 213. 
variation of the indefinite, 20. 
integrals, 3. 
as infinite series, 22. 
convergent improper, 15. 
divergent improper, 15. 
existence of, 7. 
improper, 15. 
inequalities for, 9. 
integration with respect to an in¬ 
definite, 12. 
iterated, 25. 

laws of the mean for, 16. 
properties of, 8, 12. 
integration of series, 10. 
kernel, general representation theorem 
for, 355. 

integral equation with, 387. 
iterates of the, 259, 262. 
moment problem, 136. 
not unique, 125. 

sufficient condition for the solu¬ 
bility of the, 140. 

•esultant, 83. 
at infinity, 86, 247. 
bilateral, 249, 250. 
of indefinite integrals, 256. 
variation of, 85. 
transform, 325. 

Abelian theorems for the, 183. 
analytic character of, 328. 
complex inversion formula, 33S. 
conditions A for, 361. 
conditions B for, 369. 
conditions C for, 372. 
conditions D for, 374. 
elementary properties of the, 325. 
general representation theorems for 
the, 360. 

inversion operator for the, 345, 347. 
jump operator for, 351. 
region of convergence of, 326. 
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Stieltjes transform, relation to the La¬ 
place transform, 334. 
singular at the origin, 336. 
singular point of, 336. 

Tauberian theorems for the, 198. 
uniqueness of, 336, 349. 
variation of a{t) for, 353. 
transforms, asymptotic properties of, 
329. 

Stirling’s formula, 95, 227, 231, 281, 352. 

Stolz region, 240. 

Stronger method of summability, 121. 

Subdivision, 3. 

Sufficient condition for the solubility 
of the Stieltjes moment problem; 140. 

Summability by a matrix, 114. 

(C,p), method of, 121. 
equivalent methods of, 121. 
of bilateral Laplace transform, 244. 
of divergent integrals, 75. 
stronger method of, 121. 

Summable (C,f), 79, 244. 

SZEGO, 168, 169, 172, 229. 

TAMARKIN, 21, 63,113, 163. 

TAUBER, 186,188. 

Tauberian theorem, 321. 
complex variable, 233. 
for the Stieltjes integral, 213. 
one-sided, 215. 
special, 209. ' 

Wiener’s general, 212. 
theorems, 180, 185. 
for the Stieltjes transform, 198. 

Taylor’s formula, 146,179, 278. 
series, 267. 
theorem, 177, 193. 

TITCHMARSH, 6, 81, 97, 314, 338, 341, 
372, 387, 389. 

TOEPLITZ, 115. 

Toeplitz’s theorem, 115, 119. 

Total variation, 6. 

Transformation, Hausdorff, 118. 

True max, 34, 316. 

Type, maximal, 94. 
minimal, 94. 
normal, 94. 

of an entire function, 94,179. 


Uniform convergence, Laplace method, 
283. 

of the Laplace integral, 50, 53. 
Uniformly bounded variation, 31. 
Unilateral Laplace transform, 35. 
Unique, Hamburger moment problem 
not, 125. 

Stieltjes moment problem not, 125. 
Uniqueness of the bilateral Laplace 
transform, 243. 

determining function, 59. 

Fourier transform, 82, 204. 
Laplace transform, 80. 
moment function, 60. 

Stieltjes transform, 336, 349. 
Upper bound, least, 4. 

de la VALLEE-POUSSIN, 224. 

Variation of <x(t) for the Stieltjes trans¬ 
form, 353. 

of the determining function, 299. 
indefinite Stieltjes integral, 20. 
Stieltjes resultant, 85. 
total, 6. 

Wallis’s product, 383. 

WARSCHAWSKI, 21. 

Weak compactness, 33. 

WEIERSTRASS, 17, 57, 60. 

Weierstrass approximation theorem, 153, 
189. 

Weierstrass’s theorem, 106. 

WIDDER, 18, 36, 82, 96, 144, 163, 168, 
177, 259, 273, 275, 277, 293, 308, 325, 
383, 384, 386. 

WIENER, 25, 82, 84„207, 212, 233, 318, 
383. 

Wiener’s general Tauberian theorem, 

212 . 

theorem, 229. 

application of, 221, 222, 224. 

Pitt’s form of, 210. 

Wigert, theorem of, 96. 

WINTNER, 26, 84. 

Zeta-function, non-vanishing of the- 229. 




